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✹✳✷ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8α− 4, 4} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✸ ◆♦✈♦ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8g − 4, 4} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✸

✹✳✹ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4} ✳ ✳ ✳ ✼✽

✹✳✹✳✶ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8α− 4, 4} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✽

✹✳✹✳✷ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8λ− 4, 4} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

✹✳✹✳✸ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4} ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✽

❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s ✾✾

❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s ✶✵✵

✈✐



▲✐st❛ ❞❡ ❋✐❣✉r❛s

✶✳✶ Pr♦❥❡çã♦ ❡st❡r❡♦❣rá✜❝❛✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻

✶✳✷ ●❡♦❞❡s✐❝❛s ❡♠ H
2. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✸

✶✳✸ ●❡♦❞❡s✐❝❛s ❡♠ D
2. ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✻

✶✳✹ ❚r✐â♥❣✉❧♦s ❤✐♣❡r❜ó❧✐❝♦s ❡♠ H
2 ❝♦♠ ✵✱ ✶✱ ✷✱ ✸ ✈ért✐❝❡s ✐❞❡❛✐s✳ ❋✐❣✉r❛

♦❜s❡r✈❛❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✼❪ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✼

✶✳✺ ❚r✐â♥❣✉❧♦s ❤✐♣❡r❜ó❧✐❝♦s ❡♠ D
2 ❝♦♠ ✵✱ ✶✱ ✷✱ ✸ ✈ért✐❝❡s ✐❞❡❛✐s✳ ✳ ✳ ✳ ✶✼

✶✳✻ ❚r✐â♥❣✉❧♦ ❤✐♣❡r❜ó❧✐❝♦ ♣r♦❧♦♥❣❛❞♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✶✾

✷✳✶ ❉♦♠í♥✐♦ ❋✉♥❞❛♠❡♥t❛❧ Dk ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✷✽

✸✳✶ ❊♠♣❛r❡❧❤❛♠❡♥t♦ Φ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✸✹

✸✳✷ ❊①❡♠♣❧♦s ❞❡ t❡ss❡❧❛çõ❡s ❡♠ R
2 ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✸ ❖s ❢❛✈♦s ❞❛s ❛❜❡❧❤❛s t❡♠ ❢♦r♠❛t♦ ❞❡ ❤❡①á❣♦♥♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✸

✸✳✹ ❚❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {8, 8} ❡♠ D
2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✹

✸✳✺ ❚❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {10, 5} ❡♠ D
2✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✹✺

✸✳✻ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✺✷ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ52✳ ✳ ✳ ✳ ✹✽

✸✳✼ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ ✸✻ ❛r❡st❛s ❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ36✳ ✳ ✳ ✳ ✺✵

✸✳✽ ❊♠♣❛r❡❧❤❛♠❡♥t♦ Φ1
12, ♣❛r❛ ❣❂✷✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✷

✸✳✾ ❊♠♣❛r❡❧❤❛♠❡♥t♦ Φ1
20 ♣❛r❛ ❣❂✸✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✹✳✶ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ20✳ ✳ ✳ ✺✾

✹✳✷ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✹✹ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ44✳ ✳ ✳ ✻✶

✹✳✸ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✶✷ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
12✳ ✳ ✳ ✻✹

✹✳✹ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
20✳ ✳ ✳ ✻✺

✹✳✺ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
28✳ ✳ ✳ ✻✻

✈✐✐



✈✐✐✐ ▲✐st❛ ❞❡ ❋✐❣✉r❛s

✹✳✻ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
20✳ ✳ ✳ ✻✾

✹✳✼ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
36✳ ✳ ✳ ✳ ✼✶

✹✳✽ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✺✷ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
52✳ ✳ ✳ ✼✷

✹✳✾ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
20✳ ✳ ✳ ✼✺

✹✳✶✵ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
28✳ ✳ ✳ ✼✻

✹✳✶✶ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
36✳ ✳ ✳ ✼✼

✹✳✶✷ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ5
20✳ ✳ ✳ ✽✵

✹✳✶✸ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ5
36✳ ✳ ✳ ✽✶

✹✳✶✹ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ6
20✳ ✳ ✳ ✽✸

✹✳✶✺ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ6
36✳ ✳ ✳ ✽✹

✹✳✶✻ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ7
28✳ ✳ ✳ ✽✻

✹✳✶✼ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✹✹ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ7
44✳ ✳ ✳ ✽✽

✹✳✶✽ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✶✷ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ8
12✳ ✳ ✳ ✾✵

✹✳✶✾ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ8
20✳ ✳ ✳ ✳ ✾✶

✹✳✷✵ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ8
28✳ ✳ ✳ ✾✸

✹✳✷✶ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ9
20✳ ✳ ✳ ✾✹

✹✳✷✷ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ9
28✳ ✳ ✳ ✾✻

✹✳✷✸ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ9
36✳ ✳ ✳ ✾✼



❘❡s✉♠♦

❘❖❉❘■●❯❊❙✱ ❆♥❞❡rs♦♥ ❆r♠❛♥❞♦ ❞❡ ❙♦✉③❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐✲
ç♦s❛✱ ❢❡✈❡r❡✐r♦ ❞❡ ✷✵✶✼✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❆r❡st❛s ❞♦ P♦❧í❣♦♥♦ ❍✐♣❡r✲
❜ó❧✐❝♦ ❆ss♦❝✐❛❞♦ à ❚❡ss❡❧❛çã♦ {8g−4, 4}✳ ❖r✐❡♥t❛❞♦r✿ ▼❡r❝✐♦ ❇♦t❡❧❤♦ ❋❛r✐❛✳

❊st❡ ❡st✉❞♦ ❛❜♦r❞❛ ♥♦✈❛s ❝♦♥str✉çõ❡s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❣❡♥❡r❛✲

❧✐③❛❞♦s ❞❡ ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {8g − 4, 4}
✭❈❛♣ít✉❧♦ ✹✮✳ ❆♦s q✉❛✐s✱ ♠❡❞✐❛♥t❡ ♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ❝♦♥str✉í♠♦s s✉♣❡r❢í❝✐❡s

❝♦♠♣❛❝t❛s ♣❡❧♦ q✉♦❝✐❡♥t❡
H

2

Γ
✱ ♦♥❞❡ H

2 é ♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ Γ é ✉♠ ❣r✉♣♦ ❞✐s✲

❝r❡t♦ ❞❡ ✐s♦♠❡tr✐❛s ❣❡r❛❞♦ ♣❡❧♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❡ g ≥ 2 r❡♣r❡s❡♥t❛ ♦ ❣ê♥❡r♦ ❞❛

s✉♣❡r❢í❝✐❡✳ ❊ss❛ t❡ss❡❧❛çã♦ ❛♣r❡s❡♥t❛ ♣r♦♣r✐❡❞❛❞❡s ❣❡♦♠étr✐❝❛s ✐♥t❡r❡ss❛♥t❡s✱ ❡ ♦s

r❡s✉❧t❛❞♦s ❧✐❣❛❞♦s à ❡ss❛ t❡♦r✐❛ tê♠ ❛♣❧✐❝❛çõ❡s ♥❛ t❡♦r✐❛ ❞❡ ❝ó❞✐❣♦s✳ ❯♠ ❞❡ss❡s

❡♠♣❛r❡❧❤❛♠❡♥t♦s é ♦❜t✐❞♦ ❛♦ ✉♥✐r ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ12β−16 q✉❡ ❝♦♥str✉í♠♦s

❛ss♦❝✐❛❞♦ à t❡ss❡❧❛çã♦ {12β−16, 4} ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦s Φ12η−8 ❡ Φ12µ−12 ❝♦♥s✲

tr✉í❞♦s ❡♠ ❬✶✾❪ ❛ss♦❝✐❛❞♦s às t❡ss❡❧❛çõ❡s {12η−8, 4} ❡ {12µ−12, 4}✳ ❈♦♥str✉í♠♦s

q✉❛tr♦ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞❡ ❡♠♣❛r❡❧❤❛r ❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8g−4,

❝♦♠ 8g−4 ❛r❡st❛s✱ ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ r❡❣✉❧❛r {8g−4, 4} ❡ q✉❛tr♦
❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ ❡♠♣❛r❡❧❤❛r ❛s ❛r❡st❛s ❞❡ P8g−4, ♦♥❞❡ ❡♠ três ❞❡ss❡s ❝❛s♦s

g ≥ 3 é í♠♣❛r ❡ ❡♠ ✉♠ ❝❛s♦ g ≥ 4 é ♣❛r✳

✐①



❆❜str❛❝t

❘❖❉❘■●❯❊❙✱ ❆♥❞❡rs♦♥ ❆r♠❛♥❞♦ ❞❡ ❙♦✉③❛✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐✲
ç♦s❛✱ ❋❡❜r✉❛r②✱ ✷✵✶✼✳ P❛✐r✐♥❣ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❤②♣❡r❜♦❧✐❝ ♣♦❧②❣♦♥ ❛ss♦❝✐✲
❛t❡❞ ✇✐t❤ t❤❡ t❡ss❡❧❧❛t✐♦♥ {8g − 4.4}✳ ❆❞✈✐s♦r✿ ▼❡r❝✐♦ ❇♦t❡❧❤♦ ❋❛r✐❛✳

❚❤✐s st✉❞② ❞❡❛❧s ✇✐t❤ ♥❡✇ ❝♦♥str✉❝t✐♦♥s ♦❢ ❣❡♥❡r❛❧✐③❡❞ ❡❞❣❡ ♣❛✐r✐♥❣ ♦❢ ❤②♣❡r✲

❜♦❧✐❝ ♣♦❧②❣♦♥s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤②♣❡r❜♦❧✐❝ t❡ss❡❧❧❛t✐♦♥ {8g − 4, 4} ✭❈❤❛♣t❡r ✹✮✳

❚♦ ✇❤✐❝❤✱ t❤r♦✉❣❤ t❤❡ P♦✐♥❝❛ré ❚❤❡♦r❡♠ ✇❡ ❝♦♥str✉❝t ❝♦♠♣❛❝t s✉r❢❛❝❡s ❜② t❤❡

q✉♦t✐❡♥t
H

2

Γ
✱ ✇❤❡r❡ H2 ✐s t❤❡ ❤②♣❡r❜♦❧✐❝ ♣❧❛♥❡✱ Γ ■s ❛ ❞✐s❝r❡t❡ ❣r♦✉♣ ♦❢ ✐s♦♠❡tr✐❡s

❣❡♥❡r❛t❡❞ ❜② ♣❛✐r✐♥❣s ♦❢ t❤❡ ❡❞❣❡s ❛♥❞ g ≥ 2 r❡♣r❡s❡♥ts t❤❡ s✉r❢❛❝❡ ❣❡♥r❡✳ ❚❤✐s

t❡ss❡❧❧❛t✐♦♥ ♣r❡s❡♥ts ✐♥t❡r❡st✐♥❣ ❣❡♦♠❡tr✐❝ ♣r♦♣❡rt✐❡s✱ ❛♥❞ t❤❡ r❡s✉❧ts ❝♦♥♥❡❝t❡❞

✇✐t❤ t❤✐s t❤❡♦r② ❤❛✈❡ ❛♣♣❧✐❝❛t✐♦♥s ✐♥ ❝♦❞❡ t❤❡♦r②✳ ❖♥❡ ♦❢ t❤❡s❡ ♣❛✐r✐♥❣s ✐s ♦❜t❛✐✲

♥❡❞ ❜② ❥♦✐♥✐♥❣ t❤❡ Φ12β−16 ♣❛✐r✐♥❣ ✇❡ ❝♦♥str✉❝t ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ t❡ss❡❧❧❛t✐♦♥

{12β−16, 4} ✇✐t❤ ♣❛✐r✐♥❣s Φ12η−8 ❛♥❞ Φ12µ−12 ❝♦♥str✉❝t❡❞ ✐♥ ❬✶✾❪ ❛ss♦❝✐❛t❡❞ ✇✐t❤

t❤❡ t❡ss❡❧❧❛t✐♦♥s {12η−8, 4} ❛♥❞ {12µ−12, 4}. ❲❡ ❝♦♥str✉❝t ❢♦✉r ❞✐st✐♥❝t ✇❛②s ♦❢

♣❛✐r✐♥❣ t❤❡ ❡❞❣❡s ♦❢ t❤❡ ❤②♣❡r❜♦❧✐❝ ♣♦❧②❣♦♥ P8g−4, ✇✐t❤ 8g − 4 ❡❞❣❡s✱ ❛ss♦❝✐❛t❡❞

✇✐t❤ r❡❣✉❧❛r ❤②♣❡r❜♦❧✐❝ t❡ss❡❧❧❛t✐♥❣ {8g − 4, 4} ❡ ❋♦✉r ♣❛rt✐❝✉❧❛r ❝❛s❡s ♦❢ ♣❛✐r✐♥❣
t❤❡ ❡❞❣❡s ♦❢ P8g−4, ✇❤❡r❡ ✐♥ t❤r❡❡ ♦❢ t❤❡s❡ ❝❛s❡s g ≥ 3 ❛♥❞ ✐♥ ♦♥❡ ❝❛s❡ g ≥ 4 ♣❛✐r✳

①



■♥tr♦❞✉çã♦

➱ ❝♦♥❤❡❝✐❞♦ q✉❡ q✉❛❧q✉❡r ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ ❛❣✐♥❞♦ s♦❜r❡ ♦ ♣❧❛♥♦ ❤✐♣❡r❜ó✲
❧✐❝♦ H

2 t❡♠ ✉♠ ♣♦❧í❣♦♥♦ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥✈❡①♦ P ❡ q✉❡ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ ❞❡
✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P ❣❡r❛ ✉♠ ❣r✉♣♦ Γ✳ ❈♦♠ ❡st❡ ❣r✉♣♦ ♣♦❞❡♠♦s ♦❜t❡r
s✉♣❡r❢í❝✐❡s ❞❡ ❘✐♠❛♥♥ R ❞❡ ✉♠ ❞❛❞♦ ❣ê♥❡r♦ g ❛tr❛✈és ❞♦ q✉♦❝✐❡♥t❡ ❞❡ H

2 ♣♦r

Γ✱ ❞❡♥♦t❛❞♦ ♣♦r
H

2

Γ
, ♦♥❞❡ H

2 é ♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ♣❧❛♥♦ ❞❡

▲♦❜❛❝❤❡✈s❦② ❡ Γ é ✉♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ ✐s♦♠❡tr✐❛s ❞❡ H
2. ❆✐♥❞❛✱ ❛ s♦♠❛ ❞♦s

â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ P ♥♦s ♣♦♥t♦s q✉❡ ❢❡❝❤❛♠ ✉♠ ❝✐❝❧♦ é ✉♠ ❝❡rt♦ ♠ú❧t✐♣❧♦ ❞❡
2π✳ ❖ t❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ♥♦s ♣❡r♠✐t❡ ❢❛③❡r ♦ ♣r♦❝❡ss♦ ✐♥✈❡rs♦ ❡ ♣♦rt❛♥t♦ ❞á
✉♠ ♠ét♦❞♦ ♣❛r❛ ❝♦♥str✉✐r ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s✳

◆❡st❡ tr❛❜❛❧❤♦✱ ❡st✉❞❛♠♦s ❝❡rt♦s t✐♣♦s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❞❡ ♣♦✲
❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ♦r✐❣✐♥❛❧♠❡♥t❡ ❢❡✐t♦s ♣♦r ❖❧✐✈❡✐r❛ ❏✉♥✐♦r ❡
❋❛r✐❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✾❪✱ ♦s q✉❛✐s✱ ♥♦s ❢♦r♥❡❝❡♠ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ♦r✐❡♥tá✈❡✐s

♣❡❧♦ q✉♦❝✐❡♥t❡
H

2

Γ
. ❊ss❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❛tr❛✈és ❞♦ t❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ✭❈❛✲

♣✐t✉❧♦ ✸✮ ♥♦s ❢♦r♥❡❝❡♠ r❡❣✐õ❡s ❢✉♥❞❛♠❡♥t❛✐s ❡ ❣r✉♣♦s ❋✉❝❤s✐❛♥♦s ❣❡r❛❞♦s ♣❡❧♦s
❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❞❡ ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s✳ ❈♦♥str✉í♠♦s✱ ♥❡ss❡ tr❛✲
❜❛❧❤♦✱ ♥♦✈♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❡✱ ♣♦rt❛♥t♦✱ ♥♦✈♦s ❣r✉♣♦s✱ q✉❡ ❡stã♦ ❡①♣♦st♦s ♥♦
❈❛♣ít✉❧♦ ✹✱ ♦s q✉❛✐s✱ ❡stã♦ ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {8g − 4, 4}✳

❖s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s t❡♠ r❡❧❡✈â♥❝✐❛ ♥❛ ❝♦♥str✉çã♦
❞❡ r❡t✐❝✉❧❛❞♦s ❤✐♣❡r❜ó❧✐❝♦s ❬✷✶❪✱ q✉❡ sã♦ ✉t✐❧✐③❛❞♦s ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞❡
❝♦♥st❡❧❛çõ❡s ❞❡ s✐♥❛✐s✱ ❛ ♣❛rt✐r ❞❡ ❣r✉♣♦s ❋✉❝❤s✐❛♥♦s ❛r✐t♠ét✐❝♦s ❡ ❞❛ s✉♣❡r❢í❝✐❡
❞❡ ❘✐❡♠❛♥♥ ❛ss♦❝✐❛❞❛ ✭❱❡❥❛ ❬✶❪ ❡ ❬✷❪✮✳ ❖ ✐♥t❡r❡ss❡ ♣❡❧❛ t❡♦r✐❛ ❞♦s r❡t✐❝✉❧❛❞♦s é
❞❡✈✐❞♦ t❛♠❜é♠ ❛♦ ❢❛t♦ ❞❡ s❡r ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♠♣❛❝♦t❛♠❡♥✲
t♦s ❞❡ ❡s❢❡r❛s✱ q✉❡ ❛✉①✐❧✐❛ ♥❛ ❝♦♥str✉çã♦ ❞❡ ❜♦❛s ❝♦♥st❡❧❛çõ❡s ❞❡ s✐♥❛✐s ♦✉ ❝ó❞✐❣♦s
ót✐♠♦s✳ ■st♦ ♥♦s ♠♦t✐✈❛ ❛♦ ❡st✉❞♦ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❞❡ ♣♦❧í❣♦♥♦s
❤✐♣❡r❜ó❧✐❝♦s ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ {p, q}, ❡♠ q✉❡ {p, q} ❞❡♥♦t❛ ✉♠❛ t❡ss❡❧❛çã♦
r❡❣✉❧❛r ♣♦r ✉♠ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ p ❛r❡st❛s✱ ❞❡ t❛❧ ❢♦r♠❛ q✉❡ ❝❛❞❛ ✈ért✐❝❡✱ q
❞❡ss❡s ♣♦❧í❣♦♥♦s r❡❣✉❧❛r❡s s❡ ❡♥❝♦♥tr❛♠✳ ❚❛✐s t❡ss❡❧❛çõ❡s ❢♦r♥❡❝❡♠ ❡♠♣❛❝♦t❛✲
♠❡♥t♦s ❞❡ ❡s❢❡r❛s ❝♦♠ ❞❡♥s✐❞❛❞❡ ♠á①✐♠❛ ❬✻❪ ❡ ♣♦rt❛♥t♦✱ ❡stã♦ r❡❧❛❝✐♦♥❛❞❛s ❝♦♠
❛ ❝♦♥str✉çã♦ ❞❡ ❝ó❞✐❣♦s ót✐♠♦s✱ ❝✉❥❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡rr♦ é ♠í♥✐♠❛✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ ❡s❢❡r❛s t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❛ ❜✉s❝❛
♣❡❧❛ ♠❛✐♦r ❞❡♥s✐❞❛❞❡ ♣♦ssí✈❡❧ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦✳ ❊♠ ❬✷✹❪✱ ❚♦t❤ ❛♣r❡s❡♥t♦✉
♦ ❧✐♠✐t❛♥t❡ ♠á①✐♠♦ ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳
❙❡❣✉♥❞♦ ❡❧❡✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ♣♦r 3

π
✱

✭ 3
π
≈ 0, 95492965855137201461✮✳

✶



✷ ▲✐st❛ ❞❡ ❋✐❣✉r❛s

❊♠ ❬✻❪ ❢♦r❛♠ ❢❡✐t♦s ❡st✉❞♦s ❛ss✐♥tót✐❝♦s ♣❛r❛ r❡t✐❝✉❧❛❞♦s ❞♦ t✐♣♦ {p, q} .❉❡♠♦♥str♦✉✲
s❡ q✉❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ♥ã♦ ❛t✐♥❣❡ ♦ ✈❛❧♦r 3

π
✳

❆ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦ s❡♥t✐❞♦ ❞❡ p ❡ q t❡♥❞❡r❡♠ ❛ ✐♥✜♥✐t♦✱ ♦♥❞❡ p ❡ q ❞❡t❡r♠✐♥❛♠
✉♠ t❡ss❡❧❛çã♦ {p, q}✳ P♦ré♠✱ t❡♠♦s q✉❡ 3

π
é ❛t✐♥❣✐❞♦ ❡♠ ❡♠♣❛❝♦t❛♠❡♥t♦s ♣♦r

❤♦r♦❜♦❧❛s {∞, 3}✳

❆ r❡❧❡✈â♥❝✐❛ ❞❡ t❛✐s r❡s✉❧t❛❞♦s✱ ♣❛r❛ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ ❡s❢❡r❛s✱ ❡stá ♥♦ ❢❛t♦
q✉❡ r❡t✐❝✉❧❛❞♦s ❤✐♣❡r❜ó❧✐❝♦s ❞♦s t✐♣♦s {12η − 8, 4} ❡ {12µ− 12, 4} ❢♦r♥❡❝❡♠ ❡♠✲
♣❛❝♦t❛♠❡♥t♦s ❝♦♠ ❞❡♥s✐❞❛❞❡s ♣ró①✐♠❛s ❛♦ ❡♠♣❛❝♦t❛♠❡♥t♦ ót✐♠♦ ❡♠ r❡❧❛çã♦ ❛
❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❬✶✾❪✳ ❉❛í✱ ♥♦ss♦ ✐♥t❡r❡ss❡ ❡♠
❡①♣❧♦r❛r ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❞❡ ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s✱ ❡♠ ♣❛rt✐❝✉❧❛r
♦s ♣♦❧í❣♦♥♦s ❝♦♠ 8g − 4 ❛r❡st❛s ❝♦♠ g ≥ 2✱ ♣♦✐s ❛s t❡ss❡❧❛çõ❡s {12η − 8, 4} ❡
{12µ− 12, 4} sã♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❛ t❡ss❡❧❛çã♦ {8g − 4, 4}.

❆♥t❡s ❞❡ ✐♥✐❝✐❛r♠♦s ♦ tr❛❜❛❧❤♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❜❛✐①♦ ✉♠ ❜r❡✈❡ r❡s✉♠♦ ❞♦s
❝❛♣ít✉❧♦s✳

◆♦ ❈❛♣ít✉❧♦ ✶✱ ❡st✉❞❛r❡♠♦s ❛ ●❡♦♠❡tr✐❛ ❍✐♣❡r❜ó❧✐❝❛ ♥♦ ❝❛s♦ ❜✐✲❞✐♠❡♥s✐♦♥❛❧✱
❡st✉❞❛♥❞♦ ♦s ♠♦❞❡❧♦s ♣❛r❛ ♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ q✉❡ sã♦ ♦ ♣❧❛♥♦ ❞❡ ▲♦❜❛❝❤❡✈s❦② ❡
♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✳ ◆❡ss❡s ♠♦❞❡❧♦s ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦
❡ ❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛✱ ✈❡r❡♠♦s t❛♠❜é♠ q✉❡ ❡st❡s sã♦ ❡s♣❛ç♦s ♠étr✐❝♦s r❡❧❛❝✐✲
♦♥❛❞♦s✳ ❱❡r❡♠♦s ❛s tr❛♥s❢♦r♠❛çõ❡s q✉❡ ♠❛♥té♠ ♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ✐♥✈❛r✐❛♥t❡✱
❛ss✐♠ ❝❤❛♠❛❞❛s ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s✱ ♦♥❞❡ ✐❞❡♥t✐✜❝❛♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡s✲
s❛s tr❛♥s❢♦r♠❛çõ❡s ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ ♠❛tr✐③❡s q✉❛❞r❛❞❛s✳ ❯♠❛ ✈❡③ t❡♥❞♦ ❞❡✜♥✐❞♦
❣❡♦❞és✐❝❛s ♥♦s ♠♦❞❡❧♦s ❤✐♣❡r❜ó❧✐❝♦s✱ ❞❡✜♥✐♠♦s ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ❡ ♣r♦♣r✐❡✲
❞❛❞❡s ✐♠♣♦rt❛♥t❡s ❝♦♠♦ ár❡❛ ❤✐♣❡r❜ó❧✐❝❛ ❡ ❝♦♥❞✐çã♦ ❞❡ ❡①✐stê♥❝✐❛ ❞❡ ♣♦❧í❣♦♥♦s
❤✐♣❡r❜ó❧✐❝♦s✳

◆♦ ❈❛♣ít✉❧♦ ✷✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ❡ ♦s ❉♦♠í♥✐♦s ❞❡ ❉✐✲
r✐❝❤❧❡t✳ ❋❛r❡♠♦s ❛s ❝❧❛ss✐✜❝❛çõ❡s ❞❡ ✐s♦♠❡tr✐❛s ❞❡ H

2 ❡ ❞❡✜♥✐r❡♠♦s ♦s ❣r✉♣♦s
❞✐s❝r❡t♦s ❞❡ss❛s ✐s♦♠❡tr✐❛s ❝❤❛♠❛❞♦s ❞❡ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s✱ ♦♥❞❡ sã♦ ✉t✐❧✐③❛❞❛s
♥♦çõ❡s ❜ás✐❝❛s ❞❡ t♦♣♦❧♦❣✐❛ ❣❡r❛❧✱ ✈❛r✐❡❞❛❞❡s r✐❡♠❛♥♥✐❛♥❛✱ t❡♦r✐❛ ❞❡ ❣r✉♣♦s ❡
♥♦çõ❡s ❞❡ t♦♣♦❧♦❣✐❛ ❛❧❣é❜r✐❝❛✳ ❆♣r❡s❡♥t❛r❡♠♦s ❛s r❡❣✐õ❡s ❢✉♥❞❛♠❡♥t❛✐s ♦✉ ❞♦✲
♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s✱ ♦♥❞❡ ❛ ♣❛rt✐r ❞❡ss❡s ❞♦♠í♥✐♦s ♣♦❞❡♠♦s t❡ss❡❧❛r ♦ ♣❧❛♥♦
❤✐♣❡r❜ó❧✐❝♦✳

◆♦ ❈❛♣ít✉❧♦ ✸✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❞❡✜♥✐çã♦ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❡
♦ t❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré q✉❡ ♥♦s ❞❛ ❝♦♥❞✐çõ❡s ♣❛r❛ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ s❡r
✉♠❛ r❡❣✐ã♦ ❢✉♥❞❛♠❡♥t❛❧ ❡ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛s ❛r❡st❛s ❞❡ss❡ ♣♦❧í❣♦♥♦ ❣❡r❛r
✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦✳ ❆♣r❡s❡♥t❛♠♦s ♦s ❣r✉♣♦s ❋✉❝❤s✐❛♥♦s ❝♦✲❝♦♠♣❛❝t♦s✱ q✉❡ ♥♦s
❞ã♦ ❝♦♥❞✐çõ❡s ❞❡ ♦❜t❡r s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ♦r✐❡♥tá✈❡✐s ❛ ♣❛rt✐r ❞♦ q✉♦❝✐❡♥t❡
H

2

Γ
✱ ♦♥❞❡ Γ é ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦✳ ❊st✉❞❛r❡♠♦s ❛s t❡ss❡❧❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s

{p, q} ❡ ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ✉♠❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡①✐st❛✳
P♦r ✜♠✱ ❛♣r❡s❡♥t❛♠♦s ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ❛ss♦❝✐❛❞♦s
❛s t❡ss❡❧❛çõ❡s {12η − 8, 4} ❡ {12µ − 12, 4}✱ ❝♦♥str✉í❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✾❪✱ ♦s
q✉❛✐s ♥♦s ❢♦r♥❡❝❡♠ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ♦r✐❡♥tá✈❡✐s✳ ❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠✱
✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❛ss♦❝✐❛❞♦ à t❡ss❡❧❛çã♦ {8g − 4, 4}✳

❋✐♥❛❧♠❡♥t❡ ♥♦ ❈❛♣ít✉❧♦ ✹✱ ❝♦♥str✉í♠♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ♣❛r❛ ♦
♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❝♦♠ 12β−16 ❛r❡st❛s✱ ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ {12β−16, 4}✱



✸ ▲✐st❛ ❞❡ ❋✐❣✉r❛s

❝♦♠ β ≥ 3 í♠♣❛r✳ ❖❜s❡r✈❛♠♦s q✉❡ ❡st❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❥✉♥t♦ ❝♦♠ ♦s ❡♠♣❛r❡✲
❧❤❛♠❡♥t♦s ❢❡✐t♦s ❡♠ ❬✶✾❪ ❛ss♦❝✐❛❞♦s às t❡ss❡❧❛çõ❡s {12η − 8, 4}✱ ❝♦♠ η ≥ 3 í♠♣❛r
❡ {12µ− 8, 4}✱ ❝♦♠ µ ≥ 2 ♣❛r✱ ❢♦r♥❡❝❡♠ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ♣♦❧í❣♦♥♦s✱ ❝♦♠
8g − 4 ❛r❡st❛s✱ ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ {8g − 4, 4} ❡ g ≥ 2 ♥❛t✉r❛❧✳ ❈♦♥str✉í♠♦s
t❛♠❜é♠✱ ♥♦✈❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s q✉❡ ❡♠♣❛r❡❧❤❛♠ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦
❝♦♠ 8α − 4 ❛r❡st❛s✱ ♥❡st❡ ❝❛s♦ α = g ≥ 3 é í♠♣❛r ❡ ✉♠❛ ♥♦✈❛ ✐❞❡♥t✐✜❝❛çã♦
❞❡ ❛r❡st❛s q✉❡ ❡♠♣❛r❡❧❤❛ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❝♦♠ 8λ − 4 ❛r❡st❛s ❡ ♥❡st❡
❝❛s♦ λ = g ≥ 4 é ♣❛r✳ P♦r ✜♠✱ ❝♦♥str✉í♠♦s ♥♦✈♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s
❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ {8g − 4, 4}✳



❈❛♣ít✉❧♦ ✶

●❡♦♠❡tr✐❛ ❍✐♣❡r❜ó❧✐❝❛

❇✐✲❉✐♠❡♥s✐♦♥❛❧

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❡r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s ♥❡❝❡ssár✐♦s ❛♦ ❡st✉❞♦
❞♦s ❝❛♣ít✉❧♦s s❡❣✉✐♥t❡s✳ ❆ ●❡♦♠❡tr✐❛ ❍✐♣❡r❜ó❧✐❝❛ é ♦ ♥♦ss♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ♣❛r❛
♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦s ❞❡♠❛✐s ❝❛♣ít✉❧♦s ❞❡ss❡ tr❛❜❛❧❤♦✳ ❯♠❛ ❞❛s ♣♦ssí✈❡✐s ♠❛♥❡✐✲
r❛s ❞❡ ❡st✉❞❛r ❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ é ❛tr❛✈és ❞❛ ❛❞♦çã♦ ❞❡ ✉♠ ♠♦❞❡❧♦✱ ❡ ❛q✉✐
✉t✐❧✐③❛r❡♠♦s ❞♦✐s ♠♦❞❡❧♦s ♣❛r❛ ❡ss❛ ❣❡♦♠❡tr✐❛✳ ❆ ♣r✐♠❡✐r❛ s❡çã♦ ❞❡st❡ ❝❛♣ít✉❧♦
tr❛t❛✲s❡ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ♣❛r❛ ♦ ❝❛s♦ ✭♥✰✶✮✲❞✐♠❡♥s✐♦♥❛❧ ❞♦ ❡s♣❛ç♦
❤✐♣❡r❜ó❧✐❝♦✱ ♠❛s ♦ ♥♦ss♦ ✐♥t❡r❡ss❡ ♠❛✐♦r é ♦ ❝❛s♦ ❜✐✲❞✐♠❡♥s✐♦♥❛❧ ❞❛ ❣❡♦♠❡tr✐❛ ❤✐✲
♣❡r❜ó❧✐❝❛✳ ❆♣r❡s❡♥t❛♠♦s ♦s ❞♦✐s t✐♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s✱ ❛s ✐♥✈❡rsõ❡s
❡ ❛s r❡✢❡①õ❡s✱ ♦ ❣r✉♣♦ ❞❡ ▼ö❜✐✉s✱ ♦ ❣r✉♣♦ PSL(2,R) ❡ s✉❛ r❡❧❛çã♦ ❝♦♠ ♦ ❣r✉♣♦
❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s✳ ❊♠ s❡❣✉✐❞❛ ♥❛ s❡❣✉♥❞❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ❞♦✐s
♠♦❞❡❧♦s ❞❡ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ♣❧❛♥❛✱ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ s❡♠✐✲♣❧❛♥♦ s✉♣❡r✐♦r
♦✉ ♣❧❛♥♦ ❞❡ ▲♦❜❛❝❤❡✈✐s❦ H

2 ❡ ♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré D
2, ❜❡♠ ❝♦♠♦ ❛s ✐s♦♠❡tr✐❛s

❡♠ ❝❛❞❛ ♠♦❞❡❧♦✳ P♦r ✜♠✱ ♥❛ t❡r❝❡✐r❛ s❡çã♦ ❢❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞♦s ♣♦❧í❣♦♥♦s
❤✐♣❡r❜ó❧✐❝♦s ❡ ❞❡✜♥✐♠♦s ❡ ❞❡♠♦str❛♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ➪r❡❛ ❍✐♣❡r❜ó❧✐❝❛✳ Pr❡✲
t❡♥❞❡♠♦s s✐♠♣❧❡s♠❡♥t❡ ♥♦s s✐t✉❛r ❝♦♠ r❡s♣❡✐t♦ ❛ ❡ss❡ ❡st✉❞♦✱ ❞❡ ♠♦❞♦ q✉❡ ♥ã♦
❢❛r❡♠♦s t♦❞❛s ❛s ❞❡♠♦♥str❛çõ❡s ❞♦s r❡s✉❧t❛❞♦s ❛♣r❡s❡♥t❛❞♦s✳ ❖ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦
❜❛s❡✐❛✲s❡ ♥❛s s❡❣✉✐♥t❡s r❡❢❡rê♥❝✐❛s ❬✸❪✱ ❬✶✶❪ ❬✶✸❪✱ ❬✶✼❪✱ ❬✷✵❪ ❡ ❬✷✷❪✳

✶✳✶ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s

❈♦♠ ♦ ✐♥t✉✐t♦ ❞❡ ❡st✉❞❛r ❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❛tr❛✈és ❞❛ ❛çã♦ ❞❡ ✉♠ ❣r✉♣♦
❞❡ tr❛♥s❢♦r♠❛çõ❡s q✉❡ ♣r❡s❡r✈❛ ❛ ❞✐stâ♥❝✐❛✱ r❡t❛s ❤✐♣❡r❜ó❧✐❝❛s ❡ q✉❡ ♠❛♥tê♠
✐♥✈❛r✐❛♥t❡ ♦s ♠♦❞❡❧♦s ❡✉❝❧✐❞✐❛♥♦s ♣❛r❛ ❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛ q✉❡ ❡st✉❞❛r❡♠♦s
♠❛✐s ❛❞✐❛♥t❡✱ ♥❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ♦s ❞♦✐s t✐♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❞❡
▼ö❜✐✉s✱ ❛s r❡✢❡①õ❡s ❡ ❛s ✐♥✈❡rsõ❡s✱ ♦ ❣r✉♣♦ ❞❡ ▼ö❜✐✉s ❡ ♦ ❣r✉♣♦ PSL(2,R).

❆♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s q✉❡ ❡①♣❧✐❝✐t❛♠✱ t❛♥t♦ ✐♥✈❡rsõ❡s ❝♦♠♦ r❡✢❡①õ❡s ❡ q✉❡
❛♠❜❛s sã♦ ❛♣❧✐❝❛çõ❡s ❝♦♥❢♦r♠❡s✱ ♦✉ s❡❥❛✱ ♣r❡s❡r✈❛♠ â♥❣✉❧♦s ❡♥tr❡ ❝✉r✈❛s✳ ❯♠❛
✈❡③ t❡♥❞♦ ❞❡✜♥✐❞♦ ✐♥✈❡rsõ❡s ❡ r❡✢❡①õ❡s✱ ❞❡✜♥✐♠♦s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ❡
❛♣r❡s❡♥t❛♠♦s ♦ ❣r✉♣♦ ❢♦r♠❛❞♦ ♣❡❧❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s✱ ❝♦♠ ✐♥t❡r❡ss❡

✹



✺ ✶✳✶✳ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s

♠❛✐♦r ♥♦ ❝❛s♦ ❜✐✲❞✐♠❡♥s✐♦♥❛❧✱ ♣♦✐s é ❛ ❞✐♠❡♥sã♦ ❞❡ ❡st✉❞♦ ♥❡st❡ tr❛❜❛❧❤♦✱ ❛s✲
s✐♠ ❞❡✜♥✐♠♦s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ♣❛r❛ ♦ ♣❧❛♥♦ ❡st❡♥❞✐❞♦ C∞. P♦r ✜♠✱
❡st✉❞❛♠♦s ♦ ❣r✉♣♦ PSL(2,R) ❡ s✉❛ r❡❧❛çã♦ ❝♦♠ ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡
▼ö❜✐✉s✳

✶✳✶✳✶ ■♥✈❡rsõ❡s

❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦ ♥✲❞✐♠❡♥s✐♦♥❛❧ Rn ❡ s✉❛ ❝♦♠♣❛❝t✐✜❝❛çã♦ ♣♦r
✉♠ ♣♦♥t♦ R̂

n = R
n ∪ {∞}✱ ❝❤❛♠❛♠♦s ♦ ♣♦♥t♦ ∞ ❞❡ ♣♦♥t♦ ✐❞❡❛❧ ❡ s❡✉s ❛❜❡rt♦s

sã♦ ♦s ❝♦♥❥✉♥t♦s ❞❛ ❢♦r♠❛ (Rn \ A) ∪ {∞} ❡♠ q✉❡ ❆ é ✉♠ ❝♦♠♣❛❝t♦ ❛r❜✐trár✐♦
❞❡ R

n✳ ❊st❡s ❛❜❡rt♦s ❞❡✜♥❡♠ ✉♠❛ t♦♣♦❧♦❣✐❛ ❡♠ R̂
n. ❈♦♠ ❡ss❛ t♦♣♦❧♦❣✐❛ R̂

n é
❤♦♠❡♦♠♦r❢♦ à ❡s❢❡r❛

Sn =
{
x = (x1, x2, ..., xn+1) ∈ R

n+1 ; ‖x‖2 = x2
1 + x2

2 + ...+ x2
n+1 = 1

}
.

❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛ ✐♠❡rsã♦ i : R
n → R

n+1 ❞❛❞♦ ♣♦r i(x1, ..., xn) =
(x1, ..., xn, 0) ♦♥❞❡ ♦ ♣♦♥t♦ N = (0, ..., 0, 1) é ♦ ✧P♦❧♦ ◆♦rt❡✧❞❛ ❡s❢❡r❛✳ P♦❞❡♠♦s
❞❡✜♥✐r ❛ ♣r♦❥❡çã♦ ❡st❡r❡♦❣rá✜❝❛

πN = Sn \ {N} → i(Rn) ∼= R
n.

❊ss❛ ♣r♦❥❡çã♦ é ❞❡✜♥✐❞❛ ❞♦ s❡❣✉✐♥t❡ ♠♦❞♦ ✭ ✈❡r ❋✐❣✉r❛ ✶✳✶✮✿

❉❛❞♦ ✉♠ ♣♦♥t♦ x ∈ Sn \ {N}✱ ❡①✐st❡ ✉♠❛ ú♥✐❝❛ r❡t❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r x ❡
♣♦r N ✳ ❙❡♥❞♦ x 6= N ✱ s✉❛ ú❧t✐♠❛ ❝♦♦r❞❡♥❛❞❛ é ❞✐❢❡r❡♥t❡ ❞❡ ✶✱ ❧♦❣♦ ❛ r❡t❛ ❞❡t❡r✲
♠✐♥❛❞❛ ♣♦r x ❡ ♣♦r N ✐♥t❡r❝❡♣t❛rá ♦ ❤✐♣❡r♣❧❛♥♦ i(Rn) ❡♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ q✉❡

❞❡♥♦t❛r❡♠♦s ♣♦r πN(x) =
1

1− xn+1

(x1, ..., xn, 0)✳ ▼❛✐s ❛✐♥❞❛✱ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r

q✉❡ πN é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳
❊✱ s❡ (xn)∞n=1 é ✉♠❛ s❡q✉ê♥❝✐❛ ❡♠ Sn✱ ❝♦♥st❛t❛♠♦s q✉❡

lim
n→∞

xn = N ⇐⇒ lim
n→∞

|πN(x
n)| =∞.

P♦rt❛♥t♦✱ ❛♦ ❛❞✐❝✐♦♥❛r♠♦s ✉♠ ♣♦♥t♦ ✐❞❡❛❧ ❛ R
n ❡ ❞❡✜♥✐r♠♦s s✉❛s ✈✐③✐♥❤❛♥ç❛s

❝♦♠♦ ❛❝✐♠❛✱ ❛ ♣r♦❥❡çã♦ ❡st❡r❡♦❣rá✜❝❛ s❡ ❡st❡♥❞❡ ❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ π : Sn →
R̂

n. ❉❡♥♦t❛r❡♠♦s ♣♦r Sr(a) ❛ ❡s❢❡r❛ ❞❡ R
n ❞❡ ❝❡♥tr♦ a ❡ r❛✐♦ r✳

❙❡ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ C ∼= R
2✱ ♣❛r❛ ❝❛❞❛ z ∈ C ❡ ❛ r❡t❛ ❡♠ R

3

q✉❡ ♣❛ss❛ ♣♦r z ❡ N ✐♥t❡r❝❡♣t❛ ❛ ❡s❢❡r❛ ❡♠ ✉♠ ♣♦♥t♦ P 6= N ✳ ❊♥tã♦✱ ♣❛r❛ |z| < 1✱
P s❡ ❡♥❝♦♥tr❛ ♥♦ ❤❡♠✐s❢ér✐♦ s✉❧✱ ♣❛r❛ |z| = 1✱ t❡♠♦s P = z ❡ ♣❛r❛ |z| > 1✱ P
❡st❛ ♥♦ ❤❡♠✐s❢ér✐♦ s✉❧ ❞❛ ❡s❢❡r❛✳ ➚ ♠❡❞✐❞❛ q✉❡ ③ t❡♥❞❡ ❛♦ ∞ P t❡♥❞❡ ❛ ◆✳ ❉❡st❡
♠♦❞♦✱ ✐❞❡♥t✐✜❝❛♠♦s C ∪ {∞} ❝♦♠ S2 ❡ ❞❡♥♦t❛r❡♠♦s ♣♦r C∞.
P♦❞❡♠♦s ♣r♦❝❡❞❡r ❛ s❡❣✉✐♥t❡ ❞❡✜♥✐çã♦✳

❉❡✜♥✐çã♦ ✶✳✶✳ ❉❛❞❛ ✉♠❛ ❡s❢❡r❛ S = Sr(a) ♥♦ ❡s♣❛ç♦ ❡✉❝❧✐❞✐❛♥♦✱ ❛ ✐♥✈❡rsã♦

iS : R̂n → R̂
n ❡♠ t♦r♥♦ ❞❡ S é ❛ ❛♣❧✐❝❛çã♦ t❛❧ q✉❡ iS(a) = ∞, iS(∞) = a ❡ ♣❛r❛

❝❛❞❛ x 6∈ {a,∞}, iS(x) é ♦ ú♥✐❝♦ ♣♦♥t♦ ❞❛ r❡t❛ ←→ax t❛❧ q✉❡ |a−x||a− iS(x)| = r2.

❈♦♠ ❡st❛ ❞❡✜♥✐çã♦ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ❡ ❞❡♠♦♥str❛r ❛ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦✳



✻ ✶✳✶✳ ❚r❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s

❋✐❣✉r❛ ✶✳✶✿ Pr♦❥❡çã♦ ❡st❡r❡♦❣rá✜❝❛✳

Pr♦♣♦s✐çã♦ ✶✳✷✳ ❉❛❞❛ ❛ ❡s❢❡r❛ S = Sr(a)✱ t❡♠♦s q✉❡ ♣❛r❛ t♦❞♦ x 6= a,∞✱

iS(x) = a+ r2
x− a

|x− a|2 .

❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦✱ ♦s ♣♦♥t♦s x, a ❡ a+ r2
x− a

|x− a|2 sã♦ ❝♦❧✐♥❡❛r❡s ❡

|a− x|
∣∣∣a−

(
a+ r2

x− a

|x− a|2
)∣∣∣ = r2|a− x|

∣∣∣ x− a

|x− a|2
∣∣∣ = r2.

❉❡✜♥✐çã♦ ✶✳✸✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ Φ : Rn → R
n é ❞✐t❛ ❝♦♥❢♦r♠❡ s❡

Φ ♣r❡s❡r✈❛ â♥❣✉❧♦s ❡♥tr❡ ❝✉r✈❛s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s✳

Pr♦♣♦s✐çã♦ ✶✳✹✳ P❛r❛ t♦❞❛ ❡s❢❡r❛ S = Sr(a)✱ ❛ ✐♥✈❡rsã♦ iS é ✉♠❛ ❛♣❧✐❝❛çã♦
❝♦♥❢♦r♠❡ ❞❡ R

n \ {a}.

✶✳✶✳✷ ❘❡✢❡①õ❡s

◆❡st❛ s❡çã♦ ♣♦r ❞✐❛♥t❡ tr❛t❛r❡♠♦s ♣♦r ❡s❢❡r❛s t❛♥t♦ ❛s ❡s❢❡r❛s Sr(a) q✉❛♥t♦
♦s ❤✐♣❡r♣❧❛♥♦s ❝♦♠♣❛❝t✐✜❝❛❞♦s Pt(a) ∪ {∞}✱ ♦♥❞❡ Pt(a) = {x ∈ R

n/〈x, a〉 = t} é
✉♠ s✉❜❡s♣❛ç♦ ❛✜♠ ❞❡ R

n✳ ◆❡st❡ ❝❛s♦✱ ❞❡♥♦t❛r❡♠♦s ❛ ❡s❢❡r❛ Σ ❡ ♠❛♥t❡r❡♠♦s ❛
♥♦t❛çã♦ S ❡ Pt ♣❛r❛ ♦s ❝❛s♦s ❡♠ q✉❡ ❛ ❞✐st✐♥çã♦ t✐✈❡r r❡❧❡✈â♥❝✐❛✳
❈♦♥s✐❞❡r❡♠♦s ✉♠ ❤✐♣❡r♣❧❛♥♦ ❝♦♠♣❛❝t✐✜❝❛❞♦ Pt = Pt(a) ∪ {∞}✳

❉❡✜♥✐çã♦ ✶✳✺✳ ❆ r❡✢❡①ã♦ iP ❡♠ Pt é ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❛ ❝❛❞❛ ♣♦♥t♦ x ∈ R
n

❛ss♦❝✐❛ ✉♠ ♣♦♥t♦ iP (x) t❛❧ q✉❡ ♦ s❡❣♠❡♥t♦ ❞❡ r❡t❛ ❞❛❞♦ ♣♦r x e iP (x) é ♦rt♦❣♦♥❛❧
❛ Pt ❡ ✐♥t❡r❝❡♣t❛ ♦ ♣❧❛♥♦ Pt ❡♠ s❡✉ ♣♦♥t♦ ♠é❞✐♦✳

❊♠ ♣❛rt✐❝✉❧❛r ✱ iP ♠❛♥té♠ ✜①♦s ♦s ♣♦♥t♦s ❞❡ Pt(a) ❡ ♣♦r ❞❡✜♥✐çã♦ iP (∞) =∞.
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Pr♦♣♦s✐çã♦ ✶✳✻✳ ❉❛❞♦ ♦ ❤✐♣❡r♣❧❛♥♦ Pt, ❛ r❡✢❡①ã♦ iP é ❞❛❞❛ ♣♦r

iP (x) = x− 2
〈x, a〉 − t

|a|2 a.

❉❡♠♦♥str❛çã♦✿ ❙❡ ❝♦♥s✐❞❡r❛r♠♦s πP ❛ ♣r♦❥❡çã♦ ♦rt♦❣♦♥❛❧ ❡♠ Pt(a)✱ t❡♠♦s
q✉❡ πP (x) s❛t✐s❢❛③ ❛s ❡q✉❛çõ❡s x− πP (x) = εa✱ ♦✉ s❡❥❛✱

πP (x) = x− εa ✭✶✳✶✮

❡
〈πP (x), a〉 = t ✭✶✳✷✮

♣♦✐s x− πP (x) é ♦rt♦❣♦♥❛❧ ❛♦ ❤✐♣❡r♣❧❛♥♦ P0(a) ❡ πP (x) ♣❡rt❡♥❝❡ ❛ Pt(a).
❙✉❜st✐t✉✐♥❞♦ ✭✶✳✶✮ ❡♠ ✭✶✳✷✮ ♦❜t❡♠♦s q✉❡ 〈x−εa, a〉 = t✱ ♦✉ s❡❥❛✱ 〈x, a〉−ε|a|2 = t✱

❛ss✐♠ ε =
〈x, a〉 − t

|a|2 . ▲♦❣♦✱

iP (x) = x− 2(x− πP (x)) = x− 2εa = x− 2
〈x, a〉 − t

|a|2 a

❡ ❛ss✐♠ ♦❜t❡♠♦s ♦ r❡s✉❧t❛❞♦✳

❊ss❛ ♣r♦♣♦s✐çã♦ ❞❡✐①❛ ❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❛ r❡✢❡①ã♦ ❡♠ ❤✐♣❡r♣❧❛♥♦s ❞♦♥❞❡✱
♦❜t❡♠♦s ❛ss✐♠ ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✱ q✉❡ ♥♦s ❣❛r❛♥t❡♠ q✉❡ ❛ r❡✢❡①ã♦ ♣r❡s❡r✈❛
❛ ❞✐stâ♥❝✐❛✱ ❡s❢❡r❛s ❡ â♥❣✉❧♦s ❡♥tr❡ ❝✉r✈❛s ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡✐s✳

❚❡♦r❡♠❛ ✶✳✼✳ ❉❛❞♦s ❤✐♣❡r♣❧❛♥♦s P ❡ ♣♦♥t♦s q✉❛✐sq✉❡r x, y ∈ R
n✱ t❡♠♦s |x−y| =

|iP (x)− iP (y)|.

❚❡♦r❡♠❛ ✶✳✽✳ ❙❡❥❛ iP ✉♠❛ r❡✢❡①ã♦ ❡♠ ✉♠ ❤✐♣❡r♣❧❛♥♦ P ✳ ❊♥tã♦✱ ♣❛r❛ t♦❞❛
❡s❢❡r❛ Σ✱ iP (Σ) é ✉♠❛ ❡s❢❡r❛✳

❚❡♦r❡♠❛ ✶✳✾✳ P❛r❛ t♦❞♦ ❤✐♣❡r♣❧❛♥♦ P = Pt(a) ❛ r❡✢❡①ã♦ iP é ❝♦♥❢♦r♠❡✳

❆s ❞❡♠♦♥str❛çõ❡s ❞❡st❡s ✸ r❡s✉❧t❛❞♦s ♣♦❞❡♠ s❡r ✈✐st❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪✳

✶✳✶✳✸ ❖ ●r✉♣♦ ❞❡ ▼ö❜✐✉s

❆❣♦r❛ ❛♣r❡s❡♥t❛r❡♠♦s ❛s ❚r❛s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ❡ s❡✉ ❣r✉♣♦ ❣❡r❛❧ ❡
✈❡r❡♠♦s s✉❛ ♣❛rt✐❝✉❧❛r✐③❛çã♦ ♣❛r❛ ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦✳

❉❡✜♥✐çã♦ ✶✳✶✵✳ ❯♠❛ ❚r❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s ❞❡ R̂n é ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡
✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ r❡✢❡①õ❡s ❡♠ ❤✐♣❡r♣❧❛♥♦s ❡ ✐♥✈❡rsõ❡s ❡♠ ❡s❢❡r❛s✳ ❖ ❝♦♥❥✉♥t♦
❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ❞❡ R̂

n é ❝❤❛♠❛❞♦ ❞❡ ●r✉♣♦ ●❡r❛❧ ❞❡ ▼ö❜✐✉s ❡

é ❞❡♥♦t❛❞♦ ♣♦r GM
(
R̂

n
)
.

❉❡✜♥✐çã♦ ✶✳✶✶✳ ❖ ●r✉♣♦ ❞❡ ▼ö❜✐✉s M
(
R̂

n
)
é ♦ s✉❜❣r✉♣♦ ❞❡ GM

(
R̂

n
)
❢♦r✲

♠❛❞♦ ♣❡❧❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ R
n q✉❡ ♣r❡s❡r✈❛♠ ❛ ♦r✐❡♥t❛çã♦✳
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❈♦♥s✐❞❡r❡♠♦s ♦ ♣❧❛♥♦ ❝♦♠♣❧❡①♦ ❡st❡♥❞✐❞♦ C∞ = C∪{∞} ❡ ❛s tr❛♥s❢♦r♠❛çõ❡s

T : C∞ → C∞ ❞❛❞❛ ♣♦r T (z) =
az + b

cz + d
, ♦♥❞❡ ♦s ❝♦❡✜❝✐❡♥t❡s a, b, c, d ∈ C

s❛t✐s❢❛③❡♥❞♦ ad − bc 6= 0. ❈❛s♦ ad − bc = 0 t❡rí❛♠♦s T ❝♦♥st❛♥t❡ ✐❣✉❛❧ ❛ a/c✳
❆❧é♠ ❞✐ss♦✱ s❡ c 6= 0✱ ❞❡✜♥✐♠♦s T (−d/c) = ∞ ♦ ♣♦♥t♦ ♥♦ ✐♥✜♥✐t♦✱ T (∞) = a/c.
P♦r ✜♠✱ s❡ c = 0 ❞❡✜♥✐♠♦s T (∞) =∞. ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

❉❡✜♥✐çã♦ ✶✳✶✷✳ ❯♠❛ ❚r❛♥s❢♦r♠❛çã♦ ❞❡ ▼ö❜✐✉s ❞❡ C∞ ❡♠ C∞ é ✉♠❛ ❛♣❧✐✲
❝❛çã♦ ❞❛ ❢♦r♠❛

T (z) =
az + b

cz + d

♦♥❞❡ a, b, c, d ∈ C ❡ ad− bc 6= 0.

◆❛ ❞❡✜♥✐çã♦ ✶✳✶✶ ♦ ❝♦♥❥✉♥t♦ ❞❡ss❛s tr❛♥s❢♦r♠❛çõ❡s é ✉♠ ❣r✉♣♦ ♥ã♦ ❛❜❡❧✐❛♥♦
❝♦♠ ❛ ♦♣❡r❛çã♦ ✉s✉❛❧ ❞❡ ❝♦♠♣♦s✐çã♦ ❞❡ tr❛♥s❢♦r♠❛çõ❡s ❡ ♦ ❞❡♥♦t❛r❡♠♦s ❞❛q✉✐
❡♠ ❞✐❛♥t❡ s✐♠♣❧❡s♠❡♥t❡ ♣♦r G✳

✶✳✶✳✹ ❖ ●r✉♣♦ P❙▲✭✷✱ R✮

P❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞❡ss❛ s✉❜s❡çã♦ ❝♦♥s✐❞❡r❡♠♦s ♦ ❣r✉♣♦ ❞❛s ♠❛tr✐③❡s
2× 2✱ M(2,R)✱ ❡ s❡❥❛✱

GL(2,R) =
{
A =

(
a b
c d

)
; a, b, c, d ∈ R e ad− bd 6= 0

}

♦ ❣r✉♣♦ ❝♦♠ ❛ ♦♣❡r❛çã♦ ✉s✉❛❧ ❞❡ ♠✉❧t✐♣❧✐❝❛çã♦ ❞❛s ♠❛tr✐③❡s 2 × 2 ✐♥✈❡rsí✈❡✐s✳
❈♦♥s✐❞❡r❡ ♦ ❣r✉♣♦

SL(2,R) =
{
A =

(
a b
c d

)
; a, b, c, d ∈ R e ad− bd = 1

}
,

q✉❡ é s✉❜❣r✉♣♦ ❞❡ GL(2,R) ❞❡ ♠❛tr✐③❡s r❡❛✐s 2 × 2 ❡ ❞❡t❡r♠✐♥❛♥t❡ ✐❣✉❛❧ ❛ ✶✳
❆❣♦r❛✱ ♣❛r❛ ❝❛❞❛ ♠❛tr✐③ ❞❡ A ∈ SL(2,R) ❛ss♦❝✐❛♠♦s ✉♠❛ tr❛♥s❢♦r♠❛çã♦ T (z) =
az + b

cz + d
✳

❉❡♥♦t❡ ♣♦r H =
{
S(z) =

az + b

cz + d
∈ G, tal que ad − bc = 1, onde a, b, c, d ∈ R

}

♦ ❝♦♥❥✉♥t♦ ❞❡st❛s tr❛♥s❢♦r♠❛çõ❡s✳ P♦❞❡♠♦s r❡❧❛❝✐♦♥❛r ♦s ❡❧❡♠❡♥t♦s ❞❡ H ❝♦♠

♦s ❡❧❡♠❡♥t♦s ❞❡ SL(2,R) ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛✿ ❉❛❞♦s A1 =

(
a1 b1
c1 d1

)
, A2 =

(
a2 b2
c2 d2

)
∈ SL(2,R) ❡ SA1(z) =

a1z + b1
c1z + b2

, SA2(z) =
a2z + b2
c2z + d2

∈ H. ❱❡r✐✜❝❛✲s❡

q✉❡ SA1 ◦ SA2 = SA1A2 ✳ ❉❡ ❢❛t♦✱ ❝♦♠♦

A1A2 =

(
a1 b1
c1 d1

)(
a2 b2
c2 d2

)
=

(
a1a2 + b1c2 a1b2 + b1d2
c1a2 + d1c2 c1b2 + d1d2

)
,
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❡♥tã♦

SA1(SA2(z)) =
a1

(a2z + b2
c2z + d2

)
+ b1

c1

(a2z + b2
c2z + d2

)
+ d2

=
(a1a2 + b1c2)z + (b1d2 + a1b2)

(c1a2 + d1c2)z + (d1d2 + c1b2)
= SA1A2(z).

❊ t❛♠❜é♠✱ ♣❛r❛ ❝❛❞❛ tr❛♥s❢♦r♠❛çã♦ SA ∈ H ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ SA−1 ✱ t❛❧
q✉❡ SA ◦ SA−1 = Id✳ ❇❛st❛ ♦❜s❡r✈❛r♠♦s✱ q✉❡

SA ◦ SA−1(z) = SAA−1(z) = SID(z) =
1z + 0

0z + 1
= z,

♦♥❞❡ ID é ❛ ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡ ❞❡ SL(2,R)✱ ♦✉ s❡❥❛✱ ❛ ♠❛tr✐③

(
1 0
0 1

)
.

❈♦♠ ✐ss♦ t❡♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✶✳✶✸✳ ❙❛❜❡♠♦s q✉❡ {ID,−ID} é s✉❜❣r✉♣♦ ♥♦r♠❛❧ ❞❡ SL(2,R)✱ ♦♥❞❡

ID é ♠❛tr✐③ ✐❞❡♥t✐❞❛❞❡✳ ❊♥tã♦✱
SL(2,R)

{ID,−ID} ≃ H.

❉❡♠♦♥str❛çã♦✿ P❛r❛ A =

(
a b
c d

)
∈ SL(2,R)✳ ❉❡✜♥❛ ϕ : SL(2,R)→ H ❞❛❞❛

♣♦r ϕ(A) = SA(z), ϕ ❡stá ❜❡♠ ❞❡✜♥✐❞❛ ♣♦✐s✱ ❞❛❞❛s ♠❛tr✐③❡s A,B ∈ SL(2,R) s❡
t❡♠♦s q✉❡ A = B✱ ❡♥tã♦ t❡♠♦s q✉❡ SA(z) = SB(z)✱ ❝♦♠ SA(z), SB(z) ∈ H✱
♦✉ s❡❥❛✱ ϕ(A) = ϕ(B). ❆❧é♠ ❞✐ss♦✱ ϕ é ✉♠ ❤♦♠♦♠♦r✜s♠♦✳ ❉❡ ❢❛t♦✱ s❡❥❛♠
A,B ∈ SL(2,R) t❡♠♦s✱

ϕ(AB) = SAB(z) = SA ◦ SB(z) = ϕ(A) ◦ ϕ(B).

❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ❞♦s ✐s♦♠♦r✜s♠♦s✱
SL(2,R)

Kerϕ
≃ H, ♣♦✐s ϕ é s♦❜r❡❥❡t♦r❛✳

❆❣♦r❛✱ t❡♠♦s q✉❡ Kerϕ = {A ∈ SL(2,R); ϕ(A) = Id(z) = z} ❡ ♥♦t❡ q✉❡✱

az + b

cz + d
= z ⇔ cz2 + (d− a)z − b = 0

♣❛r❛ t♦❞♦ z ∈ C✳ ▼❛s ❡ss❛ ❡q✉❛çã♦ t❡♠ ♥♦ ♠á①✐♠♦ ❞✉❛s r❛í③❡s ❝♦♠♣❧❡①❛s✱ ❛ss✐♠
♦s ❝♦❡✜❝✐❡♥t❡s t❡♠ q✉❡ s❡r❡♠ t♦❞♦s ♥✉❧♦s✱ ♦✉ s❡❥❛✱ c = 0, d− a = 0, b = 0. ▲♦❣♦✱

a = d ❡ ❝♦♠♦ ad − bc = 1✱ t❡♠♦s q✉❡ a = d = ±1✳ P♦rt❛♥❞♦✱ A =

(
1 0
0 1

)
♦✉

A =

(
−1 0
0 −1

)
✱ ♦✉ s❡❥❛✱ kerϕ = {ID,−ID}

❉❡♥♦t❛r❡♠♦s
SL(2,R)

{ID,−ID} ♣♦r PSL(2,R), ❝♦♥❤❡❝✐❞♦ ❝♦♠♦ ●r✉♣♦ ▲✐♥❡❛r

Pr♦❥❡t✐✈♦ ❊s♣❡❝✐❛❧✳



✶✵ ✶✳✷✳ ▼♦❞❡❧♦s ❍✐♣❡r❜ó❧✐❝♦s

✶✳✷ ▼♦❞❡❧♦s ❍✐♣❡r❜ó❧✐❝♦s

◆❡st❛ s❡çã♦ ❡st✉❞❛♠♦s ❞♦✐s ♠♦❞❡❧♦s ❡✉❝❧✐❞✐❛♥♦s ❞❛ ❣❡♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛✱ ♦
♣❧❛♥♦ ❞❡ ▲♦❜❛❝❤❡✈s❦ H

2 ❡ ♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré D
2, ♦♥❞❡ ❞❡t❡r♠✐♥❛♠♦s r❡❧❛çõ❡s

❡♥tr❡ ❡st❡s ❡s♣❛ç♦s ❡ s❡✉s ❡❧❡♠❡♥t♦s✳

◆♦ ♠♦❞❡❧♦ H2 ❝♦♠ ♦ ♦❜❥❡t✐✈♦ ❞❡ ♦❜t❡r♠♦s t♦❞❛s ❛s s✉❛s ❣❡♦❞és✐❝❛s✱ ❞❡✜♥✐♠♦s
❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦✱ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡ ✐s♦♠❡tr✐❛s ❞❡ H2. ❆♣r❡s❡♥t❛♠♦s
❡ ❞❡♠♦str❛♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s q✉❡ ♥♦s ♣❡r♠✐t❡♠ ✈❡r✐✜❝❛r q✉❡ t♦❞❛s ❛s ❣❡♦❞é✲
s✐❝❛s ❞❡ H2 sã♦ ❛s s❡♠✐✲r❡t❛s ❡ s❡♠✐✲❝✐r❝✉♥❢❡rê♥❝✐❛s ♦rt♦❣♦♥❛✐s ❛ s✉❛ ❢r♦♥t❡✐r❛✳ ◆♦
♠♦❞❡❧♦ D

2 ❛♣r❡s❡♥t❛♠♦s ❛ s✉❛ r❡❧❛çã♦ ❝♦♠ H
2, ❛tr❛✈és ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❜✐❥❡t♦r❛

❡♥tr❡ ❡ss❡s ❞♦✐s ❝♦♥❥✉♥t♦s✳ ❆ss✐♠✱ ❞❡✜♥✐♠♦s ✐s♦♠❡tr✐❛✱ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦✱
❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡ ♦❜t❡♠♦s ❛s ❣❡♦❞és✐❝❛s q✉❡ sã♦ ♦s ❞✐â♠❡tr♦s ❡ ♦s ❝ír❝✉❧♦s
♦rt♦❣♦♥❛✐s ❛ s✉❛ ❢r♦♥t❡✐r❛✳

✶✳✷✳✶ ❖ ▼♦❞❡❧♦ H
2

❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦

H
2 = {z ∈ C; Im(z) > 0} = {(x, y) ∈ R

2; y > 0}

❉♦t❛❞♦ ❞❛ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ds =
|dz|

Im(z)
=

√
dx2 + dy2

y
, ♦♥❞❡ z = x + iy ❡

❛ss✉♠✐♥❞♦ q✉❡ s✉❛ ❢r♦♥t❡✐r❛ é ❞❛❞❛ ♣♦r

∂∞H
2 = {z ∈ C : Im(z) = 0} ∪ {∞},

H
2 é ❝❤❛♠❛❞♦ ❙❡♠✐♣❧❛♥♦ ❙✉♣❡r✐♦r ♦✉ P❧❛♥♦ ❞❡ ▲♦❜❛❝❤❡✈s❦②✳ ❖❜s❡r✈❡ q✉❡

♣♦❞❡♠♦s tr❛❜❛❧❤❛r ❝♦♠ ♦s ❡❧❡♠❡♥t♦s ❞❡ H2 ❝♦♠♦ ♥ú♠❡r♦ ❝♦♠♣❧❡①♦ ♦✉ ❝♦♠♦ ✉♠
♣♦♥t♦ ❞❡ R2✳ ■♥tr♦❞✉③✐♥❞♦ ✉♠❛ ❡str✉t✉r❛ r✐❡♠❛♥♥✐❛♥❛ ♥♦s ♣❡r♠✐t❡ ❞❡✜♥✐r ❝✉r✈❛s✱
❣❡♦❞és✐❝❛s ❡ ❞✐stâ♥❝✐❛ ❡♥tr❡ ♣♦♥t♦s✳

❙❡❥❛ I = [a, b] ✉♠ ✐♥t❡r✈❛❧♦ ❢❡❝❤❛❞♦ ❡ γ : I → H
2 ✉♠❛ ❝✉r✈❛ ❝♦♥t✐♥✉❛♠❡♥t❡

❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ♣❛rt❡s✱ ♦♥❞❡ γ(t) = (x1(t), x2(t))✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s ♦ ❝♦♠♣r✐✲
♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ‖γ‖H2 ❞❛ ❝✉r✈❛ γ(I) ♣♦r

‖γ‖ =
∫ b

a

√(
dx1(t)
dt

)2
+
(

dx2(t)
dt

)2

x2(t)
dt.

❉❡ ♠♦❞♦ ❣❡r❛❧✱ s❡ ❝♦♥s✐❞❡r❛r♠♦s ❛ ❛♣❧✐❝❛çã♦ φ : [0, 1]→ [a, b] ❞❡✜♥✐❞❛ ♣♦r φ(t) =
a+ bt ❡ ♦ ❝❛♠✐♥❤♦ γ̃(t) : [0, 1]→ H

2 ❞❛❞♦ ♣♦r γ̃(t) = γ ◦φ(t) = γ(a+ bt) ♦❜t❡♠♦s



✶✶ ✶✳✷✳ ▼♦❞❡❧♦s ❍✐♣❡r❜ó❧✐❝♦s

♣❡❧❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ q✉❡

‖γ‖H2 =

∫ b

a

√(
dx1(φ)
dφ

)2
+
(

dx2(φ)
dφ

)2

x2(φ)
dt.

=

∫ 1

0

√(
dx1(t)
dt

)2
+
(

dx2(t)
dt

)2

x2(t)
dt = ‖γ̃‖H2.

❉❡✜♥✐çã♦ ✶✳✶✹✳ ❙❡❥❛ γ : [0, 1] −→ H
2 ✉♠ ❝❛♠✐♥❤♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ s❡♠✐✲♣❧❛♥♦

s✉♣❡r✐♦r✳ ❊♥tã♦ ♦ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ γ ❡♠ H
2 é ❞❛❞♦ ♣♦r

‖γ‖H2 =

∫ 1

0

√(
dx1(t)
dt

)2
+
(

dx2(t)
dt

)2

x2(t)
dt.

❉❡✜♥✐çã♦ ✶✳✶✺✳ ❉❛❞♦s ❞♦✐s ♣♦♥t♦s p, q ∈ H
2✱ ❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♥tr❡ ♣

❡ q é ❞❡✜♥✐❞❛ ♣♦r
d(p, q) = inf ‖γ‖H2

♦♥❞❡ ♦ inf é ♦ í♥✜♠♦ ❝♦♥s✐❞❡r❛❞♦ s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❛s ❝✉r✈❛s ❝♦♥t✐♥✉❛♠❡♥t❡
❞✐❢❡r❡♥❝✐á✈❡✐s ♣♦r ♣❛rt❡s γ : [0, 1]→ H

2✱ ❝♦♠ γ(0) = p ❡ γ(1) = q✳

❉❡♥♦t❛r❡♠♦s ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♠ H
2 ❡♥tr❡ ♣ ❡ q ♣♦r dH2 ✳

Pr♦♣♦s✐çã♦ ✶✳✶✻✳ ❖ P❧❛♥♦ ❞❡ ▲♦❜❛❝❤❡✈✐s❦② H
2 ❝♦♠ ❛ ❞✐stâ♥❝✐❛ é ✉♠ ❡s♣❛ç♦

♠étr✐❝♦ (H2, dH2)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ ♣✱ q ❡ ✇ ∈ H
2✳

✐✮ d(p, q) ≥ 0 ♣♦✐s✱ t❡♠♦s q✉❡

√(
dx1

dt

)2
+
(
dx2

dt

)2

x2

≥ 0. ❆ ✐❣✉❛❧❞❛❞❡ é ✈❛❧✐❞❛

♣❛r❛ t♦❞♦ t ∈ I s❡✱ ❡ s♦♠❡♥t❡ s❡✱ dx1

dt
= dx2

dt
= 0✱ ♦✉ s❡❥❛✱ s❡ ❛ ❝✉r✈❛ é ✉♠

ú♥✐❝♦ ♣♦♥t♦ p = q✳ ▲♦❣♦✱ d(p, q) ≥ 0✱ ✈❛❧❡♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱
p = q.

✐✐✮ d(p, q) = d(q, p). ❉❡ ❢❛t♦✱ s❡ γ : I → H
2 é t❛❧ q✉❡ γ(0) = p ❡ γ(1) = q

❡♥tã♦ γ̃ : I → H
2 ❞❡✜♥✐❞❛ ♣♦r γ̃(t) = γ(1 − t) é t❛❧ q✉❡ γ̃(0) = γ(1) = q ❡

γ̃(1) = γ(0) = p ❞❡ ♠♦❞♦ q✉❡ d(p, q) = d(q, p)✳

✐✐✐✮ d(p, w) ≤ d(p, q) + d(q, w)✳ ❉❡ ❢❛t♦✱ s❡❥❛♠ ♦s ❝❛♠✐♥❤♦s γ1, γ2 : I → H
2 ❝♦♠

γ1(0) = p✱ γ1(1) = γ2(0) = q ❡ γ2(1) = w✱ ❡♥tã♦ ♦ ❝❛♠✐♥❤♦ γ : I → H
2

❞❡✜♥✐❞♦ ♣♦r

γ(t) =

{
γ1(2t) se 0 ≤ t ≤ 1/2

γ2(2t− 1) se 1/2 ≤ t ≤ 1

é ✉♠ ❝❛♠✐♥❤♦ t❛❧ q✉❡ γ(0) = p, γ(1) = w e ‖γ‖ = ‖γ1‖ + ‖γ2‖✱ ❞❡ ♠♦❞♦
q✉❡

d(p, w) ≤ d(p, q) + d(q, w),



✶✷ ✶✳✷✳ ▼♦❞❡❧♦s ❍✐♣❡r❜ó❧✐❝♦s

♦✉ s❡❥❛✱ ❛ ❞❡s✐❣✉❛❧❞❛❞❡ tr✐❛♥❣✉❧❛r é s❛t✐s❢❡✐t❛✳

❊①❡♠♣❧♦ ✶✳✶✼✳ ❙❡❥❛ γ : I → H
2 ❞❛❞❛ ♣♦r γ(t) = (t2, 2) ✉♠❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧✱

❡♥tã♦ s❡✉ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ é

‖γ‖H2 =

∫ 1

0

√
4t2 + 0

2
dt =

∫ 1

0

tdt = 1/2.

❚❡♥❞♦ ❞❡✜♥✐❞♦ ❛ ❞✐stâ♥❝✐❛ ✐♥❞✉③✐❞❛ ♣♦r ✉♠❛ ♠étr✐❝❛ r✐♠♠❛♥✐❛♥❛✱ ♣♦❞❡♠♦s
❞❡✜♥✐r ❛s ✐s♦♠❡tr✐❛s ❞❡ H

2 ❡ ❛s ❝✉r✈❛s ❝❤❛♠❛❞❛s ❣❡♦❞és✐❝❛s✳

❉❡✜♥✐çã♦ ✶✳✶✽✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❡♠ (H2, d) é ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞❡ H
2 ❡♠ H

2

q✉❡ ♣r❡s❡r✈❛ ❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛✳ ❖ ❣r✉♣♦ ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ✐s♦♠❡tr✐❛s ❡♠
H

2 é ❞❡♥♦t❛❞♦ ♣♦r Isom(H2).

❉❡✜♥✐çã♦ ✶✳✶✾✳ ❯♠❛ ❝✉r✈❛ γ : [a.b] → H
2 é ❞✐t❛ ❣❡♦❞és✐❝❛ s❡ ♣❛r❛ q✉❛✐sq✉❡r

♣♦♥t♦s s, t ∈ [a, b]✱ ❝♦♠ s 6= t t✐✈❡r♠♦s

d(γ(s), γ(t)) =

∫ t

s

√
(dx1

dt
)2 + (dx2

dt
)2

x2

dt,

♦✉ s❡❥❛✱ s❡ γ ♠✐♥✐♠✐③❛r ❛ ❞✐stâ♥❝✐❛s ❡♥tr❡ ♦s ♣♦♥t♦s ❞❡ s❡✉ tr❛ç❛❞♦✳

▲❡♠❛ ✶✳✷✵✳ ❆s s❡♠✐✲r❡t❛s ♦rt♦❣♦♥❛✐s ❛ ❢r♦♥t❡✐r❛ ∂∞H
2 sã♦ ❣❡♦❞és✐❝❛s ❞❡ H

2.

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❞♦✐s ♣♦♥t♦s x = (x1, a), y = (x1, b) ∈ H
2 ❝♦♠

0 < a < b ❡ s❡❥❛ γ : [0, 1]→ H
2 ✉♠❛ ❝✉r✈❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣♦r ♣❛rt❡s

❧✐❣❛♥❞♦ ❡st❡s ❞♦✐s ♣♦♥t♦s✳ ❊♥tã♦✱ s✉♣♦♥❞♦ γ(t) = (x1, a + t(b − a))✱ t❡♠♦s q✉❡
dx1

dt
= 0 ❡ dx2(t)

dt
= b− a✳ ▲♦❣♦

‖γ‖H2 =

∫ 1

0

√
(dx1

dt
)2 + (dx2

dt
)2

x2(t)
dt ≥

∫ 1

0

|dx2

dt
|

a+ t(b− a)
dt =

∫ 1

0

b− a

a+ t(b− a)
dt = ln

( b
a

)
.

❈♦♠♦ ln
(

b
a

)
é ❥✉st❛♠❡♥t❡ ♦ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❞♦ ❡✐①♦ ② ♥♦ ♣❧❛♥♦✱ ❧✐❣❛♥❞♦

x em y✱ s❡❣✉❡ ♦ r❡s✉❧t❛❞♦✳

P❛r❛ ❞❡t❡r♠✐♥❛r♠♦s t♦❞❛s ❛s ❣❡♦❞és✐❝❛s ❞❡ H
2, ✉s❛r❡♠♦s ♦ ❣r✉♣♦ ❞❡ ✐s♦✲

♠❡tr✐❛s ❞❡ H
2, ❡♥✉♥❝✐❛♥❞♦ ♦s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s ♦ ♣r✐♠❡✐r♦ ♥♦s ❣❛r❛♥t❡ q✉❡ ❛

♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛ ❞❡ H2 é ✐♥✈❛r✐❛♥t❡ ♣♦r ❡❧❡♠❡♥t♦s ❞♦ ❣r✉♣♦ ❣❡r❛❧ ❞❡ ▼ö❜✐✉s ❡
♦ s❡❣✉♥❞♦ ♥♦s ❞✐③ q✉❡ ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡
s♦❜r❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s s❡♠✐✲❝✐r❝✉♥❢❡rê♥❝✐❛s ❡ s❡♠✐✲r❡t❛s✳

❚❡♦r❡♠❛ ✶✳✷✶✳ ❆ ♠étr✐❝❛ r✐❡♠❛♥♥✐❛♥❛

ds2 =
(dx1)

2 + (dx2)
2

x2
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❞❡ H
2 é ✐♥✈❛r✐❛♥t❡ ♣❡❧❛ ❛çã♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ Φ ∈ GM

(
R̂

2
)
✱ ♦✉ s❡❥❛✱

GM
(
R̂

2
)
⊂ Isom(H2).

Pr♦♣♦s✐çã♦ ✶✳✷✷✳ ❙❡❥❛ G ♦ ❝♦♥❥✉♥t♦ ❢♦r♠❛❞♦ ♣♦r t♦❞❛s ❛s s❡♠✐✲❝✐r❝✉♥❢❡rê♥❝✐❛s
❡ s❡♠✐✲r❡t❛s ❞❡ H

2 ♦rt♦❣♦♥❛✐s ❛♦ ❡✐①♦ r❡❛❧✳ ❊♥tã♦✱ ♦ ❣r✉♣♦ ❞❛s tr❛♥s❢♦r♠❛çõ❡s
❞❡ ▼ö❜✐✉s GM(R̂2) ❛❣❡ tr❛♥s✐t✐✈❛♠❡♥t❡ s♦❜r❡ G✳ ■st♦ q✉❡r ❞✐③❡r q✉❡ ❞❛❞❛s ❞✉❛s
❝✉r✈❛s α1, α2 ∈ G✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ Φ ∈ G t❛❧ q✉❡ Φ(α1) = α2.

❈♦♠ ❡ss❡s ❞♦✐s r❡s✉❧t❛❞♦s✱ ❝✉❥❛s ❞❡♠♦str❛çõ❡s ❡♥❝♦♥tr❛✲s❡ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪✱
♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r t♦❞❛s ❛s ❣❡♦❞és✐❝❛s ❡♠ H

2 ♣❡❧♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✳

❚❡♦r❡♠❛ ✶✳✷✸✳ ❆s ❣❡♦❞és✐❝❛s ❞❡ H
2 sã♦ ❛s s❡♠✐✲r❡t❛s ❡ ❛s s❡♠✐✲❝✐r❝✉♥❢❡rê♥❝✐❛s

♦rt♦❣♦♥❛✐s ❛ ∂∞H
2.

❉❡♠♦♥str❛çã♦✿ ❈♦♠♦ ❢♦✐ ✈✐st♦ ♥♦ ▲❡♠❛ 1.20✱ ❛s s❡♠✐✲r❡t❛s ♦rt♦❣♦♥❛✐s ❛ ∂∞H
2

sã♦ ❣❡♦❞és✐❝❛s✳ ❆❣♦r❛✱ s❡❥❛ γ ✉♠❛ s❡♠✐✲❝✐r❝✉♥❢❡rê♥❝✐❛ ♦rt♦❣♦♥❛❧ ❛ ∂∞H
2✱ ❡♥tã♦

♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✷ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ tr❛♥s❢♦r♠❛çã♦ q✉❡ ❧❡✈❛ γ ♥♦ ❡✐①♦
✐♠❛❣✐♥ár✐♦✱ ✐st♦ é✱ ❡①✐st❡ ✉♠ Φ ∈ G t❛❧ q✉❡ Φ(γ) é ✉♠❛ s❡♠✐✲r❡t❛ ♦rt♦❣♦♥❛❧ ❛
∂∞H

2✱ ♦✉ s❡❥❛✱ ✉♠❛ ❣❡♦❞és✐❝❛✳ ▼❛s ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✷✶ Φ ❛❣❡ ❝♦♠♦ ✐s♦♠❡tr✐❛ ❞❡
H

2✱ t❡♠♦s ❡♥tã♦ q✉❡ γ t❛♠❜é♠ é ✉♠❛ ❣❡♦❞és✐❝❛✳
P❛r❛ ♣r♦✈❛r♠♦s q✉❡ ❡st❛s sã♦ ❞❡ ❢❛t♦✱ t♦❞❛s ❛s ❣❡♦❞és✐❝❛s✱ t♦♠❡♠♦s ❞♦✐s ♣♦♥t♦s
z1, z2 ∈ H

2 ❡ ✉♠❛ ❝✉r✈❛ ϑ ❧✐❣❛♥❞♦ ❡st❡s ❞♦✐s ♣♦♥t♦s✳ ❙❡❥❛ γ ♦ s❡♠✐✲❝✐r❝✉❧♦ ♦✉
s❡♠✐✲r❡t❛ ♦rt♦❣♦♥❛✐s ❛ ∂∞H

2 ❧✐❣❛♥❞♦ ❡st❡s ❞♦✐s ♣♦♥t♦s✳ ❙❡♠ ♣❡r❞❛ ❞❡ ❣❡♥❡r❛✲
❧✐❞❛❞❡ s✉♣♦♠♦s γ ✉♠❛ s❡♠✐✲r❡t❛ ✭❝❛s♦ ❝♦♥tr❛r✐♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✷ ♣♦❞❡♠♦s
❧❡✈❛r γ ❛ ✉♠❛ s❡♠✐✲r❡t❛✮✳ ◆❡st❛ ❝♦♥❞✐çã♦✱ s❡ ♦❜s❡r✈❛r♠♦s ❛ ❞❡♠♦♥str❛çã♦ ❞♦
▲❡♠❛ ✶✳✷✵✱ ♣♦❞❡♠♦s ❝♦♥st❛t❛r q✉❡ γ = ϑ✳ ✭ ✈❡r ❋✐❣✉r❛ ✶✳✷✮

❋✐❣✉r❛ ✶✳✷✿ ●❡♦❞❡s✐❝❛s ❡♠ H
2.

❖ ❝♦♥❤❡❝✐♠❡♥t♦ ❞❛s ❣❡♦❞és✐❝❛s ❡♠ H
2 ♥♦s ♣❡r♠✐t❡ ❡①♣❧✐❝✐t❛r ❛ ❢✉♥çã♦ ❞✐stâ♥✲

❝✐❛ ❡♠ H
2✳

❚❡♦r❡♠❛ ✶✳✷✹✳ ❉❛❞♦s z, w ∈ H
2✱ sã♦ ✈á❧✐❞❛s ❛s s❡❣✉✐♥t❡s ✐❣✉❛❧❞❛❞❡s✿
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✶✳ d(z, w) = ln

(
|z − w|+ |z − w|
z − w| − |z − w|

)
.

✷✳ cosh(d(z, w)) = 1 +
|z − w|2

2Im(z)Im(w)
.

✸✳ senh

(
1

2
d(z, w)

)
=

|z − w|
2(Im(z)Im(w))1/2

.

✹✳ senh

(
1

2
d(z, w)

)
=

|z − w|
2(Im(z)Im(w))1/2

.

✺✳ tanh

(
1

2
d(z, w)

)
=
|z − w|
|z − w| .

❆ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♥tr❡ ❛s ❝✐♥❝♦ ✐❣✉❛❧❞❛❞❡s ❞❡❝♦rr❡ ♣♦r ♠❛♥✐♣✉❧❛çõ❡s ❞❡ ✐❣✉❛❧✲
❞❛❞❡s tr✐❣♦♥♦♠étr✐❝❛s ❤✐♣❡r❜ó❧✐❝❛s ❡ ❛ ❞❡♠♦str❛çã♦ ❞❡ ✉♠❛ ❞❡❧❛s é ❢❡✐t❛ ♥❛ r❡❢❡✲

rê♥❝✐❛ ❬✶✼❪✳ ▲❡♠❜r❛♥❞♦ q✉❡ senh(t) =
et − e−t

2
❡ cosh(t) =

et + e−t

2
.

✶✳✷✳✷ ❖ ▼♦❞❡❧♦ D
2

❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ D
2 = {(x, y) ∈ R

2; |(x, y)| < 1} = {z ∈ C; /|z| <
1} ❝❤❛♠❛❞♦ ❞❡ ❉✐s❝♦ ✉♥✐tár✐♦ ♦✉ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré✱ ❞♦t❛❞♦ ❞❛ ♠étr✐❝❛

r✐❡♠❛♥♥✐❛♥❛ ds =

√√√√4
(
(dx)2 + (dy)2

)

1− (x2 + y2)
❡ ❝♦♠ s✉❛ ❢r♦♥t❡✐r❛ s❡♥❞♦ ∂∞D

2 = {z ∈

C; |z| = 1} = {(x, y) ∈ R
2; |(x, y)| = 1}.

❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ η : H2 → D
2 dada por η(z) =

z − i

z + i
. ❙❡ ❝♦♥s✐❞❡r❛r✲

♠♦s ❛ ❛♣❧✐❝❛çã♦ µ : D2 → H
2 dada por µ(z) =

zi+ i

1− z
, ❡♥tã♦ t❡♠♦s q✉❡ ❡st❛s sã♦

✐♥✈❡rs❛s ✉♠❛ ❞❛ ♦✉tr❛✱ ♦✉ s❡❥❛✱ µ = η−1. ❉❡ ❢❛t♦✱ t❡♠♦s q✉❡

(µ ◦ η)(z) = µ(η(z)) =
i
(

z−i
z+i

)
+ i

1−
(

z−i
z+i

) =
iz+1+zi−1

z+i
z+i−z+i

z+i

=
2iz

2i
= z

❡

(η ◦ µ)(z) = η(µ(z)) =

(
iz+i
1−z

)
− i

(
iz+i
1−z

)
+ i

=
iz+i−i+zi

1−z
iz+i+i−iz

1−z

=
2iz

2i
= z,

♦✉ s❡❥❛✱ µ ◦ η(z) = η ◦ µ(z) = Id(z), ♦♥❞❡ Id é ❛ ✐❞❡♥t✐❞❛❞❡✳
P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ η é ✉♠❛ ❜✐❥❡çã♦ ❞❡ H

2 ❡♠ D
2✱ ✐st♦ é✱ η tr❛♥s❢♦r♠❛ H

2 ❡♠
D

2✳

❙❡❥❛ ρ : [0, 1] → D
2 ✉♠ ❝❛♠✐♥❤♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ❞✐s❝♦ ❞❡ P♦✐♥❝❛ré✳ ❊♥tã♦✱

❛ ❝✉r✈❛ µ ◦ ρ : [0, 1] → H
2 é ✉♠ ❝❛♠✐♥❤♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ H

2. ❈❛❧❝✉❧❛♥❞♦ ❛



✶✺ ✶✳✷✳ ▼♦❞❡❧♦s ❍✐♣❡r❜ó❧✐❝♦s

❞❡r✐✈❛❞❛ ❞❛ µ✱ t❡♠♦s µ′(z) =
2i

(1− z)2
=

−2
((1− z)(

√
i))2

❡ ❝♦♠♦ Im(µ(z)) =

1− |z|2
|((1− z)(

√
i))|2

. ❆ss✐♠✱

|(µ ◦ ρ)′(t)| = |µ′(ρ(t)||ρ′(t)| = 2|ρ′(t)|
|((1− ρ(t))(

√
i))|2

❡

Im((µ ◦ ρ)(t)) = 1− |ρ(t)|2
|((1− ρ(t))(

√
i))|2

.

▲♦❣♦✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❞❡✜♥✐çõ❡s✳

❉❡✜♥✐çã♦ ✶✳✷✺✳ ❖ ❝♦♠♣r✐♠❡♥t♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 é ❞❛❞♦ ❝♦♠♦

‖ρ‖D2 = ‖µ◦ρ‖H2 =

∫ 1

0

|(µ ◦ ρ)′(t)|
Im((µ ◦ ρ)(t)) =

∫ 1

0

|µ′(ρ(t)||ρ′(t)|
Im(µ(ρ(t)))

dt =

∫ 1

0

2|ρ′(t)|
1− |ρ(t)|2dt.

❉❡✜♥✐çã♦ ✶✳✷✻✳ ❉❡✜♥✐♠♦s ❛ ❞✐stâ♥❝✐❛ ❡♥tr❡ ❞♦✐s ♣♦♥t♦s z, w ❡♠ D
2 ♣♦r

dD2(z, w) = dH2(η−1(z), η−1(w)).

P♦r ❡ss❛ ❞❡✜♥✐çã♦ ❞❡ ❞✐stâ♥❝✐❛ q✉❡ ✈✐♠♦s ❡♠ D
2, q✉❡ ❡stá ❞✐r❡t❛♠❡♥t❡ ❛ss♦✲

❝✐❛❞❛ ❛ q✉❡ ✈✐♠♦s ❡♠ H
2✱ t❛♠❜é♠ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ❛s s❡❣✉✐♥t❡s ♣r♦♣♦s✐çõ❡s✳

Pr♦♣♦s✐çã♦ ✶✳✷✼✳ ❖ ❉✐s❝♦ ❞❡ P♦✐♥❝❛ré ❝♦♠ ❛ ♠étr✐❝❛ dD2 é ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦
(H2, dD2).

❉❡♠♦♥str❛çã♦✿ ❇❛st❛ ♥♦t❛r♠♦s q✉❡ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✷✻✱ ❛ ❞✐stâ♥❝✐❛ ❡♠ D
2

♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ❡♠ H
2✳ ❆ss✐♠ ❛ ❞❡♠♦♥str❛çã♦ s❡ t♦r♥❛ ❛♥á❧♦❣❛ ❛ Pr♦♣♦s✐çã♦

✶✳✶✻✳

Pr♦♣♦s✐çã♦ ✶✳✷✽✳ ❙❡❥❛ γ ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡ H2✳ ❊♥tã♦✱ η◦γ◦η−1 é ✉♠❛ ✐s♦♠❡tr✐❛
❡♠ D

2.

❉❡♠♦♥str❛çã♦✿ P❛r❛ ♠♦str❛r♠♦s q✉❡ η ◦ γ ◦ η−1 é ❞❡ ❢❛t♦ ✉♠❛ ✐s♦♠❡tr✐❛
t❡♠♦s q✉❡ ♣r♦✈❛r q✉❡ ❡st❛✱ ♣r❡s❡r✈❛ ❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♠ D

2✳ ❆ss✐♠✱ s❡❥❛♠
z, w ∈ D

2✱ ❡ ❝♦♠♦ ♣♦r ❤✐♣ót❡s❡ γ é ✉♠❛ ✐s♦♠❡tr✐❛ ❞❡ H2, ❡♥tã♦ dH2(γ(z), γ(w)) =
dH2(z, w). ▲♦❣♦✱

dD2(η ◦ γ ◦ η−1(z), η ◦ γ ◦ η−1(w)) = dH2(η−1 ◦ η ◦ γ ◦ η−1(z), η−1 ◦ η ◦ γ ◦ η−1(w))

= dH2(γ ◦ η−1(z), γ ◦ η−1(w))

= dH2(η−1(z), η−1(w))

= dD2(z, w).

❆ss✐♠✱ ❡♥✉♥❝✐❛♠♦s ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✶✳✷✾✳ ❆s ❣❡♦❞és✐❝❛s ❞❡ D
2 sã♦ ♦s s❡✉s ❞✐â♠❡tr♦s ❡ ♦s ❛r❝♦s ❞❡ ❝ír❝✉❧♦s

q✉❡ ✐♥t❡rs❡❝t❛♠ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❛ ❢r♦♥t❡✐r❛ ∂∞D
2.



✶✻ ✶✳✸✳ P♦❧í❣♦♥♦s ❍✐♣❡r❜ó❧✐❝♦s

❉❡♠♦♥str❛çã♦✿ ❆ ❛♣❧✐❝❛çã♦ η é ❝♦♥❢♦r♠❡ ❡♠ D
2✱ ♦✉ s❡❥❛✱ η ♣r❡s❡r✈❛ â♥❣✉❧♦s

❡♥tr❡ ❝✉r✈❛s✱ ✐ss♦ ♣♦✐s dD2(η(z), η(w)) = dD2(z, w). ❈♦♠♦ η ❛♣❧✐❝❛ ❛ ❢r♦♥t❡✐r❛ ❞❡
H

2✱ ∂∞H
2 ♥❛ ❢r♦♥t❡✐r❛ ❞❡ D

2✱ ∂∞D
2 ❡ ❛s ❣❡♦❞és✐❝❛s ❞❡ H

2 sã♦ ♦s s❡♠✐✲❛r❝♦s ❡
s❡♠✐✲r❡t❛s ♦rt♦❣♦♥❛✐s ❛ s✉❛ ❢r♦♥t❡✐r❛✱ ❛ ✐♠❛❣❡♠ ❞♦s s❡♠✐✲❛r❝♦s ❡ s❡♠✐✲r❡t❛s ♣♦r η
s❡rã♦ ♦rt♦❣♦♥❛✐s ❛ ❢r♦♥t❡✐r❛ ❞❡ D2✱ ♦✉ s❡❥❛✱ ❛s ❣❡♦❞és✐❝❛s ❞❡ D2 s❡rã♦ ♦s ❞✐â♠❡tr♦s
❡ ♦s ❛r❝♦s ❞❡ ❝ír❝✉❧♦s q✉❡ ✐♥t❡rs❡❝t❛♠ ♣❡r♣❡♥❞✐❝✉❧❛r♠❡♥t❡ ❛ ❢r♦♥t❡✐r❛ ∂∞D

2. ✭❱❡❥❛
❛ ❋✐❣✉r❛ ✶✳✸ ✮✳

❋✐❣✉r❛ ✶✳✸✿ ●❡♦❞❡s✐❝❛s ❡♠ D
2.

✶✳✸ P♦❧í❣♦♥♦s ❍✐♣❡r❜ó❧✐❝♦s

◆❛ s❡çã♦ ❛♥t❡r✐♦r ♠♦str❛♠♦s ❝♦♠♦ sã♦ ❝♦♥str✉í❞❛s ❛s ❣❡♦❞és✐❝❛s ❡ ♥❡st❛ tr❛✲
❜❛❧❤❛r❡♠♦s ❝♦♠ ♦s ♣♦❧í❣♦♥♦s ❢♦r♠❛❞♦s ♣❡❧❛s ❣❡♦❞és✐❝❛s✳ ❈♦♠❡ç❛♠♦s ♦ ❡st✉❞♦
❝♦♠ tr✐â♥❣✉❧♦s ❤✐♣❡r❜ó❧✐❝♦s✱ r❡ss❛❧t❛♥❞♦ ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ t❡r♠♦s ✈ért✐❝❡s ♥❛
❢r♦♥t❡✐r❛ ✭✈ért✐❝❡s ✐❞❡❛✐s✮ ❡ ❡♠ s❡❣✉✐❞❛ ❞❡✜♥✐♠♦s ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦✳ ❉❡✜♥✐✲
♠♦s ❛ ár❡❛ ❤✐♣❡r❜ó❧✐❝❛✱ ❞❡♠♦♥str❛♠♦s ✉♠ ✈❡rsã♦ s✐♠♣❧✐✜❝❛❞❛ ❞♦ ❚❡♦r❡♠❛ ❞❡
●❛✉ss✲❇♦♦♥❡t ❡ ❡♠ s❡❣✉✐❞❛ ❛♣r❡s❡♥t❛♠♦s t❡♦r❡♠❛s q✉❡ ❣❛r❛♥t❡♠ ❛ ❡①✐stê♥❝✐❛ ❞❡
♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ❡ ❛ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦✳

✶✳✸✳✶ ❚r✐â♥❣✉❧♦s ❍✐♣❡r❜ó❧✐❝♦s

❉❛❞♦s três ♣♦♥t♦s va, vb, vc ∈ H2✱ ❝♦♥s✐❞❡r❛♠♦s ❛s ❣❡♦❞és✐❝❛s ♦✉ s❡❣♠❡♥t♦s
❣❡♦❞és✐❝♦s q✉❡ ❧✐❣❛♠ ❡st❡s ♣♦♥t♦s ❡ ♦❜t❡♠♦s ❛ss✐♠ ✉♠ tr✐â♥❣✉❧♦ ❣❡♦❞és✐❝♦ △✳
◆♦t❡♠♦s q✉❡ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❢❛t♦ ❞❡ t❡r♠♦s ✉♠ ♦✉ ♠❛✐s ❞❡ ✉♠ ✈ért✐❝❡
♥❛ ❢r♦♥t❡✐r❛ ∂∞H

2✱ ♣♦r ✐ss♦ ❛❞♠✐t✐♠♦s ❛ ♣♦ss✐❜✐❧✐❞❛❞❡ ❞❡ t❡r♠♦s ❛r❡st❛s ❢♦r♠❛❞❛s
♣♦r ❣❡♦❞és✐❝❛s ❝♦♠♣❧❡t❛s✱ ❡ss❡s ✈ért✐❝❡s ❞❛ ❢r♦♥t❡✐r❛ sã♦ ❝❤❛♠❛❞♦s ❞❡ ✈ért✐❝❡s
✐❞❡❛✐s✳ ❆ ♠❡s♠❛ ❝♦♥str✉çã♦ ♣♦❞❡ s❡r ❢❡✐t❛ ❡♠ D

2✳ ✭✈❡❥❛♠ ❛s ❋✐❣✉r❛ ✶✳✹ ❡ ❋✐❣✉r❛
✶✳✺✮✳



✶✼ ✶✳✸✳ P♦❧í❣♦♥♦s ❍✐♣❡r❜ó❧✐❝♦s

❋✐❣✉r❛ ✶✳✹✿ ❚r✐â♥❣✉❧♦s ❤✐♣❡r❜ó❧✐❝♦s ❡♠ H
2 ❝♦♠ ✵✱ ✶✱ ✷✱ ✸ ✈ért✐❝❡s ✐❞❡❛✐s✳ ❋✐❣✉r❛

♦❜s❡r✈❛❞❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✼❪

❋✐❣✉r❛ ✶✳✺✿ ❚r✐â♥❣✉❧♦s ❤✐♣❡r❜ó❧✐❝♦s ❡♠ D
2 ❝♦♠ ✵✱ ✶✱ ✷✱ ✸ ✈ért✐❝❡s ✐❞❡❛✐s✳

❆ ✐❞❡✐❛ ❞❡ ❝♦♥str✉✐r♠♦s ♣♦❧í❣♦♥♦s ♥♦s ♠♦❞❡❧♦s ❤✐♣❡r❜ó❧✐❝♦s q✉❡ ❡st❛♠♦s ❡s✲
t✉❞❛♥❞♦ é ❛ ♠❡s♠❛ q✉❡ é ❢❡✐t❛ ♥♦ ❝❛s♦ ❡✉❝❧✐❞✐❛♥♦✱ ♦♥❞❡ ♦s ♣♦❧í❣♦♥♦s ♥♦ ♣❧❛♥♦
sã♦ ♦❜t✐❞♦s ♣♦r ✐♥t❡r❝❡ssõ❡s ❞❡ s❡❣♠❡♥t♦s ❣❡♦❞és✐❝♦s ✭❛s r❡t❛s✮✱ ♦ ♠❡s♠♦ é ❢❡✐t♦
♥♦ ❝❛s♦ ❤✐♣❡r❜ó❧✐❝♦✳

❉❡✜♥✐çã♦ ✶✳✸✵✳ ❯♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ H
2 ∪ ∂∞H

2 ♦✉ D
2 ∪ ∂∞D

2 ❞❡
n✲❛r❡st❛s é ✉♠ ❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ ❝♦♥✈❡①♦ ❞❡❧✐♠✐t❛❞♦ ♣♦r n s❡❣♠❡♥t♦s ❣❡♦❞és✐❝♦s
❤✐♣❡r❜ó❧✐❝♦s

z1z2, ..., zn−1zn, znz1.

✶✳✸✳✷ ➪r❡❛ ❍✐♣❡r❜ó❧✐❝❛

❉❡✜♥✐çã♦ ✶✳✸✶✳ ❆ ár❡❛ ❤✐♣❡r❜ó❧✐❝❛ AH2(X) ❞❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ X ❞❡ H
2 é ❞❛❞❛

♣❡❧❛ ✐♥t❡❣r❛❧

AH2(X) =

∫

X

1

(Im(z))2
dxdy,

♦♥❞❡ z = x+ iy ∈ H
2.

❊①❡♠♣❧♦ ✶✳✸✷✳ ❈♦♥s✐❞❡r❡♠♦s ❛ r❡❣✐ã♦ X ❞❡ H
2 ❞❡❧✐♠✐t❛❞❛ ♣❡❧❛ três r❡t❛s L1 =

{z ∈ H
2 / Re(z) = −b}✱ L2 = {z ∈ H

2 / Re(z) = b}✱ ♦♥❞❡ b é ✉♠❛ ❝♦♥st❛♥t❡ r❡❛❧
♣♦s✐t✐✈❛ ❡ L3 = {z ∈ H

2 / Im(z) = 1}✳ ❖❜s❡r✈❡ q✉❡ ❛ t❡r❝❡✐r❛ r❡t❛ ❡✉❝❧✐❞✐❛♥❛ ♥ã♦
é ✉♠❛ ❣❡♦❞és✐❝❛ ❤✐♣❡r❜ó❧✐❝❛✱ ♣♦rt❛♥t♦ ❡st❛ r❡❣✐ã♦ ♥ã♦ é ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦✳
❈♦♠♦ t❡♠♦s ♦s ✐♥t❡r✈❛❧♦s x ∈ [−b, b] ❡ y ∈ [1,∞), ❛ ár❡❛ ❤✐♣❡r❜ó❧✐❝❛ ❞❡ss❛ r❡❣✐ã♦
é ∫

X

1

y2
dxdy =

∫ b

−b

∫ ∞

1

1

y2
dydx = 2b.



✶✽ ✶✳✸✳ P♦❧í❣♦♥♦s ❍✐♣❡r❜ó❧✐❝♦s

❚❡♦r❡♠❛ ✶✳✸✸✳ ❆ ár❡❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♠ H
2 é ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡

▼ö❜✐✉s G✳

❖ ❢❛t♦ ❞❛ ár❡❛ ❤✐♣❡r❜ó❧✐❝❛ ❡♠ H
2 s❡r ✐♥✈❛r✐❛♥t❡ s♦❜ ❛ ❛çã♦ ❞♦ ❣r✉♣♦ ❞❡ ▼ö❜✐✉s

G ♥♦s ❞✐③ q✉❡ ❞❛❞❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ T ∈ G t❡♠♦s q✉❡ ❛ ár❡❛ AH2(T (X)) =
AH2(X). ❊st❡ ❢❛t♦✱ ♥♦s ❛❥✉❞❛ ❛ ❞❡♠♦str❛r ✉♠❛ ✈❡rsã♦ s✐♠♣❧✐✜❝❛❞❛ ❞♦ ❚❡♦r❡♠❛
❞❡ ●❛✉ss✲❇♦♥♥❡t✱ ✈✐st♦ ♥❛ r❡❢❡r❡♥❝✐❛ ❬✶✸❪✳

❚❡♦r❡♠❛ ✶✳✸✹✳ ❙❡❥❛ △ ✉♠ tr✐â♥❣✉❧♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ H
2 ∪ ∂∞H

2 ❡ s❡❥❛♠ α, ϕ, γ
s❡✉s â♥❣✉❧♦s ✐♥t❡r♥♦s✳ ❊♥tã♦✱

AH2(△) = π − (α + ϕ+ γ).

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ✐♥✐❝✐❛❧♠❡♥t❡✱ q✉❡ ✉♠ ❞♦s ✈ért✐❝❡s ❞❡ △ s❡❥❛ ✉♠
✈ért✐❝❡ ✐❞❡❛❧ v1✱ ❞❡ ♠♦❞♦ q✉❡ ♦ â♥❣✉❧♦ γ ♥❡st❡ ✈ért✐❝❡ é ♥✉❧♦ ❡ ♦✉tr♦s ❞♦✐s ✈ért✐❝❡s
v2 ❡ v3 ♣♦❞❡♥❞♦ s❡r ♦✉ ♥ã♦ ✐❞❡❛✐s✳ ❙❡❥❛♠ ljk ❛s r❡t❛s ❤✐♣❡r❜ó❧✐❝❛s ❧✐❣❛♥❞♦ vj ❡
vk✳ ❯t✐❧✐③❛♥❞♦ ❛s ♣r♦♣r✐❡❞❛❞❡s tr❛♥s✐t✐✈❛s ❞♦ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s ❞❡ H2✱ ♣♦❞❡♠♦s
❝♦♥s✐❞❡r❛r ✉♠ tr❛♥s❢♦r♠❛çã♦ T ❞♦ ❣r✉♣♦ ❞❡ ▼ö❜✐✉s q✉❡ ❧❡✈❛ v1 ❡♠∞ ❡ ❛ r❡t❛ l23
♥❛ s❡♠✐✲❝✐r❝✉♥❢❡rê♥❝✐❛ ❝♦♥t✐❞❛ ♥♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ |z| = 1 ❞❡ ♠♦❞♦ q✉❡ v2 = eiα ❡
v2 = eiβ✱ ♦♥❞❡ 0 ≤ α < β ≤ π ✭s❡ t❡♠♦s α = 0 ❡ β = π✱ v2 t❛♠❜é♠ é ✉♠ ✈ért✐❝❡
✐❞❡❛❧✮✳

❈♦♠♦ ❛s ✐s♦♠❡tr✐❛s ♣r❡s❡r✈❛♠ ár❡❛s✱ ♣♦❞❡♠♦s ❛ss✉♠✐r q✉❡ △ é ✉♠ tr✐â♥❣✉❧♦
❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ ✉♠ ✈ért✐❝❡ ✐❞❡❛❧ ∞ ❡ ♦s ♦✉tr♦s ❞♦✐s ❡♠ eiα ❡ eiβ✱ ♦♥❞❡ 0 ≤ α <
β ≤ π. ❈♦♠♦ △✱ t❡♠ ♣❡❧♦ ♠❡♥♦s ✉♠ ✈ért✐❝❡ ✐❞❡❛❧✱ ❡♥tã♦ △ ♥ã♦ é ❝♦♠♣❛❝t♦✳
❊♥tã♦

AH2(△) =

∫

△

dxdy

y2
=

∫ cosβ

cosα

∫ ∞

√
x2−1

1

y2
dydx =

∫ cosβ

cosα

1√
x2 − 1

dx.

❋❛③❡♥❞♦ x = cos(θ)✱ ❡♥tã♦ dx = −sen(θ)dθ. P♦rt❛♥t♦✱ ♦❜t❡♠♦s

AH2(△) =

∫ cosβ

cosα

1√
x2 − 1

dx =

∫ β

α

−sen(θ)
sen(θ)

dθ = α− β.

❈♦♠♦ ♦ â♥❣✉❧♦ ✐♥t❡r♥♦ ❞♦ ✈ért✐❝❡ v2 = eiα é ϕ = π − α ❡ ♦ â♥❣✉❧♦ ✐♥t❡r♥♦ ❞♦
✈ért✐❝❡ v3 = eiβ é β✱ ❧♦❣♦✱

AH2(△) = π − (ϕ+ β).

❆❣♦r❛✱ ❝♦♥s✐❞❡r❡♠♦s q✉❡ ♥❡♥❤✉♠ ❞♦s ✈ért✐❝❡s s❡❥❛ ✐❞❡❛❧✳ Pr♦❧♦♥❣❛♠♦s ✉♠❛
❞❛s ❛r❡st❛s ❞♦ tr✐â♥❣✉❧♦ △ ❡♠ ✉♠❛ ❞❛s ❞✐r❡çõ❡s✱ ❞✐❣❛♠♦s ❛ ❛r❡st❛ ❝♦♥t❡♥❞♦ ♦s
✈ért✐❝❡s v1 ❡ v2✱ s❡♥❞♦ ♣r♦❧♦♥❣❛❞❛ ♥❛ ❞✐r❡çã♦ ❞❡ v2✳ ✭❋✐❣✉r❛ ✶✳✻✮

❙❡ ❝♦♥s✐❞❡r❛r♠♦s ♦ ♣♦♥t♦ ✐❞❡❛❧ v4 ❞❡st❡ r❛✐♦ ❣❡♦❞és✐❝♦✱ ♦❜t❡♠♦s ❡♥tã♦ ❞♦✐s
♥♦✈♦s tr✐â♥❣✉❧♦s✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r △1 ❡ △2✱ ❞❡t❡r♠✐♥❛❞♦ ♣❡❧♦s ✈ért✐❝❡s
{v2, v3, v4} ❡ {v1, v3, v4} r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ â♥❣✉❧♦ ❞❡ △1 ❡♠ v2 é π − β ❡ ♦
â♥❣✉❧♦ ❞❡ ❛♠❜♦s ♦s tr✐â♥❣✉❧♦s ♥♦ ✈ért✐❝❡ ✐❞❡❛❧ v4 é 0✳ ❉❡♥♦t❡♠♦s ♣♦r θ ♦ â♥❣✉❧♦
❞❡ △1 ❡♠ v3✳ ❚❡♠♦s ❡♥tã♦ q✉❡ △2 = △ ∪△1, ❡ ❡st❛ ✉♥✐ã♦ é ❞✐s❥✉♥t❛✱ ❛ ♠❡♥♦s



✶✾ ✶✳✸✳ P♦❧í❣♦♥♦s ❍✐♣❡r❜ó❧✐❝♦s

❋✐❣✉r❛ ✶✳✻✿ ❚r✐â♥❣✉❧♦ ❤✐♣❡r❜ó❧✐❝♦ ♣r♦❧♦♥❣❛❞♦

❞❡ ❛r❡st❛s ❡ ✈ért✐❝❡s✱ ❞❡ ♠♦❞♦ q✉❡

AH2(△) = AH2(△2)− AH2(△1).

P❡❧❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ t❡♦r❡♠❛✱ ♦❜t❡♠♦s q✉❡

AH2(△) = AH2(△2)− AH2(△1)

= π − α− (γ + θ)− (π − θ − (π − ϕ))

= π − α− γ − ϕ

= π − (α + ϕ+ γ).

❚❡♦r❡♠❛ ✶✳✸✺✳ ❙❡❥❛ P ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❛r❡st❛s
❡ ✈ért✐❝❡s ✭✐❞❡❛✐s ♦✉ ♥ã♦✮ v1, ..., vn ❡ â♥❣✉❧♦s ✐♥t❡r♥♦s α1, ..., αn r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❊♥tã♦✱

AH2(P) = (n− 2)π − Σn
k=1αk.

❆ ✐❞❡✐❛ ❝❡♥tr❛❧ ♣❛r❛ ❞❡♠♦♥str❛çã♦ ❞❡ss❡ t❡♦r❡♠❛ é ♦ ❢❛t♦ q✉❡ ♣♦❞❡♠♦s ❞❡✲
❝♦♠♣♦r ♦ ♣♦❧í❣♦♥♦ ❡♠ tr✐â♥❣✉❧♦s ❡ ❡♠ s❡❣✉✐❞❛ ✉t✐❧✐③❛r ♦ ❚❡♦r❡♠❛ ✶✳✸✹ ❡♠ ❝❛❞❛
tr✐â♥❣✉❧♦✳

❆❣♦r❛✱ ❡♥✉♥❝✐❛r❡♠♦s ❞♦✐s t❡♦r❡♠❛s ✐♠♣♦rt❛♥t❡s ♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❢✉✲
t✉r♦ ❞❡st❡ tr❛❜❛❧❤♦✳ ◆ã♦ ❛♣r❡s❡♥t❛r❡♠♦s s✉❛s ❞❡♠♦♥str❛çõ❡s q✉❡ ♣♦❞❡♠ s❡r
❡♥❝♦♥tr❛❞❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✸❪✳

❚❡♦r❡♠❛ ✶✳✸✻✳ ❙❡❥❛ P ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ s❡✉s â♥❣✉❧♦s ✐♥t❡r♥♦s θ1, ..., θn✳
❊♥tã♦ P é ❝♦♥✈❡①♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ t♦❞♦ k = 1, .., n✱ t❡♠♦s 0 ≤ θk ≤ π.

❚❡♦r❡♠❛ ✶✳✸✼✳ ❙❡❥❛♠ θ1, ..., θn â♥❣✉❧♦s ♦r❞❡♥❛❞♦s ♣♦r ❛❧❣✉♠❛ n − upla ❡ 0 ≤
θk ≤ π✱ ♣❛r❛ t♦❞♦ k = 1, ..., n. ❊♥tã♦ ❡①✐st❡ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P ❝♦♠ â♥❣✉❧♦s
✐♥t❡r♥♦s θ1, ..., θn ❢♦r♠❛❞♦s ♥❡st❛ ♦r❞❡♠ ❛♦ r❡❞♦r ❞❛ ∂P s❡✱ ❡ s♦♠❡♥t❡ s❡✱

(n− 2)π > Σn
k=1θk.



❈❛♣ít✉❧♦ ✷

●r✉♣♦s ❋✉❝❤s✐❛♥♦s ❡ ❉♦♠í♥✐♦s ❞❡

❉✐r✐❝❤❧❡t

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s q✉❡ s❡rã♦ ✉t✐❧✐③❛❞♦s ♥♦ r❡st❛♥t❡
❞❡ss❡ tr❛❜❛❧❤♦ ❡ ❡♠ ❛❧❣✉♥s ♠♦♠❡♥t♦s ♦♠✐t✐r❡♠♦s ❛s ❞❡♠♦str❛çõ❡s ❞❡ ❛❧❣✉♥s
r❡s✉❧t❛❞♦s✳ ◆❛ ♣r✐♠❡✐r❛ s❡çã♦✱ ✐♥✐❝✐❛♠♦s ❢❛❧❛♥❞♦ s♦❜r❡ ❣r✉♣♦s ❋✉❝❤s✐❛♥♦s✱ q✉❡ sã♦
❣r✉♣♦s ❞✐s❝r❡t♦s ❞❡ ✐s♦♠❡tr✐❛s ❞❡ H

2, ♣♦❞❡♠♦s ❝❧❛ss✐✜❝❛r ❡ss❛s ✐s♦♠❡tr✐❛s ♣❡❧♦s
s❡✉s ♣♦♥t♦s ✜①♦s✳ ❉❡♣♦✐s ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s ❡ ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ✉♠
❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s Γ s❡❥❛ ❞✐s❝r❡t♦ ❡♠ PSL(2,R). ◆❛ s❡❣✉♥❞❛ s❡çã♦ ❡st✉❞❛♠♦s
♦s ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s q✉❡ ♥♦s ❛❥✉❞❛♠ ❛ ✈❡r ❝♦♠♦ ✉♠ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s
❛❣❡ ♥❡ss❡s ❞♦♠í♥✐♦s✳ ❊♠ s❡❣✉✐❞❛✱ ❡st❛❜❡❧❡❝❡♠♦s ❛ ❡①✐stê♥❝✐❛ ❞❡ ♣♦❧í❣♦♥♦s ♣❛r❛
❣r✉♣♦s ❋✉❝❤s✐❛♥♦s✱ ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s ❞❡ss❡ ❝❛♣ít✉❧♦ sã♦ ❬✹❪✱ ❬✶✸❪ ❡ ❬✶✼❪✳

✷✳✶ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s

❆q✉✐ ❡st✉❞❛r❡♠♦s ♦s ❞✐❢❡r❡♥t❡s t✐♣♦s ❞❡ tr❛♥s❢♦r♠❛çõ❡s✱ ❝❧❛ss✐✜❝❛❞❛s ❞❡ ❛❝♦r❞♦
❝♦♠ ♦ ✈❛❧♦r ❞♦ tr❛ç♦ ❞❛s ♠❛tr✐③❡s ❛ss♦❝✐❛❞❛s ❛ ❡❧❛s ❡ t❛♠❜é♠ ♣❡❧❛ q✉❛♥t✐❞❛❞❡
❞❡ ♣♦♥t♦s ✜①♦s ❞❛ tr❛♥s❢♦r♠❛çã♦✱ ♦♥❞❡ ❛s ❝❧❛ss✐✜❝❛♠♦s ♣♦r ✐s♦♠❡tr✐❛s ❡❧í♣t✐❝❛s✱
♣❛r❛❜ó❧✐❝❛s ♦✉ ❤✐♣❡r❜ó❧✐❝❛s✳ ❊♠ s❡❣✉✐❞❛✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❣r✉♣♦s ❋✉❝❤s✐❛♥♦s
✭s✉❜❣r✉♣♦s ❞✐s❝r❡t♦s ❞❡ PSL(2,R)✮ t✐t✉❧♦ ❞❡ss❛ s❡çã♦ ❡ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❞❡
❡st✉❞♦✳ ◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s q✉❡ ♥♦s ❞ã♦ ❛s ❝♦♥✲
❞✐çõ❡s ♣❛r❛ ✉♠ ❣r✉♣♦ s❡r ❞✐s❝r❡t♦ ❡♠ PSL(2,R).

✷✳✶✳✶ ■s♦♠❡tr✐❛s ❍✐♣❡r❜ó❧✐❝❛s

❖ ❣r✉♣♦ PSL(2,R) ✈✐st♦ ♥♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r ♥❛ s❡çã♦ ✶✳✶✳✹✱ t❡♠ s❡✉s ❡❧❡✲
♠❡♥t♦s ❛ss♦❝✐❛❞♦s ❛ ✉♠❛ ♠❛tr✐③ ❞❡ SL(2,R)✳ ❊st✉❞❛r❡♠♦s ❛❣♦r❛ ❛s ❝❧❛ss✐✜❝❛çõ❡s
❞❡ss❛s tr❛♥s❢♦r♠❛çõ❡s TA ∈ PSL(2,R) ❛ss♦❝✐❛❞❛s ❛ ♠❛tr✐③ A ∈ SL(2,R)✳

✷✵



✷✶ ✷✳✶✳ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s

❊ss❛ ❝❧❛ss✐✜❝❛çã♦ é ❢❡✐t❛ ❡♠ três ❞✐❢❡r❡♥t❡s t✐♣♦s✱ ❞❡ ❛❝♦r❞♦ ❝♦♠ ♦ ✈❛❧♦r ❞❛
❢✉♥çã♦ Tr : PSL(2,R)→ R+, ❞❛❞❛ ♣♦r Tr(TA) = |tr❛ç♦(A)|✱ ♦♥❞❡

A =

(
a b
c d

)
∈ SL(2,R) ❡ tr❛ç♦(A) = a+ d.

❉❡✜♥✐çã♦ ✷✳✶✳ ❉❛❞❛ A =

(
a b
c d

)
∈ SL(2,R)✱ ❞✐③❡♠♦s q✉❡ ❛ tr❛♥s❢♦r♠❛çã♦

TA ∈ PSL(2,R)✱ ♦♥❞❡ TA(z) =
az + b

cz + d
, é✿

✶✳ ❊❧í♣t✐❝❛ s❡ Tr(TA) < 2.
✷✳ P❛r❛❜ó❧✐❝❛ s❡ Tr(TA) = 2.
✸✳ ❍✐♣❡r❜ó❧✐❝❛ s❡ Tr(TA) > 2.

❖ tr❛ç♦ ❞❡ ✉♠❛ ♠❛tr✐③ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❝♦♥❥✉❣❛çã♦✱ ✐st♦ é✱ tr❛ç♦(BAB−1) =
tr❛ç♦(A)✱ ♣❛r❛ t♦❞❛ ♠❛tr✐③ An×n ❡ ♣❛r❛ t♦❞❛ ♠❛tr✐③ B ∈ GL(n,R). ❆ss✐♠✱ t❡♠♦s
q✉❡ ❛ ❝❧❛ss✐✜❝❛çã♦ ❛❝✐♠❛ é ✐♥✈❛r✐❛♥t❡ ♣♦r ❝♦♥❥✉❣❛çã♦✳ ❉✐③❡♠♦s q✉❡ ❞✉❛s tr❛♥s✲
❢♦r♠❛çõ❡s ❞❡ ▼ö❜✐✉s TA1 , TA2 sã♦ ❝♦♥❥✉❣❛❞❛s s❡ ❡①✐st✐r ✉♠❛ ♦✉tr❛ tr❛♥s❢♦r♠❛çã♦
❞❡ ▼ö❜✐✉s TB✱ ♦♥❞❡ TA1 = TB

−1TA2TB = TB−1A2B.

P♦❞❡♠♦s ❝❧❛ss✐✜❝❛r ❡ss❛s tr❛♥s❢♦r♠❛çõ❡s ♣❡❧♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ✜①♦s ❞❡ TA(z).

❖❜s❡r✈❡ q✉❡ ✉♠ ♣♦♥t♦ ✜①♦ ❞❡ TA é ♦❜t✐❞♦ q✉❛♥❞♦ TA(z) = z, ♦✉ s❡❥❛✱
az + b

cz + d
= z

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ cz2+(d−a)z−b = 0. ❊st❛ ❡q✉❛çã♦ é q✉❛❞rát✐❝❛ ❡ t❡♠ ♥♦ ♠á①✐♠♦

❞✉❛s s♦❧✉çõ❡s✱ ❛s q✉❛✐s sã♦ ♦❜t✐❞❛s ♣❡❧❛ ❡①♣r❡ssã♦ z =
a− d

2c
± 1

2c

√
(d− a)2 + 4bc.

▼❛s s❡ A =

(
a b
c d

)
∈ SL(2,R)✱ t❡♠♦s q✉❡ ad− bc = 1✱ ❡ ❝♦♠ ✐ss♦ ♦❜t❡♠♦s q✉❡

z =
a− d

2c
± 1

2c

√
(Tr(TA))2 − 4.

❖❜s❡r✈❛çã♦ ✷✳✷✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❞❡ H
2 ∪ ∂∞H

2 ❝♦♠ ✉♠ ♣♦♥t♦ ✜①♦ ♦r❞✐♥ár✐♦✱
♦✉ s❡❥❛✱ ✉♠ ♣♦♥t♦ q✉❡ ♥ã♦ é ✐❞❡❛❧✱ é ✉♠❛ ✐s♦♠❡tr✐❛ ❊❧í♣t✐❝❛✳ ❊st❛ ✐s♦♠❡tr✐❛

é ❝♦♥❥✉❣❛❞❛ ❝♦♠ ❛ tr❛♥s❢♦r♠❛çã♦ TAθ
(z) =

cosθz + senθ

−senθz + cosθ
✱ ♣❛r❛ 0 < θ < 2π

✭❘♦t❛çõ❡s✮✱ ❛ss♦❝✐❛❞❛ ❛ ♠❛tr✐③ Aθ =

(
cosθ senθ
−senθ cosθ

)
∈ SL(2,R), ❝♦♠ ♣♦♥t♦

✜①♦ TAθ
(i) = i.

❊①❡♠♣❧♦ ✷✳✸✳ ❆ tr❛♥s❢♦r♠❛çã♦ TA(z) =
(cosθ − senθ)z + 2senθ

−senθz + (senθ + cosθ)
, ❝♦♠ 0 < θ <

2π, ❛ss♦❝✐❛❞♦ ❛ ♠❛tr✐③ A =

(
cosθ − senθ 2senθ
−senθ senθ + cosθ

)
∈ SL(2,R) é ❊❧í♣t✐❝❛✳

❉❡ ❢❛t♦✱

Tr(TA) = |cosθ − senθ + senθ + cosθ| = 2|cosθ| < 2.

❊ t❡♠♦s q✉❡ TA é ❝♦♥❥✉❣❛❞❛ ❛ tr❛♥s❢♦r♠❛çã♦ TAθ
♣❡❧❛ tr❛♥s❢♦r♠❛çã♦ TB(z) =
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z + 1, ♣♦✐s

BAθB
−1 =

(
1 1
0 1

)(
cosθ senθ
−senθ cosθ

)(
1 −1
0 1

)
=

(
cosθ − senθ 2senθ
−senθ senθ + cosθ

)
= A.

❈♦♠ ♣♦♥t♦ ✜①♦ ♦r❞✐♥ár✐♦ z = 1 + i ∈ H
2.

❖❜s❡r✈❛çã♦ ✷✳✹✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❝♦♠ ❡①❛t❛♠❡♥t❡ ✉♠ ♣♦♥t♦ ✜①♦ ✐❞❡❛❧✱ ♦✉ s❡❥❛✱
♣♦♥t♦ ✜①♦ ♥❛ ❢r♦♥t❡✐r❛ ❞❡ H

2✱ é ✉♠❛ ✐s♦♠❡tr✐❛ P❛r❛❜ó❧✐❝❛ ❡ ❡ss❛ ✐s♦♠❡tr✐❛ é
❝♦♥❥✉❣❛❞❛ ❝♦♠ ❛ tr❛♥s❢♦r♠❛çã♦ ❞❛ ❢♦r♠❛ TAt

(z) = z+t, 0 6= t ∈ R, ✭❚r❛♥s❧❛çõ❡s✮✱

❛ss♦❝✐❛❞❛ ❛ ♠❛tr✐③ At =

(
1 t
0 1

)
∈ SL(2,R) ❡ ❝♦♠ ♣♦♥t♦ ✜①♦ TAt

(∞) =∞.

❊①❡♠♣❧♦ ✷✳✺✳ ❆ tr❛♥s❢♦r♠❛çã♦ TA(z) =

√
2z + 1

(
√
2− 3)z + (2−

√
2)
, ❛ss♦❝✐❛❞♦ ❛

♠❛tr✐③ A =

( √
2 1

(
√
2− 3) (2−

√
2)

)
∈ SL(2,R), é ✉♠❛ ✐s♦♠❡tr✐❛ ♣❛r❛❜ó❧✐❝❛✳ ❉❡

❢❛t♦✱ t❡♠♦s q✉❡✱ Tr(TA) = |tr❛ç♦(A)| = |
√
2 + (2 −

√
2)| = 2 ❝♦♠ ♣♦♥t♦ ✜①♦

z =

√
2− 1√
2− 3

∈ ∂∞H
2.

❖❜s❡r✈❛çã♦ ✷✳✻✳ ❯♠❛ ✐s♦♠❡tr✐❛ ❝♦♠ ❞♦✐s ♣♦♥t♦s ✜①♦s ✐❞❡❛✐s✱ é ✉♠❛ ✐s♦♠❡✲
tr✐❛ ❍✐♣❡r❜ó❧✐❝❛✳ ❊st❛ ✐s♦♠❡tr✐❛ é ❝♦♥❥✉❣❛❞❛ ❛ ✉♠❛ tr❛♥s❢♦r♠❛çã♦ ❞♦ ❢♦r♠❛

TAk
(z) = ekz, k 6= 0, ✭❉✐❧❛t❛çõ❡s✮✱ ❛ss♦❝✐❛❞❛ ❛ ♠❛tr✐③✱ Ak =



√
ek 0

0
1√
ek


 ∈

SL(2,R) ❡ ♣♦♥t♦s ✜①♦s TAk
(0) = 0 ❡ TAk

(∞) =∞.

❊①❡♠♣❧♦ ✷✳✼✳ ❆ tr❛♥s❢♦r♠❛çã♦ TA(z) =
z + 1

z + 3
, ❛ss♦❝✐❛❞❛ ❛ ♠❛tr✐③ A =

(√
2
2

√
2
2√

2
2

3
√
2

2

)
,

é ✉♠❛ ✐s♦♠❡tr✐❛ ❤✐♣❡r❜ó❧✐❝❛✳ ❉❡ ❢❛t♦✱

Tr(TA) = |tr❛ç♦(A)| = |
√
2
2
+ 3

√
2

2
| = 2

√
2 > 2.

❈♦♠ ♣♦♥t♦s ✜①♦s ✐❞❡❛✐s z = −1±
√
2 ∈ ∂∞H

2.

✷✳✶✳✷ ❙✉❜❣r✉♣♦s ❉✐s❝r❡t♦s

◆❡st❛ s✉❜s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s ❞❡✜♥✐çõ❡s ♥❡❝❡ssár✐❛s ♣❛r❛ ♦ ❞❡s❡♥✲
✈♦❧✈✐♠❡♥t♦ ❞♦ ❛ss✉♥t♦ ❡♠ q✉❡stã♦✳ ❯♠❛ ♣❡r♠✉t❛çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X é ✉♠❛
❜✐❥❡çã♦ ❞❡ X ❡♠ X✳ ❙❡❥❛ G ♦ ❣r✉♣♦ ❞❛s ♣❡r♠✉t❛çõ❡s ❞❡ ✉♠ ❝♦♥❥✉♥t♦ X 6= ∅✳
❉❡✜♥✐çã♦ ✷✳✽✳ ❉❛❞♦ ✉♠ x ∈ X ❝❤❛♠❛♠♦s ❞❡ ❡st❛❜✐❧✐③❛❞♦r ❞❡ ① ❛♦ s✉❜❣r✉♣♦
❞❡ G

Gx = {f ∈ G|f(x) = x}.
❉❡✜♥✐çã♦ ✷✳✾✳ ❆ ór❜✐t❛ ❞❡ ✉♠ ♣♦♥t♦ x ∈ X é ♦ ❝♦♥❥✉♥t♦

G(x) = {f(x) ∈ X|f ∈ G}.
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❉❡✜♥✐çã♦ ✷✳✶✵✳ ❯♠ s✉❜❣r✉♣♦ Γ ❞❡ Isom(H2) é ❝❤❛♠❛❞♦ ❞✐s❝r❡t♦ s❡ ❛ t♦♣♦❧♦❣✐❛
✐♥❞✉③✐❞❛ ❡♠ Γ é ❞✐s❝r❡t❛✱ ✐st♦ é✱ s❡ Γ é ✉♠ ❝♦♥❥✉♥t♦ ❞✐s❝r❡t♦ ♥♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦
❞❡ Isom(H2)✳

❆s ♣ró①✐♠❛s ❞❡✜♥✐çõ❡s ♥♦s ❛❥✉❞❛♠ ❛ ❝♦♠♣r❡❡♥❞❡r s♦❜r❡ s✉❜❣r✉♣♦s ❞✐s❝r❡t♦s
❡♠ ❡s♣❛ç♦s ♠étr✐❝♦s✳

❉❡✜♥✐çã♦ ✷✳✶✶✳ ❯♠❛ ❢❛♠í❧✐❛ {Xα|α ∈ A} ✭A ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s✮ ❞❡ s✉❜✲
❝♦♥❥✉♥t♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❳ é ❞✐t❛ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛ s❡ ♣❛r❛ t♦❞♦ ❝♦♠♣❛❝t♦
K ⊆ X ♦ ❝♦♥❥✉♥t♦

{α ∈ A|Xα ∩K 6= ∅}
❢♦r ✜♥✐t♦✳

❉❡✜♥✐çã♦ ✷✳✶✷✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❳✳
❉✐③❡♠♦s q✉❡ ❛ ❛çã♦ ❞❡ Γ é ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥t✐♥✉❛ s❡ ♣❛r❛ t♦❞♦ x ∈ X ❛
❢❛♠í❧✐❛ {{f(x)}|f ∈ Γ} ❢♦r ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛✳

▼♦str❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ✈á❧✐❞♦ ♣❛r❛ q✉❛❧q✉❡r ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❧♦❝❛❧♠❡♥t❡
❝♦♠♣❛❝t♦✱ ✈✐st♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪✳ ◆♦t❡♠♦s ❛♣❡♥❛s q✉❡ ♣❛r❛ X ❧♦❝❛❧♠❡♥t❡ ❝♦♠✲
♣❛❝t♦ ❛ ❛çã♦ ❞❡ Γ s❡rá ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥t✐♥✉❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s ♦r❜✐t❛s Γ(x)
❢♦r❡♠ ❞✐s❝r❡t❛s ❡ ♦s ❡st❛❜✐❧✐③❛❞♦r❡s Γx ❢♦r❡♠ ✜♥✐t♦s✱ ❝♦♠ x ∈ X.

❚❡♦r❡♠❛ ✷✳✶✸✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❞❡ ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❳
❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✳ ❊♥tã♦✱ ❛s s❡❣✉✐♥t❡s ❛✜r♠❛çõ❡s sã♦ ❡q✉✐✈❛❧❡♥t❡s✿

✶✳ ❆ ❛çã♦ ❞❡ Γ é ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥t✐♥✉❛✳

✷✳ ∀ x ∈ X✱ ∃Vx ✈✐③✐♥❤❛♥ç❛ ❞❡ x t❛❧ q✉❡ g(Vx) ∩ Vx 6= ∅ ❛♣❡♥❛s ♣❛r❛ ✉♠
♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s g ∈ Γ✳

✸✳ ❚♦❞♦ ♣♦♥t♦ x ∈ X ♣♦ss✉✐ ✉♠ ✈✐③✐♥❤❛♥ç❛ Ux t❛❧ q✉❡ g(Ux) ∩ Ux 6= ∅ ✐♠♣❧✐❝❛
q✉❡ g(x) = x✳

✹✳ ❉❛❞♦ K ⊆ X ❝♦♠♣❛❝t♦✱ g(K) ∩ K 6= ∅ ❛♣❡♥❛s ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡
❡❧❡♠❡♥t♦s g ∈ Γ✳

❉❡♠♦♥str❛çã♦✿ (1 ⇒ 2) ❙✉♣♦♥❤❛ ❛ ❛çã♦ ❞❡ Γ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥t✐♥✉❛✱
❡♥tã♦ ❛ ❢❛♠í❧✐❛ {{fi(x)}|fi ∈ Γ} ✭❝♦♠ i ∈ A ✉♠ ❝♦♥❥✉♥t♦ ❞❡ í♥❞✐❝❡s q✉❛❧✲
q✉❡r✮ é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t❛✱ ♦✉ s❡❥❛✱ ♣❛r❛ q✉❛❧q✉❡r ❝♦♠♣❛❝t♦ ❑ ❞❡ ❳ ♦ ❝♦♥❥✉♥t♦
{i ∈ A|{fi(x)} ∩K 6= ∅} é ✜♥✐t♦ ❡ X s❡♥❞♦ ❧♦❝❛❧♠❡♥t❡ ❝♦♠♣❛❝t♦✱ ♦✉ s❡❥❛✱ ♣❛r❛
t♦❞♦ x ∈ X ❡①✐st❡ ✉♠ ❝♦♠♣❛❝t♦ K ′ ❝♦♠ x ∈ int(K ′). ❆ss✐♠✱ t❡♠♦s q✉❡ ❛s ór❜✐✲
t❛s Γ(x) ❞❡ ❝❛❞❛ ♣♦♥t♦ sã♦ ❞✐s❝r❡t❛s ❡ ♦ ❡st❛❜✐❧✐③❛❞♦r Γx ❞❡ ❝❛❞❛ ♣♦♥t♦ é ✜♥✐t♦✳
▲♦❣♦✱ ❞❛❞♦ x ∈ X✱ ❡①✐st❡ ✉♠ ǫ > 0✱ t❛❧ q✉❡ fi(x) 6∈ B(x, ǫ), ∀i ∈ A. ❖✉ s❡❥❛✱ ♥ã♦
❝♦♥té♠ ♦✉tr♦ ♣♦♥t♦ ♥❛ ór❜✐t❛ Γ(x)✳ ❆ss✐♠✱ s❡ t♦♠❛r♠♦s V ⊂ B(x, ǫ/2) t❡♠♦s
q✉❡ s❡ fi(V )∩V 6= ∅ ✐♠♣❧✐❝❛ q✉❡ fi(x) = x, ✐st♦ é✱ fi ∈ Γx✱ ♠❛s ❝♦♠♦ Γx é ✜♥✐t♦✱
✐st♦ só ♣♦❞❡ ♦❝♦rr❡r ♣❛r❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ Γ✳

(2 ⇒ 3) ❙❡❥❛♠ x ∈ X ❡ Vx ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ① t❛❧ q✉❡ f(Vx) ∩ Vx 6= ∅ ❛♣❡♥❛s
♣❛r❛ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s f ∈ Γ. ❙❡❥❛♠ f1, ..., fn ∈ Γ ♦s ❡❧❡♠❡♥t♦s
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♣❛r❛ ♦s q✉❛✐s fi(Vx) ∩ Vx 6= ∅. ❙❡❥❛ {g1, ..., gm} = {f1, ..., fn} − Γx ❡ ❝♦♥s✐❞❡r❡✲
♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s {g1(x), ..., gm(x)}✳ ❆ss✐♠✱ s❡❥❛ ❡♥tã♦ Ux ⊂ Vx t❛❧ q✉❡
Ux ∩ {g1(x), ..., gm(x)} = ∅. ❚❡♠♦s q✉❡ f(Ux) ∩ Ux 6= ∅ ✐♠♣❧✐❝❛ q✉❡ f(x) = x.

(3 ⇒ 4) ❙✉♣♦♥❤❛ ♣♦r ❛❜s✉r❞♦ q✉❡ ❡①✐st❛ ✉♠ ❝♦♠♣❛❝t♦ K ❡ ✉♠❛ s❡q✉ê♥❝✐❛
(fn)

∞
n=1 ❞❡ ✐♥✜♥✐t♦s ❡❧❡♠❡♥t♦s ❞❡ Γ t❛❧ q✉❡ fn(K) ∩ K 6= ∅✳ ❙❡❥❛ ❡♥tã♦ (xn)

∞
n=1

s❡q✉ê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦s ❞❡ X t❛❧ q✉❡ xn ∈ K ❡ xnfn ∈ K, ❝♦♠♦ xn é ✉♠❛ s❡q✉ê♥✲
❝✐❛ ❞❡ K ❝♦♠♣❛❝t♦ ❡♥tã♦ ❡❧❛ ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ q✉❡ ❞❡♥♦t❛r❡♠♦s
♣♦r x✳ ❙❡❥❛ y ✉♠ ♣♦♥t♦ ❞❡ ❛❝✉♠✉❧❛çã♦ ❞❛ s❡q✉ê♥❝✐❛ (fn)

∞
n=1. ❙❡❥❛ ❡♥tã♦ ǫ > 0

❡ ❝♦♥s✐❞❡r❡♠♦s ❛s ❜♦❧❛s B(x, ǫ) ❡ B(x, ǫ/2)✳ ❊①✐st❡♠ Nx ❡ Ny ✐♥t❡✐r♦s t❛✐s q✉❡
xn ∈ B(x, ǫ) ♣❛r❛ n > Nx ❡ fn(x) ∈ B(x, ǫ/2) ♣❛r❛ n > Ny✳ ❚♦♠❡♠♦s ❡♥tã♦
N = max{Nx, Ny} ❡ t❡♠♦s q✉❡ f−1

N fn(x) ∈ B(x, ǫ)✱ ♣❛r❛ t♦❞♦ n ≥ N. ❆❜s✉r❞♦✱
♣♦✐s ❡st❛♠♦s ❛ss✉♠✐♥❞♦ ✸✳

(4 ⇒ 1) ❙✉♣♦♥❞♦ ✹ ❞❡✈❡♠♦s ❞❡♠♦♥str❛r q✉❡ ❛s ór❜✐t❛s ❞❡ Γ sã♦ ❞✐s❝r❡t❛s ❡ ♦s
❡st❛❜✐❧✐③❛❞♦r❡s ✜♥✐t♦s✳ ❖s ❡st❛❜✐❧✐③❛❞♦r❡s sã♦ ✜♥✐t♦s ♣♦✐s ♦s ❝♦♥❥✉♥t♦s {x} = Kx

sã♦ ❝♦♠♣❛❝t♦s ❡ f(Kx) ∩ Kx 6= ∅ ❡ t❡♠♦s q✉❡ f(x) = x✱ ♦✉ s❡❥❛✱ f ∈ Γx. P❛r❛
♣r♦✈❛r♠♦s q✉❡ ❛s ór❜✐t❛s sã♦ ❞✐s❝r❡t❛s✱ ❝♦♥s✐❞❡r❡♠♦s ✉♠ ♣♦♥t♦ x ∈ X ❡ ǫ > 0
t❛❧ q✉❡ ❛ ❜♦❧❛ ❢❡❝❤❛❞❛ B(x, ǫ) s❡❥❛ ❝♦♠♣❛❝t❛✳ ❚❡♠♦s ❡♥tã♦ q✉❡ ❡①✐st❡♠ ❛♣❡♥❛s
✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s f1, ..., fn ❞❡ Γ t❛✐s q✉❡ fi(B(x, ǫ)) ∩ B(x, ǫ) 6= ∅.
❊♠ ♣❛rt✐❝✉❧❛r ❡①✐st❡♠ ❛♣❡♥❛s ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❡❧❡♠❡♥t♦s ❞❡♥tr❡ ❡st❡s✱ ❞✐✲
❣❛♠♦s g1, ..., gm ♣❛r❛ ♦s q✉❛✐s gi(x) ∈ B(x, ǫ) ❡ gi(x) 6= x, ♣❛r❛ i = 1, ...,m.
P♦❞❡♠♦s ❡♥tã♦ s❡♣❛r❛r x, g1(x), ..., gm(x) s✐♠✉❧t❛♥❡❛♠❡♥t❡ ✱ ♦✉ s❡❥❛ ❡①✐st❡♠ ✈✐✲
③✐♥❤❛♥ç❛s V0, V1, ..., Vm ❞✐s❥✉♥t❛s ❡♥tr❡ s✐✱ ❝❛❞❛ ✉♠❛ ❞❡❧❛s ❝♦♥t✐❞❛ ❡♠ B(x, ǫ) t❛✐s
q✉❡ x ∈ V0, g1(x) ∈ V1, ..., gm(x) ∈ Vm✳ ❊s❝♦❧❤❡♠♦s ❛❣♦r❛ f ∈ Γ t❛❧ q✉❡
f(x) 6∈ B(x, ǫ) ❡ ❢❛③❡♠♦s ❛s ♠❡s♠❛ ❝♦♥str✉çã♦✱ t♦♠❛♥❞♦ ♦ ❝✉✐❞❛❞♦ ❞❡ ❡s❝♦❧❤❡r
❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ❝❡♥tr❛❞❛ ❡♠ f(x) q✉❡ s❡❥❛ ❛♦ ♠❡s♠♦ t❡♠♣♦ ❝♦♠♣❛❝t❛ ❡ ♥ã♦ ✐♥✲
t❡r❝❡♣t❡ ❛ ❜♦❧❛ B(x, ǫ) ❡ ❛ss✐♠ s✉❝❡ss✐✈❛♠❡♥t❡ ❝♦♥str✉í♠♦s ✈✐③✐♥❤❛♥ç❛s ❞✐s❥✉♥t❛s
❡♥tr❡ s✐ ❞❡ ❝❛❞❛ ♣♦♥t♦ ❞❛ ór❜✐t❛ ❞❡ ①✳

❖❜s❡r✈❛çã♦ ✷✳✶✹✳ ❆ ❡q✉✐✈❛❧ê♥❝✐❛ ❞♦s ✐t❡♥s ✶ ❡ ✸ ❞♦ t❡♦r❡♠❛ ❛❝✐♠❛ ✐♠♣❧✐❝❛
q✉❡ Γ ❛❣❡ ❞❡ ♠❛♥❡✐r❛ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥t✐♥✉❛ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛s ór❜✐t❛s ❞❡
q✉❛❧q✉❡r ♣♦♥t♦ ❢♦r❡♠ ❞✐s❝r❡t❛s✳

❆❣♦r❛✱ ♣♦❞❡♠♦s ❛♣r❡s❡♥t❛r ❛ ❞❡✜♥✐çã♦ ❞❡ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦✳

❉❡✜♥✐çã♦ ✷✳✶✺✳ ❯♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ é ✉♠ s✉❜❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ PSL(2,R).

◆♦t❡♠♦s q✉❡✱ ❞❛❞♦ ✉♠ s✉❜❣r✉♣♦ ❞✐s❝r❡t♦ Γ ❞❡ ✐s♦♠❡tr✐❛s ❞❡ H2✱ t❡♠♦s q✉❡ ♦
s✉❜❣r✉♣♦

Γ0 = {T ∈ Γ;T ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦ ❞❡ H
2}

é s✉❜❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ PSL(2,R) ❞❡ í♥❞✐❝❡ ✷ ❡♠ Γ✳ ❆ss✐♠ ♣♦❞❡♠♦s ❡st✉❞❛r ♦s
s✉❜❣r✉♣♦s ❞✐s❝r❡t♦s ❞❡ Isom(H2)✱ ♦ ❣r✉♣♦ ❞❡ t♦❞❛s ✐s♦♠❡tr✐❛s ❞❡ H2✱ ❛ ♣❛rt✐r ❞♦s
s✉❜❣r✉♣♦s ❞✐s❝r❡t♦s ❞❡ PSL(2,R) ✭●r✉♣♦s ❋✉❝❤s✐❛♥♦s✮✳ P♦❞❡♠♦s ❡st❛❜❡❧❡❝❡r ♦s
s✉❜❣r✉♣♦s ❞✐s❝r❡t♦s ❞❡ PSL(2,R) ♣❡❧♦s ❞❡ SL(2,R). ❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s
✐♥❢♦r♠❛ ❝♦♥❞✐çõ❡s ♣❛r❛ ✉♠ s✉❜❣r✉♣♦ ❞❡ SL(2,R) s❡r ❞✐s❝r❡t♦✳



✷✺ ✷✳✶✳ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s

❚❡♦r❡♠❛ ✷✳✶✻✳ ❙❡❥❛ H ✉♠ s✉❜❣r✉♣♦ ❞❡ SL(2,R)✳ ❊♥tã♦ H é ❞✐s❝r❡t♦ s❡✱ ❡
s♦♠❡♥t❡ s❡✱ ♥ã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ An ∈ H✱ n ∈ N✱ ❞❡ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s✱
t❛✐s q✉❡ An → ID

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛✱ ♣♦r ❛❜s✉r❞♦✱ q✉❡ H ♥ã♦ s❡❥❛ ❞✐s❝r❡t♦✳ ❊♥tã♦✱ ❞❛❞♦
✉♠ A ∈ SL(2,R)✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ {An}n∈N ❞❡ H t❛❧ q✉❡ An ❝♦♥✈❡r❣❡ ♣❛r❛
A✳ ❆ss✐♠✱ ♦❜t❡♠♦s

An+1A
−1
n −→ AA−1 = ID

❆✜r♠❛♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦ S = {An+1An}n∈N é ✐♥✜♥✐t♦✳ ❉❡ ❢❛t♦✱ s❡ S é ✉♠
❝♦♥❥✉♥t♦ ✜♥✐t♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠ n0 t❛❧ q✉❡ An+1An = ID✱ ♣❛r❛ t♦❞♦ n > n0,
♦ q✉❡ é ✐♠♣♦ssí✈❡❧✱ ♣♦✐s {An}n∈N é ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❡♠ ❍✱
❛ss✐♠✱ ❙ é ✐♥✜♥✐t♦✳ P♦rt❛♥t♦✱ ❡①✐st❡ ✉♠❛ s✉❜s❡q✉ê♥❝✐❛ ❞❡ ❙ q✉❡ ❝♦♥✈❡r❣❡ ♣❛r❛
ID✱ ♦ q✉❡ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✳

❖❜s❡r✈❛çã♦ ✷✳✶✼✳ Γ ⊂ PSL(2,R) é ❞✐s❝r❡t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♣❛r❛ q✉❛❧q✉❡r
s❡q✉ê♥❝✐❛ TAn

∈ H✱ ❝♦♠ TAn
→ TID = Id✱ ✐♠♣❧✐❝❛ q✉❡ ∃ n0 ∈ N t❛❧ q✉❡ TAn

= Id
♣❛r❛ n > n0✳

❆q✉✐✱ ❛♣r❡s❡♥t❛r❡♠♦s três r❡s✉❧t❛❞♦s ❝✉❥❛s s✉❛s ❞❡♠♦♥str❛çõ❡s ♣♦❞❡♠ s❡r
✈✐st❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪✳

Pr♦♣♦s✐çã♦ ✷✳✶✽✳ ❖s s✉❜❣r✉♣♦s ❝í❝❧✐❝♦s ❞❡ PSL(2,R) ❣❡r❛❞♦s ♣♦r ❡❧❡♠❡♥t♦s ❤✐✲
♣❡r❜ó❧✐❝♦s ♦✉ ♣❛r❛❜ó❧✐❝♦s sã♦ ❞✐s❝r❡t♦s✳ ❯♠ s✉❜❣r✉♣♦ ❝í❝❧✐❝♦ ❣❡r❛❞♦ ♣♦r ❡❧❡♠❡♥t♦s
❡❧í♣t✐❝♦s é ❞✐s❝r❡t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s❡ ❢♦r ✜♥✐t♦✳

▲❡♠❛ ✷✳✶✾✳ ❙❡❥❛ z ✉♠ ♣♦♥t♦ ❞❡ H2 ❡ K ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ H2 ❝♦♠♣❛❝t♦✳ ❊♥tã♦✱
♦ ❝♦♥❥✉♥t♦

H = {T ∈ PSL(2,R); T (z) ∈ K}
é ❝♦♠♣❛❝t♦✳

▲❡♠❛ ✷✳✷✵✳ ❙❡❥❛ Γ ⊂ PSL(2,R) ✉♠ ❣r✉♣♦ ❝♦♠ ❛çã♦ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛
❡♠ H

2✳ ❊♥tã♦ ♦s ♣♦♥t♦s ✜①♦s ❞❡ Γ✱ ♦✉ s❡❥❛✱ ♦ ❝♦♥❥✉♥t♦

{z ∈ H
2; ∃ T ∈ Γ, T (z) = z}

é ❞✐s❝r❡t♦✳

❈♦♠ ♦s ❞♦✐s ú❧t✐♠♦s ❧❡♠❛s ♣♦❞❡♠♦s ❞❡♠♦♥str❛r ♦ s❡❣✉✐♥t❡ ❡ ✐♠♣♦rt❛♥t❡ t❡♦✲
r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✷✶✳ ❯♠ s✉❜❣r✉♣♦ Γ ⊂ PSL(2,R) é ❞✐s❝r❡t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s✉❛
❛çã♦ ❡♠ H

2 ❢♦r ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✳

❉❡♠♦♥str❛çã♦✿ ❙✉♣♦♥❤❛ q✉❡ Γ é ❞✐s❝r❡t♦✳ ❊♥tã♦ ♣❛r❛ t♦❞♦ z ∈ H
2 ❡ ♣❛r❛

t♦❞♦ K ⊂ H
2,

{T ∈ Γ; T (z) ∈ K} = {T ∈ PSL(2,R); T (z) ∈ K} ∩ Γ.



✷✻ ✷✳✷✳ ❉♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

▼❛s ♣❡❧♦ ▲❡♠❛ ✷✳✶✾ t❡♠♦s q✉❡ {T ∈ PSL(2,R); T (z) ∈ K} é ❝♦♠♣❛❝t♦✱ ❧♦❣♦
{T ∈ Γ;T (z) ∈ K} é ✜♥✐t♦✱ ♣♦✐s é ✐♥t❡rs❡çã♦ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❝♦♠ ♦✉tr♦
❞✐s❝r❡t♦ ♦ q✉❡ ♥♦s ❞✐③ q✉❡ ❛ ❛çã♦ ❞❡ Γ é ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛✳

❆❣♦r❛✱ s✉♣♦♥❤❛ q✉❡ Γ ❛❣❡ ❞❡ ♠❛♥❡✐r❛ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥tí♥✉❛ ❡ q✉❡ Γ ♥ã♦
s❡❥❛ ❞✐s❝r❡t♦ ❡♠ PSL(2,R)✳ ❙❡❥❛ z ✉♠ ♣♦♥t♦ q✉❡ ♥ã♦ é ✜①♦ ♣♦r q✉❛❧q✉❡r ❡❧❡♠❡♥t♦
❞❡ Γ ❛ ♥ã♦ s❡r é ❝❧❛r♦ ❛ ✐❞❡♥t✐❞❛❞❡✳ ❆ ❡①✐stê♥❝✐❛ ❞❡ t❛❧ ♣♦♥t♦ é ❣❛r❛♥t✐❞❛ ♣❡❧♦
s❡❣✉♥❞♦ ▲❡♠❛ ✷✳✷✵✱ ❥á q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ✜①♦s ♣♦r ✉♠ ❡❧❡♠❡♥t♦ ❞❡ Γ é
❞✐s❝r❡t♦✳ ❆ss✉♠✐♥❞♦ q✉❡ Γ ♥ã♦ é ❞✐s❝r❡t♦✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ (Tn)

∞
n=1 ❞❡

❞✐st✐♥t♦s ❡❧❡♠❡♥t♦s ❞❡ Γ t❛❧ q✉❡ limn→∞ Tn = Id. ❚❡♠♦s q✉❡ limn→∞ Tn(z) = z.
❈♦♠♦ Tn(z) = z, ♣❛r❛ t♦❞♦ n ∈ N, t❡♠♦s ✉♠❛ s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s ❞❡ z
❝♦♥✈❡r❣✐♥❞♦ ♣❛r❛ z, ❝♦♥tr❛r✐❛♥❞♦ ❛ ❤✐♣ót❡s❡ ❞❡ Γ ❛❣✐r ❞❡ ♠❛♥❡✐r❛ ♣r♦♣r✐❛♠❡♥t❡
❞❡s❝♦♥t✐♥✉❛✳

❊①❡♠♣❧♦ ✷✳✷✷✳ ❖ s✉❜❣r✉♣♦ Γ = PSL(2,Z) ⊂ PSL(2,R) é ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦✳

✷✳✷ ❉♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

◆❡st❛ s❡çã♦ ❡st✉❞❛r❡♠♦s ♦s ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s ❝♦♥❤❡❝✐❞♦s ❝♦♠♦ ❞♦♠í✲
♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t ❞❡ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ. ❈♦♠❡ç❛♠♦s ❞❡✜♥✐♥❞♦ ❞♦♠í♥✐♦s ❢✉♥✲
❞❛♠❡♥t❛✐s ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❧❛❝✐♦♥❛❞♦s à ár❡❛ ❞❡ss❡s ❞♦♠í♥✐♦s✳ ❊♠ s❡❣✉✐❞❛✱
❞❡✜♥✐♠♦s ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t✱ q✉❡ sã♦ r❡❣✐õ❡s ♣♦❧✐❣♦♥❛✐s ❢♦r♠❛❞❛s ♣♦r ❣❡♦❞és✐✲
❝❛s ❞❡ H2 ❡ ♣♦ss✐✈❡❧♠❡♥t❡ ♣♦r s❡❣♠❡♥t♦s ♥♦ ❡✐①♦ r❡❛❧✳ ❉♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t sã♦
❝♦♥str✉í❞♦s ❛ ♣❛rt✐r ❞❡ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦✳ P♦r ✜♠✱ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s
r❡❧❛❝✐♦♥❛❞♦s ❛s ❛r❡st❛s ❡ ✈ért✐❝❡s ❞❡ ✉♠ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t✳

✷✳✷✳✶ ❉♦♠í♥✐♦s ❋✉♥❞❛♠❡♥t❛✐s

❉❡✜♥✐çã♦ ✷✳✷✸✳ ❙❡❥❛ ❳ ❡s♣❛ç♦ ♠étr✐❝♦ ❡ Γ ❣r✉♣♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❛❣✐♥❞♦
❡♠ ❳ ❞❡ ♠❛♥❡✐r❛ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥t✐♥✉❛✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ ❢❡❝❤❛❞♦ D ⊂ X é
❞✐t♦ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ s❡ s❛t✐s❢❛③❡r ❛s s❡❣✉✐♥t❡s ❝♦♥❞✐çõ❡s✿

✶✳
⋃

T∈Γ T (D) = X✳

✷✳ intD⋂T (intD) = ∅✱ ♣❛r❛ t♦❞♦ ■❞ 6= T ∈ Γ✳

✸✳ intD 6= ∅.

❖♥❞❡✱ intD é ♦ ✐♥t❡r✐♦r ❞♦ ❝♦♥❥✉♥t♦ D.

❖ ❝♦♥❥✉♥t♦ ∂D = D − intD é ❢r♦♥t❡✐r❛ ❞❡ D ❡ ❛ ❢❛♠í❧✐❛

{T (D); T ∈ Γ}

é ❞✐t❛ ✉♠ ❧❛❞r✐❧❤❛♠❡♥t♦ ✭♦✉ t❡ss❡❧❛çã♦✮ ❞❡ ❳✳



✷✼ ✷✳✷✳ ❉♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

❊①❡♠♣❧♦ ✷✳✷✹✳ ❙❡❥❛ Γ ⊂ PSL(2,R) ♦ s✉❜❣r✉♣♦ ❝í❝❧✐❝♦ ❣❡r❛❞♦ ♣♦r T (z) = 2z.
❚❡♠♦s ♣❛r❛ t♦❞♦ k > 0, ♦ s❡♠✐✲❛♥❡❧

Dk = {z ∈ H
2; k ≤ |z| ≤ 2k}

é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ ❡ ❛ ❢❛♠í❧✐❛ {D2nk; n ∈ Z} é ♦ ❧❛❞r✐❧❤❛♠❡♥t♦
❞❡t❡r♠✐♥❛❞♦ ♣♦r ❡st❡ ❞♦♠í♥✐♦✳

❉❡ ❢❛t♦✱ ♠♦str❛r❡♠♦s q✉❡ T n(Dk) = D2nk. ❚❡♠♦s

T n(Dk) = {T n(z) = 2nz ∈ H
2; k ≤ |z| ≤ 2k}

❡
D2nk = {z ∈ H

2; 2nk ≤ |z| ≤ 2n+1k}.
❙❡❥❛ x ∈ T n(Dk)✱ ♦✉ s❡❥❛✱ x = 2nz ∈ H

2 t❛❧ q✉❡ k ≤ |z| ≤ 2k. ▼✉❧t✐♣❧✐❝❛♥❞♦ ❡ss❛
❞❡s✐❣✉❛❧❞❛❞❡ ♣♦r 2n ♦❜t❡♠♦s✱ 2nk ≤ |x| ≤ 2n+1k✱ ♦ q✉❡ ✐♠♣❧✐❝❛ q✉❡ x ∈ D2nk✳
▲♦❣♦✱ T n(Dk) ⊂ D2nk.

❆❣♦r❛✱ s❡❥❛ z ∈ D2nk ❡ t♦♠❡♠♦s w = 2−nz ∈ H
2✱ ❡ ❝♦♠♦ 2nk ≤ |z| ≤ 2n+1k

❡♥tã♦ w ∈ Dk✱ ♣♦✐s k ≤ |2−nz| ≤ 2k. ❆ss✐♠ z = T n(w) ∈ T n(Dk)✱ ♦✉ s❡❥❛✱
D2nk ⊂ T n(Dk). P♦rt❛♥t♦✱ t❡♠♦s

⋃
n∈Z T

n(Dk) =
⋃

n∈ZD2nk = H
2✳

❙❡ n 6= m ❝♦♠ n,m ∈ Z t❡r❡♠♦s int(D2nk)
⋂

int(D2mk) = ∅.

❊ int(D2nk) 6= ∅, ∀n ∈ Z. ✭❱❡❥❛ ❛ ❋✐❣✉r❛ ✷✳✶ ✮

❖s ♣ró①✐♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s ❞✐③❡♠ r❡s♣❡✐t♦ ❛ ár❡❛✱
♦♥❞❡ ✉♠ ❞❡❧❡s ❛✜r♠❛ q✉❡ ❞♦✐s ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s✱ ❝♦♠ ár❡❛ ✜♥✐t❛✱ ❞❡ ✉♠
♠❡s♠♦ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦✱ ♣♦ss✉❡♠ ♠❡s♠❛ ár❡❛✳ ❙✉❛s ❞❡♠♦♥str❛çõ❡s ❡♥❝♦♥tr❛♠✲
s❡ ♥❛ r❡❢❡r❡♥❝✐❛ ❬✶✼❪✳

❚❡♦r❡♠❛ ✷✳✷✺✳ ❙❡❥❛♠ D1 ❡ D2 ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❡ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦
Γ ❝♦♠ AH2(D1) < ∞✳ ❙✉♣♦♥❤❛ q✉❡ ❛s ❢r♦♥t❡✐r❛s ❞❡ D1 ❡ D2 t❡♥❤❛♠ ár❡❛s
AH2(∂D1) = AH2(∂D2) = 0. ❊♥tã♦ AH2(D1) = AH2(D2).

❚❡♦r❡♠❛ ✷✳✷✻✳ ❙❡❥❛♠ Γ ✉♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ ✐s♦♠❡tr✐❛s ❞❡ H
2, Γ′ ✉♠ s✉❜❣r✉♣♦

❞❡ Γ ❞❡ í♥❞✐❝❡ ✜♥✐t♦ n ❡ T1, ..., Tn ∈ Γ. ❙❡

Γ = Γ′T1 ∪ ... ∪ Γ′Tn

é ✉♠❛ ❞❡❝♦♠♣♦s✐çã♦ ❞❡ Γ ❡♠ Γ′−❝❧❛ss❡s ❧❛t❡r❛✐s ❡ s❡ D é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥✲
t❛❧ ❞❡ Γ, ❡♥tã♦

✐✮ D′ = T1(D) ∪ ... ∪ Tn(D) é ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ′.

✐✐✮ ❙❡ AH2(D) <∞ ❡ AH2(∂D) = 0, ❡♥tã♦ AH2(D′) = nAH2(D).



✷✽ ✷✳✷✳ ❉♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

❋✐❣✉r❛ ✷✳✶✿ ❉♦♠í♥✐♦ ❋✉♥❞❛♠❡♥t❛❧ Dk

✷✳✷✳✷ ❉♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

❆tr❛✈és ❞♦s ❣r✉♣♦s ❋✉❝❤s✐❛♥♦s✱ ♣♦❞❡♠♦s ❣❛r❛♥t✐r ❛ ❡①✐stê♥❝✐❛ ❞❡ ❞♦♠í♥✐♦s
❢✉♥❞❛♠❡♥t❛✐s✱ ❡st❡s ❝❤❛♠❛❞♦s ❞❡ ❉♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t✳ ❙❡❥❛ Γ ⊂ PSL(2,R)
❣r✉♣♦ ❢✉❝❤s✐❛♥♦ ❡ p ∈ H

2✱ t❛❧ q✉❡ T (p) 6= p ♣❛r❛ t♦❞♦ T ∈ Γ. ❊st❡ ♣♦♥t♦ ❡①✐st❡
♣♦✐s ♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s ✜①♦s ♣♦r ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ❞❡ Γ é ❞✐s❝r❡t♦ ✭▲❡♠❛ ✷✳✷✵✮✳

❉❡✜♥✐çã♦ ✷✳✷✼✳ ❯♠ ❉♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❝❡♥tr❛❞♦ ❡♠ ♣ é ♦ ❝♦♥❥✉♥t♦ ❞❛
❢♦r♠❛

Dp(Γ) = {z ∈ H
2; d(z, p) ≤ d(z, T (p)), ∀ T ∈ Γ}.

P♦❞❡♠♦s ❞❡✜♥✐r ♣❛r❛ ❝❛❞❛ T ∈ Γ (T 6= Id) ♦ ❝♦♥❥✉♥t♦

Lp(Γ) = {z ∈ H
2; d(z, p) = d(z, T (p))}

❝❤❛♠❛❞♦ ❞❡ ❜✐ss❡t♦r ♣❡r♣❡♥❞✐❝✉❧❛r ❞❡ p e T (p) ❝♦♠ s✉❛ ❢r♦♥t❡✐r❛ t♦♣♦❧ó❣✐❝❛ ❝♦♠♦
s❡♥❞♦ ♦ ❝♦♥❥✉♥t♦

Hp(T ) = {z ∈ H
2; d(z, p) ≤ d(z, T (p))}.

◆♦t❡ q✉❡ Lp(T ) é ✉♠❛ ❣❡♦❞és✐❝❛ ✭♥ã♦ ❝♦♥t❡♥❞♦ ♣✮ ❡ Hp(T ) é ♦ s❡♠✐✲♣❧❛♥♦ ❝♦♥✲
t❡♥❞♦ ♣ ❡ ❞❡❧✐♠✐t❛❞♦ ♣♦r Lp(T ). ❆ss✐♠✱ ♣♦❞❡♠♦s ❞❡✜♥✐r

❖❜s❡r✈❛çã♦ ✷✳✷✽✳ ❖ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ ❝❡♥tr❛❞♦ ❡♠ ♣ é ❞❛❞♦ ♣♦r

Dp(Γ) =
⋂

Id 6=T∈Γ
Hp(T ).

▼♦str❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ q✉❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ t❡♠♦s ✉♠ ❞♦✲
♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♦✉ s❡❥❛✱ ♦ r❡s✉❧t❛❞♦ q✉❡ ❣❛r❛♥t❡ q✉❡ ✉♠ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t
é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✳

❚❡♦r❡♠❛ ✷✳✷✾✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ ❡ Dp(Γ) ♦ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t
❝❡♥tr❛❞♦ ❡♠ ♣✳ ❊♥tã♦ Dp(Γ) é ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❛ ❛çã♦ ❞❡ Γ.

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ z ∈ H
2✱ ❝♦♠♦ Γ é ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦✱ ❛ ♦r❜✐t❛ Γ(z)

é ❞✐s❝r❡t❛✱ ❧♦❣♦ ❡①✐st❡ ✭♥ã♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ú♥✐❝♦✮ ✉♠ ♣♦♥t♦ z0 ∈ Γ(z) ♠❛✐s



✷✾ ✷✳✷✳ ❉♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t

♣ró①✐♠♦ ❞❡ ♣✳ ❚❡♠♦s ❡♥tã♦ q✉❡ d(z0, p) ≤ d(T (z0), p) ♣❛r❛ t♦❞♦ T ∈ Γ✱ ❧♦❣♦ z0 ∈
Dp(Γ) ❡ ♦❜t❡♠♦s q✉❡ ♦ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❝♦♥té♠ ❛♦ ♠❡♥♦s ✉♠ r❡♣r❡s❡♥t❛♥t❡
❞❡ ❝❛❞❛ ór❜✐t❛✳ Dp(Γ) 6= ∅✳ ❉❡ ❢❛t♦✱ s❡❥❛

ǫ = min
T∈Γ
{d(p, T (p))}.

❊♥tã♦ ❛ ❜♦❧❛ ❛❜❡rt❛ B(p, ǫ
2
) ⊂ Dp(Γ)✳ ▼♦str❛r❡♠♦s q✉❡ ❞♦✐s ♣♦♥t♦s ✐♥t❡r✐♦r❡s ❞❡

Dp(Γ) ♥ã♦ ♣♦❞❡♠ ♣❡rt❡♥❝❡r á ♠❡s♠❛ ór❜✐t❛✳ ❙❡ d(z, p) = d(T (z), p) ♣❛r❛ ❛❧❣✉♠
T 6= Id ∈ Γ✱ ❡♥tã♦ d(z, p) = d(z, T−1(p))✱ ❞❡ ♠♦❞♦ q✉❡ z ∈ Lp(T

−1). ❆ss✐♠✱
❝❛s♦ z ♣❡rt❡♥ç❛ ❛ Dp(Γ)✱ z ♣❡rt❡♥❝❡ à s✉❛ ❢r♦♥t❡✐r❛✱ ♥ã♦ s❡♥❞♦ ♣♦rt❛♥❞♦ ♣♦♥t♦
✐♥t❡r✐♦r✳

❊①❡♠♣❧♦ ✷✳✸✵✳ ❙❡❥❛ Γ ♦ ❣r✉♣♦ ❣❡r❛❞♦ ♣♦r T (z) = 2z. ❈♦♠♦ ✈✐♠♦s ❛♥t❡r✐♦r♠❡♥t❡
✭❊①❡♠♣❧♦ ✷✳✷✹✮✱

Dk = {z ∈ H
2; k ≤ |z| ≤ 2k}

é ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ ♣❛r❛ t♦❞♦ k > 0. ❈♦♥s✐❞❡r❡♠♦s ✉♠ ♣♦♥t♦ ♥♦ ❡✐①♦
✐♠❛❣✐♥ár✐♦ p = yi✳ ❚❡♠♦s ❡♥tã♦ q✉❡ T (p) = 2yi. ❙❛❜❡♠♦s q✉❡ ♦ ♣♦♥t♦ ♠é❞✐♦ ❞♦
s❡❣✉✐♠❡♥t♦ ❣❡♦❞és✐❝♦ pT (p) ❞❡✈❡ s❡r ❞❛ ❢♦r♠❛ m = ci ❝♦♠ y < c < 2y. ❯t✐❧✐✲
③❛♥❞♦ ❛ ❢ór♠✉❧❛ ♣❛r❛ ❞✐stâ♥❝✐❛ ❤✐♣❡r❜ó❧✐❝❛ ✭❚❡♦r❡♠❛ ✶✳✷✹✮✱ ♦❜t❡♠♦s q✉❡ d(p,m) =

d(T (p),m) s❡✱ ❡ s♦♠❡♥t❡ s❡ ✱ ln

(
|i(y + c)|+ |i(y − c)|
|i(y + c)| − |i(y − c)|

)
= ln

(
|i(c+ 2y)|+ |i(c+ 2y)|
|i(c+ 2y)| − |i(c+ 2y)|

)

❡ ♦❜t❡♠♦s
y

c
=

c

2y
⇐⇒ c =

√
2y✳ ▲♦❣♦

d(p,m) = d(T (p),m)⇐⇒ c =
√
2y.

❆ss✐♠✱ s❡ ❡s❝♦❧❤❡r♠♦s k =
c

2
=

y

2
é ✐♠❡❞✐❛t♦ ❝♦♥st❛t❛r♠♦s q✉❡

∂Dk = Lp(T ) ∪ Lp(T
−1)

❞❡ ♠♦❞♦ q✉❡ Dp(Γ) ⊂ D. ▼❛s s❡♥❞♦ Dk ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✱ Dk = Dp(Γ).

❚❡♦r❡♠❛ ✷✳✸✶✳ ❙❡❥❛ Γ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ ❡ D = Dp(Γ) ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t
❝❡♥tr❛❞♦ ❡♠ p✳ ❊♥tã♦ ♦ ❧❛❞r✐♥❤❛♠❡♥t♦ {T (D); T ∈ Γ} é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ q ∈ H
2✱K ✉♠ ✈✐③✐♥❤❛♥ç❛ ❝♦♠♣❛❝t❛ ❞❡ q ❡ r = sup

z∈K
{d(z, p)}.

❈♦♠♦ ❑ é ✉♠ ❝♦♠♣❛❝t♦ t❡♠♦s r < ∞✳ ❙✉♣♦♥❤❛♠♦s q✉❡ ♦ ❧❛❞r✐♥❤❛♠❡♥t♦
{T (D); T ∈ Γ} ♥ã♦ s❡❥❛ ❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦✱ ♦✉ s❡❥❛✱ q✉❡ ❡①✐st❛ ✉♠❛ s❡q✉ê♥❝✐❛
(Tn)

∞
n=1 ❞❡ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s ❞❡ Γ t❛❧ q✉❡ K ∩ Tn(D) 6= ∅. ❊♥tã♦✱ ❡①✐st❡ ✉♠❛

s❡q✉ê♥❝✐❛ ❞❡ zn ∈ D t❛❧ q✉❡ wn = Tn(zn) ∈ K ∩ Tn(D). ❈♦♠♦ ♣ é ♦ ❝❡♥tr♦ D,
❡♥tã♦

d(p, Tn(p)) ≤ d(p, wn) + d(wn, Tn(p))

= d(p, wn) + d(T−1(wn), p)

= d(p, wn) + d(zn, p)

≤ d(p, wn) + d(wn, p)

= 2r.
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❖ ♣♦♥t♦ ♣ ♥ã♦ é ✜①♦ ♣♦r q✉❛❧q✉❡r ❡❧❡♠❡♥t♦ ❞❡ Γ✱ ❡♥tã♦ ❛ s❡q✉ê♥❝✐❛ Tn(p) é ✉♠❛
s❡q✉ê♥❝✐❛ ❞❡ ♣♦♥t♦s ❞✐st✐♥t♦s ❝♦♥t✐❞♦s ♥❛ ❜♦❧❛ ❢❡❝❤❛❞❛ ❞❡ ❝❡♥tr♦ p ❡ r❛✐♦ 2r. ■st♦
❝♦♥tr❛❞✐③ ❛ ❤✐♣ót❡s❡ ❞❛s ór❜✐t❛s ❞❡ Γ s❡r❡♠ ❞✐s❝r❡t❛s✳ ▲♦❣♦✱ ♦ ❧❛❞r✐♥❤❛♠❡♥t♦
{T (D); T ∈ Γ} é ❧♦❝❛❧♠❡♥t❡ ✜♥✐t♦✳

❈♦r♦❧ár✐♦ ✷✳✸✷✳ ❉❛❞♦ z ∈ ∂(DP (Γ))✱ ❡①✐st❡ Id 6= T ∈ Γ t❛❧ q✉❡ T (z) ∈
∂(DP (Γ))✳

❈♦♥t✐♥✉❛r❡♠♦s ♦s ❡st✉❞♦s ❞❡ ❞♦♠í♥✐♦s ❞❡ ❉✐r✐❝❤❧❡t ♦❜s❡r✈❛♥❞♦ q✉❡ ❛ ❢r♦♥t❡✐r❛
❞❡ t❛❧ ❞♦♠í♥✐♦ é ❢♦r♠❛❞❛ ♣❡❧❛ ✉♥✐ã♦ ❞❡ ❣❡♦❞és✐❝❛s✱ ♦♥❞❡ ❡st❛s ❣❡♦❞és✐❝❛s ❝❤❛♠❛✲
r❡♠♦s ❞❡ ❛r❡st❛s ♦r❞✐♥ár✐❛s ❡ ✉♠ ♣♦♥t♦ ❞❛ ❢r♦♥t❡✐r❛ ❞♦ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t é
❝❤❛♠❛❞♦ ❞❡ ✈ért✐❝❡ ♦r❞✐♥ár✐♦ s❡ ❡st❡ ❢♦r ✐♥t❡rs❡çã♦ ❞❡ ❞✉❛s ❛r❡st❛s ♦r❞✐♥ár✐❛s
❞✐st✐♥t❛s ❞❡ DP (Γ).

❙❡ w ❢♦r ✉♠ ♣♦♥t♦ ✜①♦ ♣♦r ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ❡❧í♣t✐❝♦ T ❞❡ ♦r❞❡♠ ✷✱ ♣♦❞❡♠♦s
t❡r w ❝♦♥t✐❞♦ ♥♦ ✐♥t❡r✐♦r ❞❡ ✉♠❛ ❛r❡st❛ ♦r❞✐♥ár✐❛ τ. ◗✉❛♥❞♦ ❢♦r ❡st❡ ♦ ❝❛s♦✱ t❡♠♦s
q✉❡ ❛s ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ τ e w sã♦ ❝♦♠✉t❛❞❛s ♣♦r T. ❈❤❛♠❛r❡♠♦s
❝❛❞❛ ✉♠❛ ❞❡ss❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ ❛r❡st❛s s✐♥❣✉❧❛r❡s ❡ ❛♦ ♣♦♥t♦ w ❞❡
✈ért✐❝❡ s✐♥❣✉❧❛r✳ ❚❡♠♦s q✉❡ ✉♠ ✈ért✐❝❡ s✐♥❣✉❧❛r ❞✐✈✐❞❡ ✉♠❛ ❛r❡st❛ ♦r❞✐♥ár✐❛ ❡♠
❞✉❛s s✐♥❣✉❧❛r❡s✳ ❈❤❛♠❛r❡♠♦s ❛♣❡♥❛s ❛r❡st❛ ❞❡ DP (Γ) ❛♠❜❛s ❛r❡st❛s ♦r❞✐♥ár✐❛
♦✉ s✐♥❣✉❧❛r ❡ ❝❤❛♠❛r❡♠♦s ❞❡ s✐♠♣❧❡s♠❡♥t❡ ✈ért✐❝❡ ❞❡ DP (Γ) ❛ ❛♠❜♦s ✈ért✐❝❡
♦r❞✐♥ár✐♦ ❡ s✐♥❣✉❧❛r✳

❚❡♦r❡♠❛ ✷✳✸✸✳ ❙❡❥❛ DP (Γ) ✉♠ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤✐❧❡t ❞❡ Γ✱ ❡♥tã♦

✶✳ ❙❡ τ é ✉♠❛ ❛r❡st❛ ❞❡ DP (Γ)✳ ❊♥tã♦ ❡①✐st❡ Id 6= T ∈ Γ t❛❧ q✉❡ τ ⊆
DP (Γ) ∩ T (DP (Γ)).

✷✳ ❙❡ V é ✈ért✐❝❡ ❞❡ DP (Γ)✳ ❊♥tã♦ V é ✈ért✐❝❡ ♦r❞✐♥ár✐♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐s✲
t❡♠ ❡❧❡♠❡♥t♦s ❞✐st✐♥t♦s Id 6= T1, T2 ∈ Γ t❛✐s q✉❡ V = DP (Γ)∩T1(DP (Γ))∩
T2(DP (Γ)).

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ z ∈ τ ⊂ ∂(DP (Γ)) ⊂ DP (Γ) t❛❧ q✉❡ z ♥ã♦ é ✈ért✐❝❡✳
P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✸✷✱ ❡①✐st❡ T−1 6= Id ∈ Γ t❛❧ q✉❡ w = T−1(z) ∈ ∂(DP (Γ)).
❚❡♠♦s ❡♥tã♦✱ z = T (w) ∈ T (DP (Γ)). ▲♦❣♦✱ τ ⊂ T (DP (Γ)). P♦rt❛♥t♦✱ τ ⊆
DP (Γ) ∩ T (DP (Γ)). ❉❡♠♦str❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ♣❛rt❡ ❞♦ t❡♦r❡♠❛✳

P❛r❛ ❞❡♠♦str❛r♠♦s ❛ s❡❣✉♥❞❛ ♣❛rt❡✳ ❈♦♥s✐❞❡r❡♠♦s V ✈ért✐❝❡ ❞❡ DP (Γ) ❡ s❡✲
❥❛♠ τ1, τ2 ❛r❡st❛s ❞❡ DP (Γ) t❛✐s q✉❡ V = τ1∩τ2. P❡❧♦ ✐t❡♠ ✶ ❡①✐st❡♠ T1, T2 6= Id ∈
Γ ❞❡ ♠♦❞♦ q✉❡ q✉❡ ♣♦❞❡♠♦s t❡r τ1 = DP (Γ)∩T1(DP (Γ)) ❡ τ2 = DP (Γ)T2(DP (Γ)).
❉❛í✱ t❡♠♦s q✉❡ V = τ1 ∩ τ2 = DP (Γ) ∩ T1(DP (Γ)) ∩ DP (Γ) ∩ T2(DP (Γ)) =
DP (Γ) ∩ T1(DP (Γ)) ∩ T2(DP (Γ)). ❆❧é♠ ❞✐ss♦✱ t❡♠♦s q✉❡ T1 = T2 s❡ ❡ s♦♠❡♥t❡
s❡ V ❢♦r ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ✉♠❛ ❛r❡st❛ ♦r❞✐♥ár✐❛✱ ♦✉ s❡❥❛✱ s❡ ❡ s♦♠❡♥t❡ s❡✱ V ❢♦r
✈ért✐❝❡ s✐♥❣✉❧❛r✳

❚❡♦r❡♠❛ ✷✳✸✹✳ ❈❛❞❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ ❛r❡st❛s ❞❡ ✉♠ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐✲
❝❤❡❧❡t TDP (Γ) ❝♦♥té♠ ❡①❛t❛♠❡♥t❡ ❞♦✐s ❡❧❡♠❡♥t♦s
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❖❜s❡r✈❡ q✉❡ DP (Γ) é ✉♠❛ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ ❝♦♠ ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❛r❡st❛s✱
❡st❡ s❡♥❞♦ ♥❡❝❡ss❛r✐❛♠❡♥t❡ ✉♠ ♥ú♠❡r♦ ♣❛r✳ ❚❡♠♦s t❛♠❜é♠ q✉❡ ❞❛❞❛ ✉♠ ❛r❡st❛
τ1 ❡①✐st❡ ✉♠❛ ú♥✐❝❛ ❛r❡st❛ τ2 6= τ1 ❡ ✉♠ ú♥✐❝♦ ❡❧❡♠❡♥t♦ ❞❡ T ∈ Γ q✉❡ s❛t✐s❢❛③
T (τ1) = τ2. ❉✐③❡♠♦s ♥❡st❡ ❝❛s♦ q✉❡ {τ1, τ2} é ✉♠ ♣❛r ❞❡ ❛r❡st❛s ❝♦♥❣r✉❡♥t❡s ❡ T
❡♠♣❛r❡❧❤❛ ❛s ❛r❡st❛s✳



❈❛♣ít✉❧♦ ✸

❊♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❆r❡st❛s✱

❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ❡ ❚❡ss❡❧❛çõ❡s

❍✐♣❡r❜ó❧✐❝❛s

◆❡ss❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❣❡♥❡r❛❧✐③❛❞♦s ❞❡
♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ❛ss♦❝✐❛❞♦s ❛ t❡ss❡❧❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❞❡
✐s♦♠❡tr✐❛s ❛❣✐♥❞♦ ❞❡ ♠❛♥❡✐r❛ ♣r♦♣r✐❛♠❡♥t❡ ❞❡s❝♦♥t✐♥✉❛ ❡♠ H

2✳ P♦❞❡♠♦s r❡♣r❡✲

s❡♥t❛r ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡
H

2

Γ
♣♦r ✉♠ ♣♦❧í❣♦♥♦ ❢✉♥❞❛♠❡♥t❛❧✱ s❡♥❞♦ ❡ss❡ ♣♦❧í❣♦♥♦

❝♦♥str✉í❞♦ ❝♦♠♦ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t P = Dp(Γ). ❊st❡s ❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s
t❡ss❡❧❛♠ ♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ♣❡❧❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ Γ✳ ◆❛ ♣r✐♠❡✐r❛ s❡çã♦✱ ❞❡✲
✜♥✐♠♦s ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ♣❛r❛ ❡st❡s ♣♦❧í❣♦♥♦s ❡ ❛♣r❡s❡♥t❛♠♦s ✉♠
❡①❡♠♣❧♦ ❞❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♣❛r❛ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦✳ ◆❛ s❡❣✉♥❞❛ s❡✲
çã♦✱ ✜③❡♠♦s ✉♠ ❡st✉❞♦ ❞❡ r❡s✉❧t❛❞♦s q✉❡ ❞❡♠♦♥str❛♠ ♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✱
q✉❡ ♥♦s ❞á ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s✱ ♦♥❞❡ ❛ ♣❛rt✐r ❞❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡s✲
t❛s ❞❡ ✉♠ ♣♦❧í❣♦♥♦ P ✱ ♦❜t❡r♠♦s q✉❡ ❡ss❡ ♣♦❧í❣♦♥♦ é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❡
❛s tr❛♥s❢♦r♠❛çõ❡s q✉❡ ❡♠♣❛r❡❧❤❛♠ P , ❣❡r❛♠ ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦ Γ. ◆❛ t❡r❝❡✐r❛
s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ❞❡✜♥✐çõ❡s ❞❡ t❡ss❡❧❛çõ❡s r❡❣✉❧❛r❡s ♣❛r❛ ♦ ♣❧❛♥♦ ❡✉❝❧✐❞✐❛♥♦
❡ ♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡ ❡①♣♦♠♦s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ✉♠❛ t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛
s❡❥❛ r❡❣✉❧❛r✳ ◆❛ q✉❛rt❛ s❡çã♦✱ ♠♦str❛♠♦s ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❝♦♥str✉í❞♦s ♥❛
r❡❢❡rê♥❝✐❛ ❬✶✾❪ ♣❛r❛ ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s 12η − 8 ❛r❡st❛s✱ ❝♦♠ η ≥ 3 í♠♣❛r ❡
12µ− 12 ❛r❡st❛s✱ µ ≥ 2 ♣❛r✳ ◆❛ ú❧t✐♠❛ s❡çã♦✱ ❛♣r❡s❡♥t❛♠♦s ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦
❝♦♥str✉í❞♦ ♣❛r❛ ♦s ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ❝♦♠ 8g − 4 ❛r❡st❛s✱ ✉t✐❧✐③❛❞♦ ♥❛ r❡❢❡✲
rê♥❝✐❛ ❬✺❪✳ ❊st❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❢♦r❛♠ ♦❜❥❡t♦s ❞❡ ❡st✉❞♦ ♣❛r❛ ❛ ❝♦♥str✉çã♦
❞♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❣❡♥❡r❛❧✐③❛❞♦s ❞♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳ ◆♦ ♣r❡s❡♥t❡ ❝❛♣ít✉❧♦
✉t✐❧✐③❛♠♦s ❛s s❡❣✉✐♥t❡s r❡❢❡rê♥❝✐❛s✱ ❬✺❪✱ ❬✻❪✱ ❬✼❪✱ ❬✶✸❪✱ ❬✶✺❪✱ ❬✶✾❪✱ ❬✷✸❪ ❡ ❬✷✺❪✳

✸✳✶ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❆r❡st❛s

❙❡❥❛ P ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡ A ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s ❞❡ P ✳ ❆ s❡❣✉✐r✱
❞❡✜♥✐♠♦s ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦✳

✸✷



✸✸ ✸✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❆r❡st❛s

❉❡✜♥✐çã♦ ✸✳✶✳ ❯♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦
P é ✉♠ ❝♦♥❥✉♥t♦ Φ = {Tτ ; τ ∈ A} ❞❡ ✐s♦♠❡tr✐❛s q✉❡✱ ♣❛r❛ t♦❞❛ ❛r❡st❛ τ ∈ A :
✶✮ ❡①✐st❡ ✉♠❛ ❛r❡st❛ τ ′ ∈ A ❝♦♠ T (τ) = τ ′.
✷✮ ❆s ✐s♦♠❡tr✐❛s Tτ e Tτ ′✱ s❛t✐s❢❛③❡♠ ❛ r❡❧❛çã♦ (Tτ )

−1 = Tτ ′ .
✸✮ s❡ τ ❢♦r ❛r❡st❛ ❞❡ P ❡♥tã♦ τ ′ = P ∩ (Tτ )

−1(P).

❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P ♥♦s ❞á ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✳

❉❡✜♥✐çã♦ ✸✳✷✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ ❡ D = DP (Γ) ✉♠ ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤✲
❧❡t ❞❡ Γ. ❉❡✜♥✐♠♦s ✉♠ ❝✐❝❧♦ ❞❡ ✈ért✐❝❡s ❝♦♠♦ s❡♥❞♦ ✉♠❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛
❞❡ ✈ért✐❝❡s ❝♦♥❣r✉❡♥t❡s✱ ♦✉ s❡❥❛✱ ❝♦♠♦ s❡♥❞♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❛ ❢♦r♠❛

{T (z); T ∈ Γ, z e T (z) sã♦ ✈ért✐❝❡s ❞❡ Dp(Γ)}.

❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ ❞❡ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐✲
❛♥♦ Γ, ♣♦st❡r✐♦r♠❡♥t❡ ✈❡r❡♠♦s q✉❡ ❝♦♠ ❡st❡ ❣r✉♣♦ ♣♦❞❡♠♦s ♦❜t❡r s✉♣❡r❢í❝✐❡s ❞❡
❘✐❡♠❛♥♥ R ❞❡ ✉♠ ❞❛❞♦ ❣ê♥❡r♦ g ❛tr❛✈és ❞♦ q✉♦❝✐❡♥t❡ H

2 ♣♦r Γ.

➱ ❝♦♥❤❡❝✐❞♦ q✉❡ ♦ ♥ú♠❡r♦ n ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P ❡st❛ ❧✐♠✐t❛❞♦ ❡♥tr❡
4g ❡ 12g − 6, ❬✹❪ ✳ ❖s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞♦s ♣♦❧í❣♦♥♦s ❝♦♠ 4g ❛r❡st❛s sã♦ ❜❡♠
✐♥✈❡st✐❣❛❞♦s ♥♦s tr❛❜❛❧❤♦s ❬✻❪✱ ❬✶✷❪✱ ❬✶✹❪✱ ❬✶✽❪ ❡ ❬✷✺❪✳ ❊ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ♣❛r❛
♦s ♣♦❧í❣♦♥♦s ❝♦♠ 12g − 6 ❛r❡st❛s sã♦ ❜❡♠ ❡①♣❧♦r❛❞♦s ♥♦s tr❛❜❛❧❤♦s ❬✽❪✱ ❬✾❪✱ ❬✶✵❪✱
❬✶✺❪✳

❊①❡♠♣❧♦ ✸✳✸✳ ✭❋✐❣✉r❛ ✸✳✶ ✮ ❖ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s Φ = {h1, ..., h7} é ✉♠ ❡♠✲
♣❛r❡❧❤❛♠❡♥t♦ ❝♦♠ ❞♦✐s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✱ ♣❛r❛ ♦ ♣♦❧í❣♦♥♦ r❡❣✉❧❛r ❞❡ ✶✹ ❛r❡st❛s ❡

â♥❣✉❧♦s ✐♥t❡r♥♦s ♠❡❞✐♥❞♦
2π

7
. ❚❡♠♦s ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s

h1(τ1) = τ6, h2(τ3) = τ8, h3(τ5) = τ10, h4(τ7) = τ12, h5(τ9) = τ14, h6(τ11) =
τ2, h7(τ13) = τ4, ♦♥❞❡ ❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ sã♦ ❡♠♣❛r❡❧❤❛❞❛s ❞❡ ♠♦❞♦ q✉❡ ❛s
❛r❡st❛s ✐❞❡♥t✐✜❝❛❞❛s ♣❡❧❛s ✐s♦♠❡tr✐❛s h1, ..., h7 t❡♠ ♦r✐❡♥t❛çõ❡s ♦♣♦st❛s✱ ❝✉❥♦s ✈ér✲
t✐❝❡s ♦r❞✐♥ár✐♦s ♥✉♠❡r❛❞♦ ♣❡❧♦s ✼ í♠♣❛r❡s ✭❜♦❧❛s ✈❛③✐❛s✮ ❢♦r♠❛♠ ✉♠ ❝✐❝❧♦ ❡ ♦s ✼
✈ért✐❝❡s ♦r❞✐♥ár✐♦s ♥✉♠❡r❛❞♦s ♣❡❧♦s ♣❛r❡s ✭❜♦❧❛s ♣r❡❡♥❝❤✐❞❛s✮ ❢♦r♠❛♠ ♦✉tr♦ ❝✐❝❧♦✳

CV1 = {V1, V7, V13, V5, V11, V3, V9} ❡ CV2 = {V2, V12, V8, V4, V14, V10, V6}

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ ♥♦s ❣❛r❛♥t❡ q✉❡ ❛s ✐s♦♠❡tr✐❛s q✉❡ ❡♠♣❛r❡❧❤❛♠ ❛ r❡❣✐ã♦
♣♦❧✐❣♦♥❛❧ D = Dp(Γ) ❢♦r♠❛♠ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Γ✳ ❆ ❞❡♠♦♥str❛çã♦
♣♦❞❡ s❡r ✈✐st❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪✳

❚❡♦r❡♠❛ ✸✳✹✳ ❙❡❥❛ D = Dp(Γ) ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ✳ ❈♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦
{Ti; i ∈ I} ❞❡ ❡❧❡♠❡♥t♦s ❞❡ Γ q✉❡ r❡❧❛❝✐♦♥❛♠ ❛r❡st❛s ❞✐st✐♥t❛s ❞❡ D. ❊♥tã♦
{Ti; i ∈ I} é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❣❡r❛❞♦r❡s ❞❡ Γ.



✸✹ ✸✳✷✳ ❖ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ❡ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ❈♦✲❝♦♠♣❛❝t♦s

❋✐❣✉r❛ ✸✳✶✿ ❊♠♣❛r❡❧❤❛♠❡♥t♦ Φ

✸✳✷ ❖ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ❡ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s

❈♦✲❝♦♠♣❛❝t♦s

❙❛❜❡♠♦s q✉❡ q✉❛❧q✉❡r ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ ♣♦ss✉✐ ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧
D, ❡♠ ♣❛rt✐❝✉❧❛r✱ ♣♦ss✉✐ ✉♠ ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦ P . ■♥✐❝✐❛❧♠❡♥t❡ ♥❡st❛ s❡çã♦✱ ❡s✲
t✉❞❛r❡♠♦s ♦ ♣r♦❝❡ss♦ ✐♥✈❡rs♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré q✉❡ ♥♦s ❞á ❝♦♥❞✐çõ❡s
s✉✜❝✐❡♥t❡s ♣❛r❛ ✉♠ ♣♦❧í❣♦♥♦ s❡r ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ.

❊♠ s❡❣✉✐❞❛✱ ❜✉s❝❛♠♦s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ♦ q✉♦❝✐❡♥t❡
H

2

Γ
, s❡❥❛ ❝♦♠♣❛❝t♦✳

✸✳✷✳✶ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré

❯♠❛ q✉❡stã♦ q✉❡ ♣♦❞❡♠♦s ❝♦♥s✐❞❡r❛r é ❡st❛❜❡❧❡❝❡r ❝♦♥❞✐çõ❡s ♣❛r❛ ♣♦❞❡r♠♦s
❞❡t❡r♠✐♥❛r ✉♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ ✐s♦♠❡tr✐❛s ✭r✉♣♦ ❋✉❝❤s✐❛♥♦✮ ❛ ♣❛rt✐r ❞❡ ✉♠
❞♦♠í♥✐♦ ❞❛❞♦✳ P❛r❛ ✐st♦✱ s❡❥❛ P ✉♠ ❞♦♠í♥✐♦ ♣♦❧✐❣♦♥❛❧ ❢❡❝❤❛❞♦ ❝♦♠ intP 6= ∅✱
❡♠ H

2✱ ♦✉ s❡❥❛✱ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ ❛ ❢r♦♥t❡✐r❛ ∂(P) = P\intP s❡❥❛ ✉♥✐ã♦ ❞❡
❣❡♦❞és✐❝❛s ❝❤❛♠❛❞❛s ❞❡ ❛r❡st❛s ❞❡ P . ❈♦♥s✐❞❡r❡♠♦s ♦ ❝♦♥❥✉♥t♦ A = {τ ; τ é ❛r❡st❛
❞❡ P} ❡ s✉♣♦♠♦s q✉❡ ❡①✐st❛ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ss❛s ❛r❡st❛s✳ ❉❡♥♦t❛♠♦s ♣♦r
Γ ♦ ❣r✉♣♦ ❣❡r❛❞♦ ♣❡❧❛s ✐s♦♠❡tr✐❛s Tτ ✱ ❜✉s❝❛♠♦s ❝♦♥❞✐çõ❡s s♦❜r❡ P q✉❡ ♣♦ss❛♠
❣❛r❛♥t✐r q✉❡ Γ s❡❥❛ ✉♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❝♦♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ P .

❙❡❥❛ X ✉♠ ❡s♣❛ç♦ ♠étr✐❝♦ ❡ P = intP ∪ ∂P ⊂ X ✉♠ ♣♦❧í❣♦♥♦ ❝♦♥✈❡①♦ ❝♦♠
✐♥t❡r✐♦r ♥ã♦ ✈❛③✐♦ ❡ ❝♦♥❥✉♥t♦ ❞❡ ❛r❡st❛s A ❡♠♣❛r❡❧❤❛❞❛s ♣♦r ✐s♦♠❡tr✐❛s ❞❡ X ❞❡
♠♦❞♦ q✉❡ Tτ (τ) = τ ′ ❡ Tτ ′ = (Tτ )

−1. ❉❡♥♦t❛r❡♠♦s ♣♦r Γ ♦ ❣r✉♣♦ ❞❡ ✐s♦♠❡tr✐❛s
❞❡ X ❣❡r❛❞♦ ♣♦r {Tτ ; τ ∈ A}. ❚♦♠❛♥❞♦ ♦ ❝♦♥❥✉♥t♦ Γ× P . P♦❞❡♠♦s ♣❡♥s❛r ❡♠
Γ× P ✱ ❝♦♠♦ ✉♠❛ ❝♦❧❡çã♦ ❞❡ ❝ó♣✐❛s ❞✐s❥✉♥t❛s

(T,P) = {(T, x); T ∈ Γ e x ∈ P}

❞❡ P ✐♥❞❡①❛❞❛s ♣♦r Γ ❡ (T, x) ❝♦♠♦ ♦ ♣♦♥t♦ T (x) ✈✐st♦ ❞❡♥tr♦ ❞❡ T (P). ❈♦♥s✐✲
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❞❡r❡♠♦s s♦❜r❡ Γ× P ❛ r❡❧❛çã♦ ∼ ❞❡✜♥✐❞❛ ♣♦r

(T, x) ∼ (S, y)⇐⇒ T = S e x = y ou se x ∈ τ, Tτ (x) = y e T = STτ .

✶✳ ❆ r❡❧❛çã♦ ∼ é r❡✢❡①✐✈❛✱ ♦✉ s❡❥❛✱ (T, x) ∼ (T, x) ♣♦✐s T = T ❡ x = x✳

✷✳ ❚❛♠❜é♠ t❡♠♦s q✉❡ ∼ é s✐♠étr✐❝❛✱ ✐st♦ é✱ s❡❥❛♠ (T, x), (S, y) ∈ Γ × P ✱
s❡ t❡♠♦s q✉❡ (T, x) ∼ (S, y)✱ ❡♥tã♦ (S, y) ∼ (T, x)✱ ♣♦✐s t❡♠♦s q✉❡ s❡
(T, x) ∼ (S, y) ❡♥tã♦✱ s❡ T = S ❡ x = y✱ t❡♠♦s S = T ❡ y = x, ❧♦❣♦
(S, y) ∼ (T, x) ♦✉ s❡ x ∈ τ ✱ Tτ (x) = y ❡ T = STτ , t❡r❡♠♦s y ∈ Tτ (τ) = τ ′✱
x ∈ Tτ

−1(τ) = Tτ ′(τ
′) ❡ S = TTτ

−1 = TTτ ′ . ▲♦❣♦✱ (S, y) ∼ (T, x). ❆ss✐♠✱
❡♠ ❛♠❜♦s ♦s ❝❛s♦s (S, y) ∼ (T, x).

✸✳ ▼❛s ♥ã♦ é tr❛♥s✐t✐✈❛✳ ❙✉♣♦♥❤❛ q✉❡ s❡❥❛✱ ❡ ❝♦♥s✐❞❡r❡♠♦s (T, x), (S, y), (R, z) ∈
Γ× P ❞❡ ♠♦❞♦ q✉❡ T, S,R s❡❥❛♠ ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s ❡ x, y, z ❞♦✐s ❛ ❞♦✐s
❞✐st✐♥t♦s✳ ❙✉♣♦♥❤❛♠♦s (T, x) ∼ (S, y) ❡ (S, y) ∼ (R, z)✱ ❝♦♠♦ ❡st❛♠♦s
s✉♣♦♥❞♦ ∼ tr❛♥s✐t✐✈❛ t❡rí❛♠♦s q✉❡ t❡r (T, x) ∼ (R, z)✳ ❆ss✐♠✱ t❡rí❛♠♦s
T = R ❡ x = z ✉♠ ❛❜s✉r❞♦ ♦✉ t❡rí❛♠♦s✱ x ∈ τ ✱ Tτ (x) = z ❡ T = RTτ . ▼❛s
❝♦♠♦ (T, x) ∼ (S, y) t❡♠♦s✱ s❡ x ∈ τ ✱ Tτ (x) = y ❡ T = STτ . ❉❛í t❡rí❛♠♦s
y = Tτ (x) = z✱ ♦✉ s❡❥❛✱ y = z ❡ STτ = T = RTτ ✱ ✐st♦ é✱ S = R q✉❡ t❛♠❜é♠
é ✉♠ ❛❜s✉r❞♦✳

P❛r❛ t♦r♥❛✲❧❛ tr❛♥s✐t✐✈❛✱ ❡ ♣♦rt❛♥t♦ ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✱ ❞❡✈❡♠♦s
❞❡✜♥✐r

(T, x) ∗ (S, y)
s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❡①✐st✐r ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ ❞❡ ❡❧❡♠❡♥t♦s s❛t✐s❢❛③❡♥❞♦

(T, x) = (T1, x1) ∼ .... ∼ (Tn, xn) = (S, y).

❉❡ ❢❛t♦✱ s❡❥❛♠ (T, x), (S, y), (R, z) ∈ Γ×P . ❆ss✐♠✱ s❡ (T, x) ∗ (S, y) ❡♥tã♦✱ ❡①✐st❡
✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ (Tj, xj)✱ ❝♦♠ j = 1, ..., n, t❛❧ q✉❡

(T, x) = (T1, x1) ∼ .... ∼ (Tn, xn) = (S, y).

❊ s❡ (S, y) ∗ (R, z) ❡♥tã♦✱ ❡①✐st❡ ✉♠❛ s❡q✉ê♥❝✐❛ ✜♥✐t❛ (Tk, xk)✱ ❝♦♠ k = 1, ...,m,
t❛❧ q✉❡

(S, y) = (S1, y1) ∼ .... ∼ (Sm, ym) = (R, z).

▲♦❣♦✱

(T, x) = (T1, x1) ∼ .... ∼ (Tn, xn) = (S, y) = (S1, y1) ∼ .... ∼ (Tm, ym) = (R, z).

P♦rt❛♥t♦✱ (T, x) ∗ (R, z). ❆ s✐♠❡tr✐❛ ❡ r❡✢❡①ã♦ ❡♠ ∗ é ❤❡r❞❛❞❛ ♣♦r ∼ . ❆ss✐♠✱ ∗
é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❉❡♥♦t❛r❡♠♦s ♣♦r [T, x] ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r (T, x) ❡ X∗

♦ ❝♦♥❥✉♥t♦ ❞❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳

❖❜s❡r✈❛çã♦ ✸✳✺✳ ❈♦♥s✐❞❡r❡♠♦s ❛s ❛♣❧✐❝❛çõ❡s✿
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Υ : Γ× P → X∗ ❞❛❞❛ ♣♦r Υ(T, x) = [T, x].
Ω : Γ× P → X ❞❛❞❛ ♣♦r Ω(T, x) = T (x).
Ψ : X∗ → X ❞❛❞❛ ♣♦r Ψ([T, x]) = T (x).

❊♥tã♦ ♦ ❞✐❛❣r❛♠❛

Ω× P
Ω
��

Υ
// X∗

Ψ
zz

X

é ❝♦♠✉t❛t✐✈♦✳

❆ ❛♣❧✐❝❛çã♦ Ψ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s s❡ t✐✈❡r♠♦s [T, x] = [S, y], ❡♥tã♦ T = S
❡ x = y✱ ❞❛í t❡♠♦s q✉❡

Ψ([T, x]) = T (x) = S(x) = S(y) = Ψ([S, y]).

❖ ❞✐❣r❛♠❛ é ❝♦♠✉t❛t✐✈♦ ♣♦✐s✱ Ψ ◦Υ(T, x) = Ψ([T, x]) = T (x) = Ω(T, x).

❊st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦ ❡♠ Γ ❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛✱ ❡♠ Γ×P ❛ t♦♣♦❧♦❣✐❛ ♣r♦❞✉t♦
❡ ❡♠ X∗ ❛ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡✳ ◆♦t❡♠♦s q✉❡✱ s❡ t✐✈❡r♠♦s [T, x] = [S, y]✱ ❡♥tã♦
T (x) = S(y) ❡ [RT, x] = [RS, y] ❡ s❡ x ∈ int(P)✱ ❡♥tã♦ T = S ❡ x = y✳

❙❡❥❛ S ∈ Γ ❡ ❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦

S∗ : X∗ −→ X∗

[T, x] 7−→ [ST, x].

❊ss❛ ❛♣❧✐❝❛çã♦ ❡stá ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐s s❡ t✐✈❡r♠♦s

S∗([T, x]) = [R, x] e S∗([T, y]) = [S, y]

t❡♠♦s q✉❡ R(x) = S(y) ❡ s❡ x ∈ int(P) t❡♠♦s R = S ❡ x = y✳ ❆❧é♠ ❞✐ss♦✱ t❡♠♦s
q✉❡

(S−1)∗ = (S∗)−1 e (ST )∗ = S∗T ∗.

❉❡ ❢❛t♦✱ (S−1)∗
(
S∗([T, x])

)
= (S−1)∗

(
[ST, x]

)
= [S−1ST, x] = [T, x] ❡ t❛♠❜é♠

S∗((S−1)∗([T, x])
)
= S∗([S−1T, x]

)
= [SS−1T, x] = [T, x]. ▲♦❣♦✱

(S−1)∗ ◦ S∗ = S∗ ◦ (S−1)∗ = Id, ♦✉ s❡❥❛✱ (S−1)∗ = (S∗)−1.

P❛r❛ ❛ ♦✉tr❛ ✐❣✉❛❧❞❛❞❡ t❡♠♦s

S∗(T ∗([R, x])
)
= S∗([TR, x]) = [STR, x] = (ST )∗([R, x]), ✐st♦ é✱ (ST )∗ = S∗T ∗.

❈♦♥s✐❞❡r❡ Γ∗ ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❛♣❧✐❝❛çõ❡s S∗. P❡❧♦ ❢❛t♦ ❞❡ (S−1)∗ =
(S∗)−1, t❡♠♦s q✉❡ Γ∗ é ✉♠ ❣r✉♣♦ ❞❡ ❜✐❥❡çõ❡s X∗ ❡♠ s✐ ♠❡s♠♦✳

Pr♦♣♦s✐çã♦ ✸✳✻✳ ❆ ❛♣❧✐❝❛çã♦ f : Γ −→ Γ∗ ❞❛❞❛ ♣♦r f(S) = S∗ é ✉♠ ✐s♦♠♦r✲
✜s♠♦✳
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❉❡♠♦♥str❛çã♦✿ ❉❡ ❢❛t♦✱ f(TS) = (TS)∗ = T ∗S∗ = f(T )f(S)✱ ♣❛r❛ t♦❞♦
T, S ∈ Γ✱ ♦✉ s❡❥❛✱ ✉♠ ❤♦♠♦♠♦r✜s♠♦✳ ❊ s❡ f(T ) = f(R)✱ ❡♥tã♦ S∗([T, x]) =
S∗([R, x])✱ ❝♦♠ x ∈ P ✱ ♦✉ s❡❥❛✱ [ST, x] = [SR, x]✳ ▲♦❣♦ T = S✱ ✐st♦ é✱ f ❡
✐♥❥❡t✐✈❛✳ ❈♦♠♦ S∗([T, x]) = [ST, x] ♣❛r❛ t♦❞♦ T ∈ Γ ❡ x ∈ P ✱ ♣❛rt✐❝✉❧❛r♠❡♥t❡
q✉❛♥❞♦ T = Id ✐❞❡♥t✐❞❛❞❡ ❞❡ Γ✱ S∗([Id, x]) = [S, x]✳ ❆ss✐♠✱ ❞❛❞♦ ✉♠ S∗ ∈ Γ∗✱
❡①✐st❡ ✉♠ S ∈ Γ, t❛❧ q✉❡ f(S) = S∗. ▲♦❣♦✱ f é s♦❜r❡❥❡t♦r❛ ❡ ♣♦rt❛♥t♦ ❜✐❥❡t♦r❛✳

❉❡✜♥✐♥❞♦ [P ] = {[Id, x]; x ∈ P}, ♦♥❞❡ Id é ✐❞❡♥t✐❞❛❞❡ ❞❡ Γ✱ t❡♠♦s q✉❡ ❛
❛çã♦ ❞❡ Γ∗ s♦❜r❡ [P ]✱ t❡ss❡❧❛ X∗✳ ❆ss✐♠✱ ❡♥✉♥❝✐❛♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳

▲❡♠❛ ✸✳✼✳ ❆s ❛♣❧✐❝❛çõ❡s Ψ,Υ e Ω ♥♦ ❞✐❛❣r❛♠❛ ❞❛ ♦❜s❡r✈❛çã♦ ✸✳✺ sã♦ ❝♦♥t✐♥✉❛s✳

❉❡♠♦♥str❛çã♦✿ ❖❜s❡r✈❡ q✉❡ ❞❛ ♠❛♥❡✐r❛ q✉❡ ❞❡✜♥✐♠♦s ❛ ❛♣❧✐❝❛çã♦ Υ, ❡❧❛ é
❝♦♥t✐♥✉❛ ❡ ❛❜❡rt❛✱ ♣♦✐s Υ ✐♥❞✉③ ❛ t♦♣♦❧♦❣✐❛ q✉♦❝✐❡♥t❡ ❞❡ X∗✳ ❈♦♥s✐❞❡r❡♠♦s ✉♠
A ⊂ X ❛❜❡rt♦✱ t❡♠♦s q✉❡

Ω−1(A) =
⋃

T∈Γ

(
{T} × (T−1(A) ∩ intP)

)
,

❡ ❝♦♠♦ ❝❛❞❛ {T}×(T−1(A)∩intP) é ❛❜❡rt♦ ❡♠ Γ×P , ♣♦✐s ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦
❛ t♦♣♦❧♦❣✐❛ ❞✐s❝r❡t❛ ❡♠ Γ, ❡♥tã♦ {T} é ❛❜❡rt♦✱ ❡ ❝♦♠♦ T é ❝♦♥t✐♥✉❛ ❡ A é ❛❜❡rt♦
T−1(A) é ❛❜❡rt♦✱ ❧♦❣♦ T−1(A) ∩ intP é ✉♠ ❛❜❡rt♦ ❞❡ P . P♦rt❛♥t♦✱ Ω−1(A) =⋃

T∈Γ
(
{T} × (T−1(A) ∩ intP)

)
é ❛❜❡rt♦✱ ♦✉ s❡❥❛✱ Ω é ❝♦♥t✐♥✉❛✳ ❆❣♦r❛✱ ❝♦♠♦

Ω = Ψ ◦Υ ⇒ Ω−1 = Υ−1 ◦Ψ−1, ❛ss✐♠ Ω−1(A) = Υ−1(Ψ−1(A)). ▲♦❣♦ ♦❜t❡♠♦s✱

Υ(Ω−1(A)) = Ψ−1(A)

❡ é ❛❜❡rt♦✱ ♣♦✐s Υ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛ ❡ Ω−1(A) é ❛❜❡rt♦✱ ♣♦✐s ❝♦♠♦ ✈✐♠♦s Ω
é ❝♦♥t✐♥✉❛✳ ▲♦❣♦✱ Ψ é ❝♦♥t✐♥✉❛✳

▲❡♠❛ ✸✳✽✳ ❉❛❞❛ ❛ ✐s♦♠❡tr✐❛ S ∈ Γ t❡♠♦s q✉❡ S∗ : X∗ −→ X∗ é ❤♦♠❡♦♠♦r✲
✜s♠♦✳

❉❡♠♦♥str❛çã♦✿ ❉❡✜♥✐♠♦s S̃ : Γ×P 7−→ Γ×P , ❞❛❞❛ ♣♦r S̃((T, x)) = (ST, x),
♦♥❞❡ é ♦❜✈✐❛♠❡♥t❡ ❝♦♥t✐♥✉❛✳ ❆❣♦r❛ t❡♠♦s q✉❡

Υ(S̃((T, x))) = Υ((ST, x)) = [ST, x] = S∗([T, x]) = S∗(Υ(T, x)).

❆ss✐♠✱ ❞❛❞♦ ✉♠ A ⊂ X∗, t❡♠♦s q✉❡

Υ−1 ◦ (S∗)−1(A) =
(
S̃
)−1 ◦Υ−1(A).

❊♥tã♦ s❡ A ❢♦r ❛❜❡rt♦✱ Υ−1 ◦ (S∗)−1(A) t❛♠❜é♠ ♦ s❡rá✱ ♣♦✐s Υ ❡ S̃ sã♦ ❝♦♥t✐♥✉❛s✳
▲♦❣♦✱

(S∗)−1(A) = Υ
((
S̃
)−1 ◦Υ−1(A)

)

é ❛❜❡rt♦✱ ♣♦✐s Υ é ✉♠❛ ❛♣❧✐❝❛çã♦ ❛❜❡rt❛✱ ✐ss♦ ♥♦s ❞á q✉❡ S∗ é ❝♦♥t✐♥✉❛✳ ▼❛s
❝♦♠♦ (S∗)−1 =

(
S−1

)∗
, ♦❜t❡♠♦s q✉❡ S∗ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❞❡ X∗.

Pr♦♣♦s✐çã♦ ✸✳✾✳ ❙❡❥❛♠ X,X∗,P ,Γ ❝♦♠♦ ❛❝✐♠❛ ❡ Ψ ✈✐st♦ ♥❛ ♦❜s❡r✈❛çã♦ ✸✳✺✳
❊♥tã♦✱ ⋃

T∈Γ
T (P) = X
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s❡ Ψ ❢♦r s♦❜r❡❥❡t♦r❛✱ ❡ ♣❛r❛ T, S ∈ Γ ❞✐st✐♥t♦s

T (int(P))
⋂

S(int(P)) = ∅.

s❡ Ψ ❢♦r ✐♥❥❡t♦r❛✳

❉❡♠♦♥str❛çã♦✿ ❖ ❞✐❛❣r❛♠❛ ✈✐st♦ ❛❝✐♠❛ ❝♦♠✉t❛ ❡ ❞❛í t❡♠♦s✱ T (P) = Ω([T,P ]) =
Ψ(Υ((T,P))) = Ψ([T,P ])✱ ❛ss✐♠

⋃

T∈Γ
T (P) =

⋃

T∈Γ
Ψ([T,P ]).

▼❛s ❝♦♠♦✱ S∗([P ]) = S∗([Id,P ]) = [S,P ], ❧♦❣♦✱
⋃

S∗∈Γ∗

S∗([P ]) =
⋃

S∈Γ
([S,P ]).

❙✉♣♦♥❞♦ Ψ s♦❜r❡❥❡t♦r❛✱ ♦❜t❡♠♦s
⋃

T∈Γ
T (P) =

⋃

T∈Γ
Ψ([T,P ]) = Ψ

( ⋃

T∈Γ
[T,P ]

)
= Ψ(X∗) = X,

❞❡♠♦str❛♥❞♦ ❛ ♣r✐♠❡✐r❛ ✐❣✉❛❧❞❛❞❡ ❞❛ ♣r♦♣♦s✐çã♦✳
❆❣♦r❛✱ ♥♦t❡ q✉❡ s❡ t❡♠♦s T ∗ 6= S∗, ❡♥tã♦

T ∗([intP ]
)⋂

S∗([intP ]
)
= ∅,

♣♦✐s✱ ❝❛s♦ ❝♦♥tr❛r✐♦ T ∗([intP ]
)⋂

S∗([intP ]
)
6= ∅, s❡✱ ❡ s♦♠❡♥t❡ s❡ ❡①✐st❡♠ x, y ∈

intP , t❛✐s q✉❡ [T, x] = [S, y] s❡✱ ❡ s♦♠❡♥t❡ s❡✱ T = S e x = y. ▼❛s ❝♦♠♦ ❛
❛♣❧✐❝❛çã♦ f ❞❡✜♥✐❞❛ ❛❝✐♠❛ é ✉♠❛ ❜✐❥❡çã♦✱ ❡♠ ♣❛rt✐❝✉❧❛r ✐♥❥❡t✐✈❛✱ t❡rí❛♠♦s T ∗ =
f(T ) = f(S) = S∗, ✉♠ ❛❜s✉r❞♦✳
❆ss✐♠✱ s❡ Ψ ❢♦r ✐♥❥❡t✐✈❛✱ ❡♥tã♦ s❡ t✐✈❡r♠♦s T ∗ 6= S∗ ❡♠ Γ∗ t❡♠♦s q✉❡ T (intP) =
Ψ(T ∗([intP ])) 6= Ψ(S∗([intP ])) = S(intP) ❡♠ Γ. ❆ss✐♠✱

T ∗(intP)
⋂

S∗(intP) = ∅ ⇐⇒ [T, intP ]
⋂

[S, intP ] = ∅.

▲♦❣♦✱ ♦❜t❡♠♦s

T (intP)
⋂

S(intP) = Ψ
(
T ∗([intP ])

)⋂
Ψ
(
S∗([intP ])

)

= Ψ
(
[T, intP ]

)⋂
Ψ
(
[S, intP ]

)

= Ψ
(
[T, intP ]

)⋂
[S, intP ]

)

= Ψ(∅) = ∅,

q✉❡ ❞❡♠♦♥str❛ ❛ s❡❣✉♥❞❛ ✐❣✉❛❧❞❛❞❡ ❞❛ ♣r♦♣♦s✐çã♦✳

❆ ♣r♦♣♦s✐çã♦ ❛❝✐♠❛ ♥♦s ❢♦r♥❡❝❡ ✉♠❛ s✐t✉❛çã♦ s❡♠❡❧❤❛♥t❡ à ❡①✐stê♥❝✐❛ ❞❡ ✉♠
❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✱ ♦✉ s❡❥❛✱ s❡ Γ ❢♦r ✉♠ ❣r✉♣♦ ❢✉❝❤s✐❛♥♦✱ ❛ ♣r♦♣♦s✐çã♦ ♥♦s
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❣❛r❛♥t❡ q✉❡ P é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧✱ ❞❡s❞❡ q✉❡ Ψ s❡❥❛ ❜✐❥❡t♦r❛✳

P❛r❛ q✉❡ Ψ s❡❥❛ s♦❜r❡❥❡t♦r❛✱ ❞❡✈❡♠♦s ❣❛r❛♥t✐r ♣❛r❛ ♣♦♥t♦s ♥❛ ❢r♦♥t❡✐r❛ ❞❡
P q✉❡ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥ç❛ s❡❥❛ ❝♦❜❡rt❛ ♣♦r ✐♠❛❣❡♥s ❞❡ P ❡ q✉❡ ❡st❛ ❝♦❜❡rt✉r❛
s❡❥❛ ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ r❡❧❛çã♦ ∗✳ ❙❡ x ❢♦r ♣♦♥t♦ ✐♥t❡r✐♦r ❞❡ ❛❧❣✉♠❛ ❛r❡st❛ τ
❞❡ P ✱ ♣♦❞❡♠♦s ❝♦♥st❛t❛r q✉❡ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [Id, x] ❝♦♥té♠ ❛♣❡♥❛s ♦s
❡❧❡♠❡♥t♦s (Id, x) ❡ ((Tτ )

−1, Tτ (x)) ❡ q✉❡ P ∩ (Tτ )
−1(P) ❝♦♥té♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛

❞❡ x✳ ❙❡ x ❢♦r ✈ért✐❝❡ ❞❡ P ❞❡✈❡r❡♠♦s ❡①♣r❡ss❛r ❡ss❛ s✐t✉❛çã♦ ❝♦♠ ❛ ❝♦♥❞✐çã♦✿

❈♦♥❞✐çã♦C1 : ❉❛❞♦ ✉♠ ✈ért✐❝❡ x ∈ P , ❝♦♥s✐❞❡r❡♠♦s ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛
[Id, x] = {(T1, x1), ..., (Tn, xn)}. ❊♥tã♦✱ ❛ ❢❛♠í❧✐❛ Tj(int(P)) é ✉♠❛ ❢❛♠í❧✐❛ ❞❡
❝♦♥❥✉♥t♦s ❞♦✐s ❛ ❞♦✐s ❞✐s❥✉♥t♦s✱ ♣❛r❛ ǫ > 0 s✉✜❝✐❡♥t❡♠❡♥t❡ ♣❡q✉❡♥♦ B(x, ǫ) ⊂
n+1⋃

j=1

Tj(P) ❡ Tj+1 = Tj ◦ Tτ ✱ ♦♥❞❡ τ é ❛r❡st❛ ❞❡ P .

◆♦ ❝❛s♦ ❡♠ q✉❡ t❡♠♦s X = H
2,R2, S2✱ ♦♥❞❡ ❛ ♥♦çã♦ ❞❡ â♥❣✉❧♦ é ❜❡♠ ❞❡✜♥✐❞❛✱

❛ ❝♦♥❞✐çã♦ ❛❝✐♠❛ ♣♦❞❡ s❡r s✉❜st✐t✉í❞❛ ♣❡❧❛ ❝♦♥❞✐çã♦✿

❈♦♥❞✐çã♦ C
∗
1
: ❉❛❞♦ ✉♠ ✈ért✐❝❡ V ❞❡ P , s❡❥❛♠ V = V1, ..., Vr ♦s ✈ért✐❝❡s ❞❡

P t❛✐s q✉❡ Ti(Vi) = V ✱ ♣❛r❛ ❛❧❣✉♠ Ti ∈ Γ ❡ s❡❥❛♠ θ1, ..., θr ♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ♥♦s

r❡s♣❡❝t✐✈♦s ✈ért✐❝❡s✳ ❊♥tã♦✱ s❡ ❞❡♥♦t❛r♠♦s ♣♦rm ❛ ♦r❞❡♠ ❞❡ ΓV , θ1+...+θr =
2π

m
.

Pr♦♣♦s✐çã♦ ✸✳✶✵✳ ❙❡ P s❛t✐s❢❛③❡r ❛ ❈♦♥❞✐çã♦ C1✱ ❡♥tã♦ X∗ s❡rá ✉♠ ❡s♣❛ç♦
❍❛✉s❞♦r✛ ❝♦♥❡①♦ ❡ Ψ : X∗ −→ X ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ ❞✉❛s ❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [T, x] ❡ [S, y] ❞✐st✐♥t❛s ❞❡
X∗✳ ❖❜✈✐❛♠❡♥t❡✱ ❛ s✐t✉❛çã♦ ♠❛✐s ❝♦♠♣❧✐❝❛❞❛ é q✉❛♥❞♦ t✐✈❡r♠♦s x, y ✈ért✐❝❡s ❞❡
P . ❊s❝♦❧❤❡♠♦s ❛ss✐♠✱ ǫx ❡ ǫy t❛✐s q✉❡ ❛s ❜♦s❛s B(x, ǫx) ⊂

⋃n+1
j=1 Tj(P) ❡ B(y, ǫy) ⊂

⋃m+1
i=1 Si(P). ❚♦♠❡♠♦s ǫ = min{ǫx, ǫy,

1

2
d(x, y)}, t❡♠♦s q✉❡

n+1⋃

j=1

T ∗
j ([P ∩ B(x, ǫ)]) e

m+1⋃

i=1

S∗
i ([P , B(x, ǫ)]),

sã♦ ✈✐③✐♥❤❛♥ç❛s ❛❜❡rt❛s ❡ ❞✐s❥✉♥t❛s q✉❡ s❡♣❛r❛♠ [T, x] e [S, y], ♣♦✐s✱ ❡st❛♠♦s
s✉♣♦♥❞♦ q✉❡ P s❛t✐s❢❛③ ❛ ❝♦♥❞✐çã♦ C1✳ ▲♦❣♦ X∗ é ❍❛✉s❞♦r✛✳ ❖❜s❡r✈❡ q✉❡ s❡
x ∈ τ ′✱ ♦♥❞❡ τ ′ é ❛r❡st❛ ❞❡ P ✱ ❡♥tã♦

[T, x] = [TTτ , (Tτ )
−1],

t❡♠♦s q✉❡
[T,P ] ∩ [TTτ ,P ] 6= ∅,

❞❡ ♠♦❞♦ q✉❡ [T,P ] ∪ [TTτ ,P ] é ❝♦♥❡①♦✱ ❡ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡✱ X∗ t❛♠❜é♠ s❡rá✱
♣♦✐s Γ é ❣❡r❛❞♦ ♣❡❧♦s ❡❧❡♠❡♥t♦s Tτ .

P❛r❛ ♠♦str❛r♠♦s q✉❡ Ψ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧✱ ❝♦♥s✐❞❡r❡♠♦s ❝♦♠♦ ❛❝✐♠❛
❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ [T, x] ❞❡ X∗, ❝♦♠ x ✉♠ ✈ért✐❝❡ ❞❡ P . ❙❡❥❛ ǫ ❡s❝♦❧❤✐❞♦ ❞❡
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♠♦❞♦ q✉❡ t❡♠♦s B(x, ǫ) ⊂ ⋃n+1
j=1 Tj(P). ❉❡✜♥✐♠♦s ❡♥tã♦✱

V = Υ(W ), onde W =
n+1⋃

j=1

(Tj,P ∩ B(x, ǫ)).

❆ss✐♠ t❡♠♦s✱

Ψ(V ) = Ψ(Υ(W ))

= Ω(W )

= B(x, ǫ).

❉❡ ✉♠ ♠♦❞♦ ♠❛✐s ❣❡r❛❧✱ ♦❜t❡♠♦s

Ψ(T ∗(V )) = Ψ(T ∗(Υ(W ))

= T (Ω(W ))

= B(T (x), ǫ).

❈♦♠♦ ❛s ❜♦❧❛s ❣❡r❛♠ ❛ t♦♣♦❧♦❣✐❛ ❞❡ X✱ ❧♦❣♦ ♦s ❡❧❡♠❡♥t♦s ❞❛ ❢♦r♠❛
T ∗(⋃m+1

i=1 [Si,P ∩ B(x, ǫ)]
)
❣❡r❛♠ ❛ t♦♣♦❧♦❣✐❛ ❞❡ X∗. ❉❛❞♦ [S, y] ∈ V ✱ ♣♦❞❡♠♦s

❡♥❝♦♥tr❛r ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ ❬❙✱②❪ ❞❛ ❢♦r♠❛ T ∗(⋃m+1
i=1 [Si,P ∩ B(x, ǫ)]

)

❝♦♥t✐❞❛ ❡♠ V ✳ ❆ss✐♠✱ Ψ r❡str✐t♦ ❛ T ∗(V ) é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ s♦❜r❡ T (Ω(W )),
♦✉ s❡❥❛✱ Ψ é ✉♠ ❤♦♠❡♦♠♦r✜s♠♦ ❧♦❝❛❧✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ❡♠ t♦r♥❛r ❛ ❛♣❧✐❝❛çã♦ Ψ : X∗ −→ X ✉♠❛ ❛♣❧✐❝❛çã♦
❞❡ r❡❝♦❜r✐♠❡♥t♦✳ ❋❡✐t♦ ✐ss♦✱ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❝❛s♦ ❡♠ q✉❡ X = H

2,R2, S2✱ t♦✲
❞♦s s✐♠♣❧❡s♠❡♥t❡ ❝♦♥❡①♦s✱ s❡♥❞♦ X∗ ❝♦♥❡①♦✱ ♦❜t❡r❡♠♦s Ψ ❜✐❥❡t♦r❛✳ ❈♦♥s✐❞❡✲
r❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✼✱ ♦❜t❡r❡♠♦s q✉❡ ♦ ♣❛r (Γ,P) é t❛❧ q✉❡

⋃
T∈Γ T (P) = H

2 ❡
T (int(P))⋂S(int(P)) 6= ∅ ⇒ T = Id. ◆❡st❡ ❝❛s♦ t❡♠♦s Γ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦
❡ P ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ.

❖ ♠♦t✐✈♦ q✉❡ Ψ ♣♦ss❛ ❞❡✐①❛r ❞❡ s❡r ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ r❡❝♦❜r✐♠❡♥t♦ r❡s✐❞❡
♥♦ ❢❛t♦ ❞❛s ❝♦♥st❛♥t❡s ǫx ✈✐st❛s ♥❛ ❞❡♠♦str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✸✳✽ ♥ã♦ s❡r❡♠
♥❡❝❡ss❛r✐❛♠❡♥t❡ ❧✐♠✐t❛❞❛s ✐♥❢❡r✐♦r♠❡♥t❡✳ P❛r❛ ❣❛r❛♥t✐r♠♦s q✉❡Ψ é ✉♠❛ ❛♣❧✐❝❛çã♦
❞❡ r❡❝♦❜r✐♠❡♥t♦ ✐♠♣♦♠♦s ✉♠❛ ♦✉tr❛ ❝♦♥❞✐çã♦✿

❈♦♥❞✐çã♦C2 : ❆ ❝♦♥st❛♥t❡ ǫ > 0 ❞❛ ❈♦♥❞✐çã♦ C1 ♣♦❞❡ s❡r ❡s❝♦❧❤✐❞❛ ✐♥❞❡✲
♣❡♥❞❡♥t❡♠❡♥t❡ ❞♦ ♣♦♥t♦ x✳

❊st❛ ❝♦♥❞✐çã♦ é s❛t✐s❢❡✐t❛ s❡ ♦ ♣♦❧í❣♦♥♦ P t✐✈❡r ✉♠ ♥ú♠❡r♦ ✜♥✐t♦ ❞❡ ❛r❡st❛s ❡
✈ért✐❝❡s✱ ❜❛st❛♥❞♦ t♦♠❛r ǫ ❝♦♠♦ ♦ ♠í♥✐♠♦ ❞♦ ❝♦♠♣r✐♠❡♥t♦ ❞❛s ❛r❡st❛s ❞❡ P .

❊ ❝♦♠ ❡st❡ ❡st✉❞♦ t❡♠♦s ❞❡♠♦♥str❛❞♦ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✸✳✶✶✳ ✭❚❊❖❘❊▼❆ ❉❊ P❖■◆❈❆❘➱✮ ❙❡❥❛ P ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦
❝♦♠ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ s❛t✐s❢❛③❡♥❞♦ ❛s ❝♦♥❞✐çõ❡s C

∗
1
❡ C2 :✳ ❊♥tã♦ ♦ ❣r✉♣♦

Γ ❣❡r❛❞♦ ♣❡❧❛s ✐s♦♠❡tr✐❛s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ é ✉♠ ❣r✉♣♦ ❞✐s❝r❡t♦ ❞❡ Isom(X) ❡
P é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ ✭♦♥❞❡ X = H

2,R2 ou S2✮✳



✹✶ ✸✳✷✳ ❖ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré ❡ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ❈♦✲❝♦♠♣❛❝t♦s

✸✳✷✳✷ ●r✉♣♦s ❋✉❝❤s✐❛♥♦s ❈♦✲❝♦♠♣❛❝t♦s

❆q✉✐✱ ♥♦ss♦ ♦❜❥❡t✐✈♦ é ❜✉s❝❛r ❝♦♥❞✐çõ❡s ♥❡❝❡ssár✐❛s ❡ s✉✜❝✐❡♥t❡s ♣❛r❛ q✉❡ ♦

q✉♦❝✐❡♥t❡
H

2

Γ
s❡❥❛ ❝♦♠♣❛❝t♦✳ P❛r❛ ✐ss♦✱ ❡st✉❞❛♠♦s ♦s s❡❣✉✐♥t❡s r❡s✉❧t❛❞♦s✳

❉❡✜♥✐çã♦ ✸✳✶✷✳ ❯♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ é ❞✐t♦ ❝♦✲❝♦♠♣❛❝t♦ s❡ ♦ ❡s♣❛ç♦ q✉♦❝✐✲

❡♥t❡
H

2

Γ
❢♦r ❝♦♠♣❛❝t♦✳

❚❡♦r❡♠❛ ✸✳✶✸✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ ❡ s✉♣♦♥❤❛ q✉❡ Γ ♣♦ss✉❛ ❞♦♠í♥✐♦

❢✉♥❞❛♠❡♥t❛❧ ❝♦♥✈❡①♦ ❡ ♥ã♦ ❝♦♠♣❛❝t♦✳ ❊♥tã♦✱
H

2

Γ
♥ã♦ é ❝♦♠♣❛❝t♦✳

❈♦r♦❧ár✐♦ ✸✳✶✹✳ ❯♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ é ❝♦✲❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞♦
❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t ❞❡ Γ ❢♦r ❝♦♠♣❛❝t♦✳

❉❡♠♦str❛çõ❡s sã♦ ✈✐st❛s ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✼❪✳

❚❡♦r❡♠❛ ✸✳✶✺✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ ❝♦✲❝♦♠♣❛❝t♦✳ ❊♥tã♦ Γ ♥ã♦ ♣♦ss✉✐
❡❧❡♠❡♥t♦s ♣❛r❛❜ó❧✐❝♦s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ ❛ ❢✉♥çã♦ g(z) = inf{dT (z); Id 6= T ∈ Γ, T r(T ) ≥ 2},
♦♥❞❡ dT (z) = d(z, T (z)). ❈♦♠♦ Γ é ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦✱ s✉❛s ór❜✐t❛s sã♦ ❞✐s❝r❡t❛s
❡ ❝❛❞❛ tr❛♥s❢♦r♠❛çã♦ T é ❝♦♥tí♥✉❛✱ ❡♥tã♦ t❡♠♦s q✉❡ g(z) é ✉♠❛ ❢✉♥çã♦ ❝♦♥tí♥✉❛ ❞❡
z. ▼❛✐s ❛✐♥❞❛✱ ❝♦♠♦ ❡st❛♠♦s ✐♠♣♦♥❞♦ q✉❡ Tr(T ) ≥ 2✱ ♥ã♦ ❡st❛♠♦s ❝♦♥s✐❞❡r❛♥❞♦
tr❛♥s❢♦r♠❛çõ❡s ❡❧í♣t✐❝❛s✱ t❡♠♦s ❡♥tã♦ q✉❡ g(z) > 0✱ ♣❛r❛ t♦❞♦ z ∈ H

2.

❙❡ Γ ❢♦r ❝♦✲❝♦♠♣❛❝t♦✱ t❡♠♦s q✉❡ P é ❝♦♠♣❛❝t♦✱ ❧♦❣♦ ♦ inf{g(z); z ∈ P} é
❛t✐♥❣✐❞♦ ❡ ❛ss✐♠ s❡♥❞♦ ❡st❡ é ❡str✐t❛♠❡♥t❡ ♣♦s✐t✐✈♦✳ ▼❛s ❞❛❞♦ z ∈ H

2, ❡①✐st❡
S ∈ Γ t❛❧ q✉❡ g(z) = w ∈ P ♦ q✉❡ ♥♦s ❞❛ t❛♠❜é♠✱ S−1(w) = z ❡ ♣❛r❛ t♦❞♦
T ∈ Γ, t❡♠♦s

dT (z) = d(z, T (z))

= d(S(z), ST (z))

= d(w, STS−1(w))

= dSTS−1(z)

❞❡ ♠♦❞♦ q✉❡ g(z) = g(S(z)) ❡ t❡♠♦s inf{g(z); z ∈ H
2} > 0. ❆ss✐♠ s❡♥❞♦✱ Γ ♥ã♦

♣♦❞❡ ♣♦ss✉✐r ❡❧❡♠❡♥t♦s ♣❛r❛❜ó❧✐❝♦s✱ ♣♦✐s 0 < g(z) ≤ dT (z) ♣❛r❛ t♦❞♦ z ∈ H
2 ❡

♣❛r❛ t♦❞♦ ❡❧❡♠❡♥t♦ ♥ã♦ ❡❧í♣t✐❝♦ T ∈ Γ✱ ♠❛s ❞❛❞♦ T ♣❛r❛❜ó❧✐❝♦✱ infz∈H2 dT (z) = 0✳
❯♠❛ ❝♦♥tr❛❞✐çã♦✳

❚❡♦r❡♠❛ ✸✳✶✻✳ ❙❡❥❛ Γ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ ❡ D = Dp(Γ) ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t
♥ã♦ ❝♦♠♣❛❝t♦ ♠❛s ❝♦♠ ár❡❛ ✜♥✐t❛✳ ❊♥tã♦✿

✭✐✮ ❈❛❞❛ ♣♦♥t♦ ξ ∈ ∂∞D é ♣♦♥t♦ ✜①♦ ❞❡ ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ♣❛r❛❜ó❧✐❝♦ T ∈ Γ.

✭✐✐✮ ❙❡ η ∈ ∂∞H
2 é ♣♦♥t♦ ✜①♦ ♣♦r ❛❧❣✉♠ ❡❧❡♠❡♥t♦ ♣❛r❛❜ó❧✐❝♦ ❞❡ Γ, ❡①✐st❡ S ∈ Γ

t❛❧ q✉❡ S(η) ∈ ∂∞D.

❉❡♠♦str❛çã♦ ✈✐st❛ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✸❪✳



✹✷ ✸✳✸✳ ❚❡ss❡❧❛çõ❡s ♥♦ ♣❧❛♥♦

❚❡♦r❡♠❛ ✸✳✶✼✳ ❯♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ é ❝♦✲❝♦♠♣❛❝t♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♥ã♦ ♣♦ss✉✐
❡❧❡♠❡♥t♦s ♣❛r❛❜ó❧✐❝♦s ❡ AH2(H2/Γ) <∞.

❉❡♠♦♥str❛çã♦✿ ❙❡ Γ ❢♦r ❝♦✲❝♦♠♣❛❝t♦ ❡♥tã♦ ♦ q✉♦❝✐❡♥t❡
H

2

Γ
é ❝♦♠♣❛❝t♦✳ ❚❡♠♦s

q✉❡ AH2(H2/Γ) < ∞ ❡ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✺✱ Γ ♥ã♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦s ♣❛r❛❜ó❧✐❝♦s✳
❙✉♣♦♥❤❛ ❛❣♦r❛ q✉❡ Γ ♥ã♦ ♣♦ss✉✐ ❡❧❡♠❡♥t♦s ♣❛r❛❜ó❧✐❝♦s ❡ AH2(H2/Γ) <∞, ❡♥tã♦
♦ ❚❡♦r❡♠❛ ✸✳✶✻ ♥♦s ❣❛r❛♥t❡ q✉❡ q✉❛❧q✉❡r ❞♦♠í♥✐♦ ❞❡ ❉✐r✐❝❤❧❡t D ♥ã♦ ♣♦ss✉✐rá
♣♦♥t♦s ✐❞❡❛✐s✳ ▼❛s s❡♥❞♦ D ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❝♦♥✈❡①♦✱ t❡♠♦s q✉❡ D é
❢❡❝❤❛❞♦ ❡ ❧✐♠✐t❛❞♦✱ ♦✉ s❡❥❛✱ ❝♦♠♣❛❝t♦✳ ▲♦❣♦✱ ♦ ❈♦r♦❧ár✐♦ ✸✳✶✹ ♥♦s ❣❛r❛♥t❡ q✉❡ Γ
é ❝♦✲❝♦♠♣❛❝t♦✳

❯♠❛ ❝♦♥s❡q✉ê♥❝✐❛ ❞❡st❡s r❡s✉❧t❛❞♦s é q✉❡
H

2

Γ
s❡rá ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛

s❡✱ ❡ s♦♠❡♥t❡ s❡✱ Γ ♥ã♦ ♣♦ss✉✐r ❡❧❡♠❡♥t♦s ♣❛r❛❜ó❧✐❝♦s ❡ AH2(H2/Γ) < ∞.
H

2

Γ
t❛♠❜é♠ s❡rá ♦r✐❡♥tá✈❡❧✱ ♣♦✐s Γ é ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦✱ ♦✉ s❡❥❛✱ ♣❡rt❡♥❝❡ ❛♦ ❣r✉♣♦
❞❛s tr❛♥s❢♦r♠❛çõ❡s ❞❡ ♠ö❜✐✉s q✉❡ ♣r❡s❡r✈❛♠ ❛ ♦r✐❡♥t❛çã♦✳

❖ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ é ♦❜t✐❞♦ ♣❡❧❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ✉♠❛ s✉♣❡r✲
❢í❝✐❡ ❞❛❞❛ ♣♦r

χ(S) = V − A+ F,

♦♥❞❡ A é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s✱ V ♦ ♥✉♠❡r♦ ❞❡ ✈ért✐❝❡s ❡ F ♦ ♥ú♠❡r♦ ❞❡ ❢❛❝❡s ❞❛
s✉♣❡r❢í❝✐❡✳ ❖♥❞❡✱ s❡ S ❢♦r ✉♠❛ s✉♣❡r❢í❝✐❡ ♦r✐❡♥tá✈❡❧ ❡ ❝♦♠♣❛❝t❛ ❛ ❝❛r❛❝t❡ríst✐❝❛
❞❡ ❊✉❧❡r é ❞❛❞❛ ♣♦r

χ(S) = 2− 2g. ✭✸✳✶✮

✸✳✸ ❚❡ss❡❧❛çõ❡s ♥♦ ♣❧❛♥♦

❱✐♠♦s q✉❡ ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❧❛❞r✐❧❤❛ ✭♦✉ t❡ss❡❧❛ ✮ ♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦
❡ ♥❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❛s t❡ss❡❧❛çõ❡s r❡❣✉❧❛r❡s ❤✐♣❡r❜ó❧✐❝❛s ❡ ❡✉❝❧✐❞✐❛♥❛s✳
❱❡r❡♠♦s q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t❛s t❡ss❡❧❛çõ❡s r❡❣✉❧❛r❡s ❤✐♣❡r❜ó❧✐❝❛s✱ ❥á ♥♦ ❝❛s♦ ❡✉❝❧✐✲
❞✐❛♥♦ q✉❛♥❞♦ ♦s ♣♦❧í❣♦♥♦s sã♦ r❡❣✉❧❛r❡s ❡①✐st❡♠ ❛♣❡♥❛s três t❡ss❡❧❛çõ❡s✳ ❆♣r❡✲
s❡♥t❛r❡♠♦s ❝♦♥❞✐çõ❡s ♣❛r❛ q✉❡ ✉♠❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ❤✐♣❡r❜ó❧✐❝❛ ❡①✐st❛✳

✸✳✸✳✶ ❚❡ss❡❧❛çõ❡s ♥♦ ♣❧❛♥♦ ❡✉❝❧✐❞✐❛♥♦✳

❈♦♠❡ç❛♠♦s ❞❡✜♥✐♥❞♦ t❡ss❡❧❛çõ❡s ♥♦ ♣❧❛♥♦ ❡✉❝❧✐❞✐❛♥♦✳

❉❡✜♥✐çã♦ ✸✳✶✽✳ ❯♠❛ t❡ss❡❧❛çã♦ ♦✉ ❧❛❞r✐❧❤❛♠❡♥t♦ ❡♠ R
2 é ✉♠❛ ❝♦❜❡rt✉r❛

❞♦ ♣❧❛♥♦ ♣♦r r❡❣✐õ❡s ♣♦❧✐❣♦♥❛✐s ❝♦♥❣r✉❡♥t❡s ❞❡ t❛❧ ♠♦❞♦ q✉❡ t♦❞♦ ♣♦♥t♦ ❞♦ ♣❧❛♥♦
é ❝♦❜❡rt♦ ♣♦r ♣❡❧♦ ♠❡♥♦s ✉♠❛ r❡❣✐ã♦✱ ♦♥❞❡ ❞✉❛s r❡❣✐õ❡s ❞✐st✐♥t❛s q✉❛✐sq✉❡r ♥ã♦
s❡ ✐♥t❡r❝❡♣t❛♠ ❡①❝❡t♦✱ ❡✈❡♥t✉❛❧♠❡♥t❡ ♥♦ ❜♦r❞♦✳

❆ r❡❣✐ã♦ ♣♦❧✐❣♦♥❛❧ é ❝❤❛♠❛❞❛ ❞❡ ▲❛❞r✐❧❤♦✱ ❞❡♥♦t❛❞❛ ♣♦r ▲✳ ❙❡ ♣❧❛♥♦ é ❝♦✲
❜❡rt♦ ♣♦r ♣♦❧í❣♦♥♦s r❡❣✉❧❛r❡s ❛ t❡ss❡❧❛çã♦ é ❝❤❛♠❛❞❛ ❞❡ r❡❣✉❧❛r✳ ◗✉❛♥❞♦ ♦s



✹✸ ✸✳✸✳ ❚❡ss❡❧❛çõ❡s ♥♦ ♣❧❛♥♦

♣♦❧í❣♦♥♦s sã♦ r❡❣✉❧❛r❡s ❤á ❛♣❡♥❛s três ♠❛♥❡✐r❛s ❞❡ t❡ss❡❧❛r ♦ ♣❧❛♥♦ ❊✉❝❧✐❞✐❛♥♦✿
P♦r tr✐â♥❣✉❧♦s ❡q✉✐❧át❡r♦s✱ q✉❛❞r❛❞♦s ❡ ❍❡①á❣♦♥♦s r❡❣✉❧❛r❡s✳

❆ ❋✐❣✉r❛ ✸✳✷ ✐❧✉str❛ ❞♦✐s t✐♣♦s ❞❡ t❡ss❡❧❛çõ❡s ❡♠ R
2✱ ✉♠❛ r❡❣✉❧❛r ♣♦r q✉❛❞r❛✲

❞♦s ❡ ♦✉tr❛ ♣♦r q✉❛❞r❛❞♦s ♦✉ ❤❡①á❣♦♥♦s✳

❋✐❣✉r❛ ✸✳✷✿ ❊①❡♠♣❧♦s ❞❡ t❡ss❡❧❛çõ❡s ❡♠ R
2

❖❜s❡r✈❡ ♥❛ ❋✐❣✉r❛ ✸✳✸ q✉❡ ♦s ❢❛✈♦s ❞❛s ❛❜❡❧❤❛s ❢❛③❡♠ ✉♠❛ ✐❧✉str❛çã♦ ✐♥t❡r❡s✲
s❛♥t❡ ❞❡ ✉♠❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ♣♦r ❤❡①á❣♦♥♦s✳

❋✐❣✉r❛ ✸✳✸✿ ❖s ❢❛✈♦s ❞❛s ❛❜❡❧❤❛s t❡♠ ❢♦r♠❛t♦ ❞❡ ❤❡①á❣♦♥♦



✹✹ ✸✳✸✳ ❚❡ss❡❧❛çõ❡s ♥♦ ♣❧❛♥♦

✸✳✸✳✷ ❚❡ss❡❧❛çõ❡s r❡❣✉❧❛r❡s ♥♦ ♣❧❛♥♦ ❍✐♣❡r❜ó❧✐❝♦

❉❡✜♥✐çã♦ ✸✳✶✾✳ ❯♠❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ é ✉♠❛ ♣❛r✲
t✐çã♦ ❞❡st❡ ♣❧❛♥♦ ❡♠ ♣♦❧í❣♦♥♦s r❡❣✉❧❛r❡s ✐s♦♠étr✐❝♦s ♥ã♦ s♦❜r❡♣♦st♦s✱ t♦❞♦s ❝♦♥✲
❣r✉❡♥t❡s✱ s✉❥❡✐t♦s ❛ r❡str✐çã♦ ❞❡ s❡ ✐♥t❡r❝❡♣t❛r❡♠ s♦♠❡♥t❡ ❡♠ s✉❛s ❛r❡st❛s ♦✉
✈ért✐❝❡s✱ ❞❡ ♠♦❞♦ ❛ t❡r♠♦s ♦ ♠❡s♠♦ ♥ú♠❡r♦ ❞❡ ♣♦❧í❣♦♥♦s ♣❛rt✐❧❤❛♥❞♦ ✉♠ ♠❡s♠♦
✈ért✐❝❡✱ ✐♥❞❡♣❡♥❞❡♥t❡ ❞♦ ✈ért✐❝❡✳

❖❜s❡r✈❛çã♦ ✸✳✷✵✳ ❙❡ ♦s ♣♦❧í❣♦♥♦s ❞❡ ✉♠❛ ❞❡t❡r♠✐♥❛❞❛ t❡ss❡❧❛çã♦ ❞❡ H2 ❝♦♥té♠
p ❛r❡st❛s✱ ♦♥❞❡ ❝❛❞❛ ✈ért✐❝❡ é r❡❝♦❜❡rt♦ ♣♦r q ❞❡ss❡s ♣♦❧í❣♦♥♦s✱ ❡♥tã♦ ❛ t❡ss❡❧❛çã♦
s❡rá ❞❡♥♦t❛❞❛ ♣♦r {p, q}✳ ❊♠ ♣❛rt✐❝✉❧❛r s❡ t❡♠♦s q✉❡ p = q✱ ❛ t❡ss❡❧❛çã♦ s❡rá
❝❤❛♠❛❞❛ ❞❡ ❛✉t♦✲❞✉❛❧✳

❈♦♠♦ ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ❤✐♣❡r❜ó❧✐❝♦ é ♠❡♥♦r ❞♦
q✉❡ π✱ ❡♥tã♦ ❛ t❡ss❡❧❛çã♦ r❡❣✉❧❛r ❡①✐st❡✱ s❡ ❡ s♦♠❡♥t❡ s❡✱

2π

p
+

2π

q
< π

♦✉ s❡❥❛✱
1

p
+

1

q
<

1

2
. ✭✸✳✷✮

❉❡st❛ s❡❣✉❡ q✉❡ ❡①✐st❡♠ ✐♥✜♥✐t❛s t❡ss❡❧❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s r❡❣✉❧❛r❡s ❡♠ H
2✳

❊♥q✉❛♥t♦ ❡♠ R
2 ❡①✐st❡♠ ❛♣❡♥❛s ✸ ♣♦ssí✈❡✐s✱ q✉❡ sã♦ {4, 4}, {3, 6} e {6, 3}, ♣♦✐s ❛

s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ✉♠ tr✐â♥❣✉❧♦ ♥♦ ♣❧❛♥♦ ❡✉❝❧✐❞✐❛♥♦ é ❡①❛t❛♠❡♥t❡ π.
❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s q✉❡ ❢♦r❛♠ r❡t✐r❛❞♦s ❞❛ r❡❢❡rê♥❝✐❛ ❬✷✸❪✳

❊①❡♠♣❧♦ ✸✳✷✶✳ ◆❛ ❋✐❣✉r❛ ✸✳✹ t❡♠♦s ❛ t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ ❛✉t♦✲❞✉❛❧ {8, 8}✱
❝♦♠ t♦❞♦s ♦s ♣♦❧í❣♦♥♦s ❝♦♠ ✽ ❧❛❞♦s ❡ ❡♠ ❝❛❞❛ ✈ért✐❝❡ ❡♥❝♦♥tr❛♠✲s❡ ✽ ❞❡ss❡s
♣♦❧í❣♦♥♦s✳

❋✐❣✉r❛ ✸✳✹✿ ❚❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {8, 8} ❡♠ D
2✳



✹✺ ✸✳✹✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {12η − 8, 4} ❡ {12µ− 12, 4}

❊①❡♠♣❧♦ ✸✳✷✷✳ ◆❛ ❋✐❣✉r❛ ✸✳✺ t❡♠♦s ❛ t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {10, 5}✱ ♦♥❞❡ ❝❛❞❛
♣♦❧í❣♦♥♦ ♣♦ss✉✐ ✶✵ ❧❛❞♦s ❡ ❡♠ ❝❛❞❛ ✈ért✐❝❡ ❡♥❝♦♥tr❛♠✲s❡ ✺ ❞❡ss❡s ♣♦❧í❣♦♥♦s✳

❋✐❣✉r❛ ✸✳✺✿ ❚❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {10, 5} ❡♠ D
2✳

✸✳✹ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {12η− 8, 4} ❡
{12µ− 12, 4}

◆❡st❛ s❡çã♦ ❛♣r❡s❡♥t❛r❡♠♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❣❡♥❡r❛❧✐③❛❞♦s ♣❛r❛
♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ❝♦♠ 12η − 8 ❡ 12µ − 12 ❛r❡st❛s✳ ❊ss❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s
❢♦r❛♠ ❝♦♥str✉í❞♦s ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✾❪ ❡ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❛ ♣♦❧í❣♦♥♦s q✉❡ sã♦
❞♦♠í♥✐♦s ❢✉♥❞❛♠❡♥t❛✐s ❞❛s t❡ss❡❧❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s r❡❣✉❧❛r❡s ❞♦ t✐♣♦ {12η−8, 4}
❡ {12µ− 12, 4}✳ ❚♦♠❛♠♦s ❡st❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❝♦♠♦ ❜❛s❡ ♣❛r❛ ❝♦♥str✉çã♦ ❞❡
♥♦✈♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s ♥♦ ♣ró①✐♠♦ ❝❛♣ít✉❧♦✳

✸✳✹✳✶ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {12η − 8, 4}

❙❡❥❛ P12η−8, ❝♦♠ η ≥ 3 í♠♣❛r✱ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ 12η − 8
❛r❡st❛s ❡ ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s ♠❡❞✐♥❞♦ π/2.

❖❜s❡r✈❛çã♦ ✸✳✷✸✳ P12η−8 é ♣♦ssí✈❡❧ ❞❡ s❡r ❝♦♥str✉í❞♦✱ ❛❧é♠ ❞✐ss♦ ❡❧❡ é ❝♦♥✈❡①♦✳
❉❡ ❢❛t♦✱ s♦♠❛♥❞♦ t♦❞♦s ♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ❝❛❞❛ ✈ért✐❝❡✱ t❡♠♦s

(12η − 8)
π

2
= (6η − 4)π < (12η − 10)π = [(12η − 8)− 2]π.

P❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✼ P12η−8 ❡①✐st❡✳ ❆❧é♠ ❞✐ss♦✱ ❡ss❡ ♣♦❧í❣♦♥♦ é ❝♦♥✈❡①♦✱ ♣♦✐s t♦❞♦s
♦s s❡✉s â♥❣✉❧♦s ✐♥t❡r♥♦s ♠❡❞❡♠ π/2 ❡ 0 < π/2 < π. ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✻
P12η−8 é ❝♦♥✈❡①♦✳



✹✻ ✸✳✹✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {12η − 8, 4} ❡ {12µ− 12, 4}

P❛r❛ ❡♠♣❛r❡❧❤❛r ❛s ❛r❡st❛s ❞❡ss❡ ♣♦❧í❣♦♥♦ ❢♦✐ ❝r✐❛❞❛ ✉♠❛ r❡❣r❛ q✉❡ ✐❞❡♥t✐✜❝❛
❛s ❛r❡st❛ ❞❡ P12η−8✱ ❞❡♥♦t❛❞❛ ♣♦r R{12η−8, 4}✳

❙❡❥❛ n = 12η − 8 ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ c = (12η − 8)/4 ♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s
❝♦♠ ✹ ✈ért✐❝❡s ❛ s❡r❡♠ ♦❜t✐❞♦s✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ c − 1 ❡ j = 1, 2✱ ❞❡✜♥✐✉✲s❡
❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✿

γτn−2(τn−2) = τn ❡ γτc(τc) = τn−1; ✭✸✳✸✮

γτi(τi) = τ(n−2)−3i; ✭✸✳✹✮

s❡ i ❢♦r í♠♣❛r✱ ❡♥tã♦

γτ(n−2)−3i−j
(τ(n−2)−3i−j) = τ(n−2)−3(i−1)−j. ✭✸✳✺✮

❆ r❡❣r❛ R{12η−8, 4} ♥♦s ❢♦r♥❡❝❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦✱ ❞❡♥♦t❛❞♦ ♣♦r Φ12η−8✳
❖❜t❡♥❞♦ ❛ss✐♠✱ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✸✳✷✹✳ ❙❡❥❛ P12η−8 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s
✐❣✉❛✐s ❛ π/2 ❡ Φ12η−8 ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P12η−8 ♦❜t✐❞♦ ♣❡❧❛

r❡❣r❛R{12η−8, 4}✳ ❊♥tã♦✱ Φ12η−8 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ12η−8 t❛❧ q✉❡
H

2

Γ12η−8

é

✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g =
3η − 1

2
✳

❉❡♠♦♥str❛çã♦✿ ❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ12η−8 q✉❡ ✐❞❡♥t✐✜❝❛ ❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦

❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r P12η−8, ♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛ R{12η−8, 4}, ♥♦s ❞á c =
12η − 8

4
=

3η − 2 ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✳ ❖❜s❡r✈❛♥❞♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ12η−8 ✈❡♠♦s q✉❡ ♦s
❝✐❝❧♦s ❞❡ ✈ért✐❝❡s sã♦ ❞❛❞♦s ♣❡❧❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳

P❛r❛ 1 ≤ i ≤ c− 1 ❡ n = 12η − 8 t❡♠♦s✿
s❡ ✐ ❢♦r ✐♠♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vn−1−3i, Vn−3(i+1), Vn−2−3(i−1)}; ✭✸✳✻✮

s❡ ✐ ❢♦r ♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vn−1−3i, Vn−3(i−1), Vn−2−3(i−1)}; ✭✸✳✼✮

e CVc
= {Vc, Vc+1, Vn−1, Vn}. ✭✸✳✽✮

◆♦t❡ q✉❡ t♦❞♦s ♦s ❝✐❝❧♦s sã♦ ❤♦♠♦❣ê♥❡♦s ❝♦♠ q✉❛tr♦ ✈ért✐❝❡s ❝❛❞❛✳ ❈♦♠♦
❝❛❞❛ ✈ért✐❝❡ ❞♦ ♣♦❧í❣♦♥♦ ♣♦ss✉✐ â♥❣✉❧♦ ✐♥t❡r♥♦ ♠❡❞✐♥❞♦ π/2✱ ❡♥tã♦ ❛ s♦♠❛ ❞♦s
â♥❣✉❧♦s ❞❡ ❝❛❞❛ ❝✐❝❧♦ ❞❡ ✈ért✐❝❡s é ✐❣✉❛❧ ❛ 2π.

❆❣♦r❛✱ ❝♦♠♦ ❡st❛♠♦s ✉s❛♥❞♦ ❛♣❡♥❛s ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s ❡ q✉❡ P12η−8

♣♦ss✉✐ ✜♥✐t❛s ❛r❡st❛s✱ t❡♠♦s q✉❡ ❛s ❝♦♥❞✐çõ❡s C∗
1 ❡ C2 ❞♦ ❚❡♦r❡♠❛ ✸✳✶✶ ✭❚❡♦r❡♠❛

❞❡ P♦✐♥❝❛ré✮ sã♦ s❛t✐s❢❡✐t❛s✱ ♥♦s ❣❛r❛♥t✐♥❞♦ q✉❡ Φ12η−8 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦



✹✼ ✸✳✹✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {12η − 8, 4} ❡ {12µ− 12, 4}

Γ12η−8 ❡ P12η−8 é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ12η−8✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♥ã♦
❡st❛♠♦s ✉s❛♥❞♦ ✐s♦♠❡tr✐❛s ♣❛r❛❜ó❧✐❝❛s ❡ P12η−8 é ✉♠ ♣♦❧í❣♦♥♦ ❝♦♠ ár❡❛ ✜♥✐t❛

✭❢❡❝❤❛❞♦ ❡ ❝♦♥✈❡①♦✮ s❡♠ ✈ért✐❝❡s ✐❞❡❛✐s✱ ❡♥tã♦
H

2

Γ12η−8

é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛

♦r✐❡♥tá✈❡❧✳

P❛r❛ ♦❜t❡r♠♦s ♦ ❣ê♥❡r♦ ✉s❛r❡♠♦s ❛ ❡①♣r❡ssã♦ ✭✸✳✶✮✱ V −A+ F = 2− 2g ❞❛í✱

12η − 8

4
− 12η − 8

2
+ 1 = 2− 2g. ▲♦❣♦✱ g =

3η − 1

2
✳

❆ss✐♠✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ12η−8 ♥♦s ❞á ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧
H

2

Γ12η−8

❞❡ ❣ê♥❡r♦ g =
3η − 1

2
✳

❱❡❥❛♠♦s ❛❣♦r❛ ✉♠ ❡①❡♠♣❧♦ ❝♦♥str✉í❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✶✾❪ ♣❛r❛ ✉♠ ♣♦❧í❣♦♥♦
❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ ✺✷ ❛r❡st❛s✳

❊①❡♠♣❧♦ ✸✳✷✺✳ (η = 5). ❙❡❥❛ P52 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛r❡st❛s

τ1, ..., τ52 ❡ ✈ért✐❝❡s V1, ..., V52✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ52 ♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛
R{12η−8, 4}, ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✼✳ ❉❡ ❢❛t♦✱ ♣❛r❛
η = 5 ❡♥tã♦ n = 12×5−8 = 52 ❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 52/4 = 13✳
❊♥tã♦ ♣❡❧❛s ❡①♣r❡ssõ❡s ✸✳✸✱ ✸✳✹ ❡ ✸✳✺ ♥❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ R{12η−8, 4}
t❡♠♦s✱

γτ50(τ50) = τ52 ❡ γτ13(τ13) = τ51, (3.3).

γτ1(τ1) = τ47, γτ2(τ2) = τ44, γτ3(τ3) = τ41, γτ4(τ4) = τ38, γτ5(τ5) = τ35,

γτ6(τ6) = τ32, γτ7(τ7) = τ29, γτ8(τ8) = τ26, γτ9(τ9) = τ23, γτ10(τ10) = τ20,

γτ11(τ11) = τ17, γτ12(τ12) = τ14, (3.4).

γτ15(τ15) = τ18, γτ16(τ16) = τ19, γτ21(τ21) = τ24, γτ22(τ22) = τ25,

γτ27(τ27) = τ30, γτ28(τ28) = τ31, γτ33(τ33) = τ36, γτ34(τ34) = τ37,

γτ39(τ39) = τ42, γτ40(τ40) = τ43, γτ45(τ45) = τ48, γτ46(τ46) = τ49, (3.5).

▲♦❣♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳

{τ1, τ47}, {τ2, τ44}, {τ3, τ41}, {τ4, τ38}, {τ5, τ35}, {τ6, τ32}, {τ7, τ29}, {τ8, τ26}, {τ9, τ23}

{τ10, τ20}, {τ11, τ17}, {τ12, τ14}, {τ13, τ51}{τ15, τ18}, {τ16, τ19}, {τ21, τ24}, {τ22, τ25},
{τ27, τ30}, {τ28, τ31}, {τ33, τ36}, {τ34, τ37}, {τ39, τ42}, {τ40, τ43}, {τ45, τ48}, {τ46, τ49},

{τ50, τ52}.

❱❡❥❛ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥❛ ❋✐❣✉r❛ ✸✳✻ ✳

❖❜t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ52 ❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦
♣♦❧í❣♦♥♦ P52✱ ♦❜t✐❞❛s ♣❡❧❛ r❡❣r❛R{12η−8, 4}✳



✹✽ ✸✳✹✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {12η − 8, 4} ❡ {12µ− 12, 4}

❋✐❣✉r❛ ✸✳✻✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✺✷ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ52✳

❊ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á ✶✸ ❝✐❝❧♦s✱ ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛✱ q✉❡ sã♦ ♦s s❡✲
❣✉✐♥t❡s✿

CV1 = {V1, V48, V46, V50}, CV2 = {V2, V47, V49, V45}, CV3 = {V3, V44, V40, V42},

CV4 = {V4, V41, V43, V39}, CV5 = {V5, V36, V34, V38}, CV6 = {V6, V35, V37, V33},
CV7 = {V7, V32, V28, V30}, CV8 = {V8, V29, V31, V27}, CV9 = {V9, V24, V22, V26},

CV10 = {V10, V21, V25, V23}, CV11 = {V11, V18, V16, V20}, CV12 = {V12, V15, V19, V17},
e CV13 = {V13, V52, V51, V14}.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✹✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ52 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲
♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❡ ❝♦♠♦ η = 5✱ s❡✉ ❣ê♥❡r♦ é ❞❛❞♦ ♣♦r✱

g =
3× 5− 1

2
= 7.

❖✉ s❡❥❛✱ g = 7 é ♦ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ ♦❜t✐❞❛✳



✹✾ ✸✳✹✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {12η − 8, 4} ❡ {12µ− 12, 4}

✸✳✹✳✷ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {12µ− 12, 4}

❙❡❥❛ P12µ−12, ❝♦♠ µ ≥ 2 ♣❛r✱ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ 12µ − 12
❛r❡st❛s ❡ ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s ♠❡❞✐♥❞♦ π/2.

❖❜s❡r✈❛çã♦ ✸✳✷✻✳ P12µ−12 é ♣♦ssí✈❡❧ ❞❡ s❡r ❝♦♥str✉í❞♦✱ ❛❧é♠ ❞✐ss♦ ❡❧❡ é ❝♦♥✈❡①♦✳
❉❡ ❢❛t♦✱ s❡ s♦♠❛r♠♦s t♦❞♦s ♦s s❡✉s â♥❣✉❧♦s ✐♥t❡r♥♦s✱ t❡♠♦s

(12µ− 12)π/2 = (6µ− 6)π < (12µ− 14)π = [(12µ− 12)− 2]π.

▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✼ P12µ−12 ❡①✐st❡✱ t❛♠❜é♠ t❡♠♦s q✉❡ ❡ss❡ ♣♦❧í❣♦♥♦ é ❝♦♥✲
✈❡①♦✱ ♣♦✐s t♦❞♦s ♦s s❡✉s â♥❣✉❧♦s ✐♥t❡r♥♦s ♠❡❞❡♠ π/2 ❡ 0 < π/2 < π. ❆ss✐♠✱ ♣❡❧♦
❚❡♦r❡♠❛ ✶✳✸✻✱ P12µ−12 é ❝♦♥✈❡①♦✳

P❛r❛ ❡♠♣❛r❡❧❤❛r ❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P12µ−12, ❝♦♠ 12η−8 ❛r❡st❛s✱ ❝♦♥str✉✐✉✲
s❡ ✉♠❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ✉t✐❧✐③❛♥❞♦ ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❛♥á❧♦❣❛s às
q✉❡ ✈✐♠♦s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦ ❝♦♠ 12η− 8 ❛r❡st❛s✳ ❘❡❣r❛ ❞❡♥♦t❛❞❛ ♣♦r R{12µ−12, 4}✳

❙❡❥❛ n = 12µ − 12 ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ c = (12µ − 12)/4 ♦ ♥ú♠❡r♦ ❞❡
❝✐❝❧♦s ❝♦♠ ✹ ✈ért✐❝❡s ❛ s❡r❡♠ ♦❜t✐❞♦s✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ c − 1 ❡ j = 1, 2✱
❞❡✜♥✐✉✲s❡ ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❛♥á❧♦❣❛s ❛s ❡①♣r❡ssõ❡s ✭✸✳✸✮✱ ✭✸✳✹✮ ❡ ✭✸✳✺✮✱
✈✐st❛s ❛♥t❡r✐♦r♠❡♥t❡ ♥❛ r❡❣r❛ R{12η−8, 4}✳

❆ r❡❣r❛ R{12µ−12, 4} ♥♦s ❢♦r♥❡❝❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦✱ ❞❡♥♦t❛❞♦ ♣♦r Φ12µ−12,
♦❜t❡♥❞♦ ❛ss✐♠✱ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✸✳✷✼✳ ❙❡❥❛ P12µ−12 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ â♥❣✉❧♦s ✐♥✲
t❡r♥♦s ✐❣✉❛✐s ❛ π/2 ❡ Φ12µ−12 ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P12µ−12

♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛ R{12µ−12, 4}✳ ❊♥tã♦✱ Φ12µ−12 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ12µ−12

t❛❧ q✉❡
H

2

Γ12µ−12

é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g =
3µ− 2

2
✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ ❡ s✐♠✐❧❛r à ❢❡✐t❛ ♥♦ ❚❡♦r❡♠❛ ✸✳✷✹ ❝♦♠ ❣❡♥❡✲
r❛❧✐③❛çã♦ ❞♦s ❝✐❝❧♦s ❛♥á❧♦❣❛s ❛s ❡①♣r❡ssõ❡s ✭✸✳✻✮✱ ✭✸✳✼✮ ❡ ✭✸✳✽✮✳ P❛r❛ ❝❛❧❝✉❧❛r ♦
❣ê♥❡r♦ g ✉s❛♠♦s ❛ ❡①♣r❡ssã♦ ✭✸✳✶✮✱ ❛ss✐♠ ♦❜t❡♠♦s

12µ− 12

4
− 12µ− 12

2
+ 1 = 2− 2g. ▲♦❣♦✱ g =

3µ− 2

2
✳

❱❡❥❛♠♦s ✉♠ ❡①❡♠♣❧♦ ❝♦♥str✉í❞♦ ♣❛r❛ µ = 4✱ ♦✉ s❡❥❛✱ ✉♠ ♣♦❧í❣♦♥♦ ❝♦♠ ✸✻
❛r❡st❛s✳

❊①❡♠♣❧♦ ✸✳✷✽✳ (µ = 4). ❙❡❥❛ P36 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ36 ❡ ✈ért✐❝❡s V1, ..., V36✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ36 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡
❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✺✳ ❉❡ ❢❛t♦✱ s❡ µ = 4 t❡♠♦s n = 12× 4− 12 = 36
❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é C = 36/4 = 9✳ P❡❧❛ ❛s ❡①♣r❡ssõ❡s ✸✳✸✱ ✸✳✹ ❡
✸✳✺ ♥❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R{12µ−12, 4} t❡♠♦s✱

γτ34(τ34) = τ36 ❡ γτ9(τ9) = τ35, (3.3).



✺✵ ✸✳✹✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {12η − 8, 4} ❡ {12µ− 12, 4}

γτ1(τ1) = τ31, γτ2(τ2) = τ28, γτ3(τ3) = τ25, γτ4(τ4) = τ22,

γτ5(τ5) = τ19, γτ6(τ6) = τ16, γτ7(τ7) = τ13, γτ8(τ8) = τ10, (3.4).

γτ11(τ11) = τ14, γτ12(τ12) = τ15, γτ17(τ17) = τ20, γτ18(τ18) = τ21,

γτ23(τ23) = τ26, γτ24(τ24) = τ27, γτ29(τ29) = τ32, γτ30(τ30) = τ33, (3.5).

▲♦❣♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳

{τ1, τ31}, {τ2, τ28}, {τ3, τ25}, {τ4, τ22}, {τ5, τ19}, {τ6, τ16}, {τ7, τ13}, {τ8, τ10}, {τ9, τ35}

{τ11, τ14}, {τ12, τ15}, {τ17, τ20}, {τ18, τ21}, {τ23, τ26}, {τ24, τ27}, {τ29, τ32}, {τ30, τ33},
{τ34, τ36}.

❱❡❥❛ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥❛ ❋✐❣✉r❛ ✸✳✼ ✳

❖❜t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ36 ❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í✲

❋✐❣✉r❛ ✸✳✼✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ ✸✻ ❛r❡st❛s ❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ36✳

❣♦♥♦ P36✱ q✉❡ ❢♦r❛♠ ♦❜t✐❞❛s ♣❡❧❛ r❡❣r❛ R{12µ−12, 4}.

❊ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á ✾ ❝✐❝❧♦s ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛✱ q✉❡ sã♦ ♦s s❡❣✉✐♥t❡s✿

CV1 = {V1, V32, V30, V34}, CV2 = {V2, V31, V33, V29}, CV3 = {V3, V28, V24, V26},

CV4 = {V4, V25, V27, V23}, CV5 = {V5, V22, V18, V20}, }, CV6 = {V6, V19, V21, V17},



✺✶ ✸✳✺✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ❞♦ P♦❧í❣♦♥♦ P8g−4

CV7 = {V7, V16, V12, V14}, CV8 = {V8, V13, V15, V11}, CV9 = {V9, V10, V35, V36},

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✸✳✷✼✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ36 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲
♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❡ ❝♦♠♦ η = 5✱ s❡✉ ❣ê♥❡r♦ é ❞❛❞♦ ♣♦r✱

g =
3× 4− 2

2
= 5.

❖✉ s❡❥❛✱ g = 5 é ♦ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ ♦❜t✐❞❛✳

✸✳✺ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ❞♦ P♦❧í❣♦♥♦ P8g−4

❖ ♣ró①✐♠♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ é ❝♦♥str✉í❞♦ s♦❜r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠
8g− 4 ❛r❡st❛s✱ ❛♣r❡s❡♥t❛❞♦ ♥❛ r❡❢❡rê♥❝✐❛ ❬✺❪✳ ❊ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ é ✐♠♣♦rt❛♥t❡
♣❛r❛ ♦ ❞❡s❡♥✈♦❧✈✐♠❡♥t♦ ❞♦ tr❛❜❛❧❤♦✱ ♣♦✐s ♦ ❡st✉❞♦ ❞♦s ♣ró①✐♠♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s
q✉❡ ❛♣r❡s❡♥t❛r❡♠♦s ♥♦ ❈❛♣ít✉❧♦ ✹✱ é s♦❜r❡ ❛s ❛r❡st❛s ❞❡ss❡s ♣♦❧í❣♦♥♦s✳

❙❡❥❛ P8g−4 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ 8g − 4 ❛r❡st❛s ❡ â♥❣✉❧♦s ✐♥t❡r♥♦s
♠❡❞✐♥❞♦ π/2. ❙❡❥❛♠ τ1, ..., τ8g−4 ❛s ❛r❡st❛s ❝♦♥s❡❝✉t✐✈❛s ❞❡ P ♦r✐❡♥t❛❞❛s ♥♦ s❡♥t✐❞♦
❛♥t✐✲❤♦rár✐♦✳ ❙❡❥❛ σ(i) ✉♠❛ ♣❡r♠✉t❛çã♦ ❞❡ ♦r❞❡♠ ✷ ❝♦♠ i ✈❛r✐❛♥❞♦ ❞❡ 1, ..., 8g−4,
❞❡✜♥✐❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛

σ(i) ≡





4g − i mod(8g − 4), se i for í♠♣❛r;

2− i mod(8g − 4), se i for par.

❙❡❥❛ τ−1
i ❛ ♠❡s♠❛ ❛r❡st❛ τi, ♣♦ré♠ ❝♦♠ ♦r✐❡♥t❛çã♦ ♦♣♦st❛✳ ❊♥tã♦✱ ❞❡✜♥✐♠♦s ❛s

✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛ ❡♠♣❛r❡❧❤❛❞❛s ❝♦♠♦ s❡♥❞♦ Tτi(τi) = τ−1
σ(i).

❉❡♥♦t❛r❡♠♦s ❡ss❛ r❡❣r❛ ❞❡ ✐❞❡♥t✐✜❝❛çã♦ ❞❛s ❛r❡st❛s ♣♦r R1
{8g−4,4} ❡ ♦ ❡♠♣❛r❡❧❤❛✲

♠❡♥t♦ ♣♦r Φ1
8g−4✳

❊ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❢♦r♥❡❝❡ ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s ❝♦♠ ✹ ✈ért✐❝❡s ❡ ❡stá r❡❧❛✲
❝✐♦♥❛❞♦ à t❡ss❡❧❛çã♦ r❡❣✉❧❛r {8g − 4, 4}, ♣♦✐s tê♠ ❝♦♠♦ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ♦
♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8g−4.

❱❡❥❛♠♦s ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ♣❛r❛ ❣❂✷ ❡ ❣❂✸✳

✶✮ ◗✉❛♥❞♦ g = 2, t❡♠♦s

σ(i) =





8− i mod(12), se i for í♠♣❛r;

2− i mod(12), se i for par.

❊♥tã♦✱
σ(1) ≡ 7 mod(12) ⇒ σ(1) = 7



✺✷ ✸✳✺✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ❞♦ P♦❧í❣♦♥♦ P8g−4

σ(2) ≡ 0 mod(12) ⇒ σ(2) = 12
σ(3) ≡ 5 mod(12) ⇒ σ(3) = 5
σ(4) ≡ −2 mod(12) = 10 mod(12) ⇒ σ(4) = 10
σ(5) ≡ 3 mod(12) ⇒ σ(5) = 3
σ(6) ≡ −4 mod(12) = 8 mod(12) ⇒ σ(6) = 8
σ(7) ≡ 1 mod(12) ⇒ σ(7) = 1
σ(8) ≡ −6 mod(12) = 6 mod(12) ⇒ σ(8) = 6
σ(9) ≡ −1 mod(12) = 11 mod(12) ⇒ σ(9) = 11
σ(10) ≡ −8 mod(12) = 4 mod(12) ⇒ σ(10) = 4
σ(11) ≡ −3 mod(12) = 9 mod(12) ⇒ σ(11) = 9
σ(12) ≡ −10 mod(12) = 2 mod(12) ⇒ σ(12) = 2.

▲♦❣♦✱ t❡♠♦s ❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✱

Tτ1(τ1) = τ−1
7 ❡ Tτ7(τ7) = τ−1

1 ,
Tτ2(τ2) = τ−1

12 ❡ Tτ12(τ12) = τ−1
2 ,

Tτ3(τ3) = τ−1
5 ❡ Tτ5(τ5) = τ−1

3 ,
Tτ4(τ4) = τ−1

10 ❡ Tτ10(τ10) = τ−1
4 ,

Tτ6(τ6) = τ−1
8 ❡ Tτ8(τ8) = τ−1

6 ,
Tτ9(τ9) = τ−1

11 ❡ Tτ11(τ11) = τ−1
9 .

❱❡❥❛ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✽✳

❋✐❣✉r❛ ✸✳✽✿ ❊♠♣❛r❡❧❤❛♠❡♥t♦ Φ1
12, ♣❛r❛ ❣❂✷✳

❖s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s sã♦

C1 = {V1, V2, V7, V8}, C2 = {V3, V6, V9, V12} e C3 = {V4, V5, V10, V11}.

✷✮ ◗✉❛♥❞♦ ❣❂✸✱ t❡♠♦s
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σ(i) ≡





12− i mod(20), se i for í♠♣❛r;

2− i mod(20), se i for par.

❊♥tã♦✱
σ(1) ≡ 11 mod(20) ⇒ σ(1) = 11
σ(2) ≡ 0 mod(20) ⇒ σ(2) = 20
σ(3) ≡ 9 mod(20) ⇒ σ(3) = 9
σ(4) ≡ −2 mod(20) = 18 mod(12) ⇒ σ(4) = 18
σ(5) ≡ 7 mod(20) ⇒ σ(5) = 7
σ(6) ≡ −4 mod(20) = 16 mod(12) ⇒ σ(6) = 16
σ(7) ≡ 5 mod(20) ⇒ σ(7) = 5
σ(8) ≡ −6 mod(20) = 14 mod(12) ⇒ σ(8) = 14
σ(9) ≡ 3 mod(20) ⇒ σ(9) = 3
σ(10) ≡ −8 mod(20)⇒ σ(10) = 12
σ(11) ≡ 1 mod(12) ⇒ σ(11) = 1
σ(12) ≡ −10 mod(12) = 10 mod(12) ⇒ σ(12) = 10.
σ(13) ≡ −1 mod(20) = 19 mod(20) ⇒ σ(13) = 19
σ(14) ≡ −12 mod(20) = 8mod(12) ⇒ σ(14) = 8
σ(15) ≡ −3 mod(20) = 17 mod(20) ⇒ σ(15) = 17
σ(16) ≡ −14 mod(20) = 6 mod(20)⇒ σ(16) = 6
σ(17) ≡ −5 mod(12) = 15 mod(20) ⇒ σ(17) = 1
σ(18) ≡ −16 mod(12) = 4 mod(12) ⇒ σ(18) = 4.
σ(19) ≡ −7 mod(12) = 13 mod(20) ⇒ σ(19) = 13
σ(20) ≡ −18 mod(12) = 2 mod(12) ⇒ σ(20) = 2. ▲♦❣♦✱ t❡♠♦s ❛s ❛r❡st❛s
❡♠♣❛r❡❧❤❛❞❛s✱

Tτ1(τ1) = τ−1
11 ❡ Tτ11(τ11) = τ−1

1 ,
Tτ2(τ2) = τ−1

20 ❡ Tτ20(τ20) = τ−1
2 ,

Tτ3(τ3) = τ−1
9 ❡ Tτ9(τ9) = τ−1

3 ,
Tτ4(τ4) = τ−1

18 ❡ Tτ18(τ18) = τ−1
4 ,

Tτ5(τ5) = τ−1
7 ❡ Tτ7(τ7) = τ−1

5 ,
Tτ6(τ6) = τ−1

16 ❡ Tτ16(τ16) = τ−1
6 ,

Tτ8(τ8) = τ−1
14 ❡ Tτ14(τ14) = τ−1

8 .
Tτ10(τ10) = τ−1

12 ❡ Tτ12(τ12) = τ−1
10 ,

Tτ13(τ13) = τ−1
19 ❡ Tτ19(τ19) = τ−1

13 ,
Tτ15(τ15) = τ−1

17 ❡ Tτ17(τ17) = τ−1
15 .

❱❡❥❛ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ r❡♣r❡s❡♥t❛❞♦ ♥❛ ❋✐❣✉r❛ ✸✳✾✳

❖s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s sã♦

C1 = {V1, V2, V11, V12}, C2 = {V3, V10, V13, V17}, C3 = {V4, V5, V14, V18},

C4 = {V5, V8, V15, V17} e C5 = {V6, V7, V16, V17}.



✺✹ ✸✳✺✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ❞♦ P♦❧í❣♦♥♦ P8g−4

❋✐❣✉r❛ ✸✳✾✿ ❊♠♣❛r❡❧❤❛♠❡♥t♦ Φ1
20 ♣❛r❛ ❣❂✸✳



❈❛♣ít✉❧♦ ✹

❊♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❆r❡st❛s

❈♦♥str✉í❞♦s

❖s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❞❡ ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s t❡♠ r❡❧❡✈â♥❝✐❛ ♥❛
❝♦♥str✉çã♦ ❞❡ r❡t✐❝✉❧❛❞♦s ❤✐♣❡r❜ó❧✐❝♦s ❬✷✶❪✳ ❖ ✐♥t❡r❡ss❡ ♣❡❧❛ t❡♦r✐❛ ❞♦s r❡t✐❝✉❧❛❞♦s
é ❞❡✈✐❞♦ t❛♠❜é♠ ❛♦ ❢❛t♦ ❞❡ s❡r ✉♠❛ ❢❡rr❛♠❡♥t❛ ♣❛r❛ ♦ ♣r♦❜❧❡♠❛ ❞❡ ❡♠♣❛❝♦t❛✲
♠❡♥t♦s ❞❡ ❡s❢❡r❛s q✉❡ ❛✉①✐❧✐❛ ♥❛ ❝♦♥str✉çã♦ ❞❡ ❜♦❛s ❝♦♥st❡❧❛çõ❡s ❞❡ s✐♥❛✐s ♦✉
❝ó❞✐❣♦s ót✐♠♦s✳ ■st♦ ♥♦s ♠♦t✐✈❛ ❛♦ ❡st✉❞♦ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❞❡
♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ {p, q}, ❡♠ q✉❡ t❛✐s t❡ss❡❧❛çõ❡s ❢♦r✲
♥❡❝❡♠ ❡♠♣❛❝♦t❛♠❡♥t♦s ❞❡ ❡s❢❡r❛s ❝♦♠ ❞❡♥s✐❞❛❞❡ ♠á①✐♠❛ ❬✻❪ ❡ ♣♦rt❛♥t♦✱ ❡stã♦
r❡❧❛❝✐♦♥❛❞❛s ❝♦♠ ❛ ❝♦♥str✉çã♦ ❞❡ ❝ó❞✐❣♦s ót✐♠♦s ❝✉❥❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡rr♦ é
♠í♥✐♠❛✳

◆❡st❡ ❝❛♣ít✉❧♦ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s q✉❡ ❝♦♥str✉í♠♦s ♣❛r❛ ♦
♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8g−4. ❊st✉❞❛♠♦s ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❛ss♦❝✐❛❞♦s às t❡s✲
s❡❧❛çõ❡s {12η − 8, 4} ❡ {12µ − 12, 4}, ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❛ss♦❝✐❛❞♦ à t❡ss❡❧❛çã♦
{8g−4, 4} ❞♦ ❈❛♣ít✉❧♦ ✸ ♥❛ ❙❡çã♦ ✸✳✹✱ ❡ ❝♦♥str✉í♠♦s ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❣❡♥❡r❛✲
❧✐③❛❞♦ ❛ss♦❝✐❛❞♦ á t❡ss❡❧❛çã♦ {12β−16, 4} ❡ ♥♦✈♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❣❡♥❡r❛❧✐③❛❞♦s
❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ {8g− 4, 4} ❞❡ ❢♦r♠❛ q✉❡ g s❡❥❛ ♦ ❣ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ ♦❜✲
t✐❞❛ ♣❡❧♦ q✉♦❝✐❡♥t❡ ❞♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦ ♣❡❧♦ ❣r✉♣♦ ❣❡r❛❞♦ ♣♦r ✐s♦♠❡tr✐❛s ❞♦s
❡♠♣❛r❡❧❤❛♠❡♥t♦s✳

❖ ♣r♦❜❧❡♠❛ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ ❡s❢❡r❛s t❡♠ ❝♦♠♦ ♣r✐♥❝✐♣❛❧ ♦❜❥❡t✐✈♦ ❛ ❜✉s❝❛
♣❡❧❛ ♠❛✐♦r ❞❡♥s✐❞❛❞❡ ♣♦ssí✈❡❧ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦✳ ❊♠ ❬✷✹❪✱ ❚♦t❤ ❛♣r❡s❡♥t♦✉
♦ ❧✐♠✐t❛♥t❡ ♠á①✐♠♦ ♣❛r❛ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✳
❙❡❣✉♥❞♦ ❡❧❡✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ é ❧✐♠✐t❛❞❛ s✉♣❡r✐♦r♠❡♥t❡ ♣♦r 3

π
✳ ❊♠

❬✻❪ ❢♦r❛♠ ❢❡✐t♦s ❡st✉❞♦s ❛ss✐♥tót✐❝♦s ♣❛r❛ r❡t✐❝✉❧❛❞♦s ❞♦ t✐♣♦ {p, q} . ❉❡♠♦♥str♦✉✲
s❡ q✉❡ ❛ss✐♥t♦t✐❝❛♠❡♥t❡✱ ❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ♥ã♦ ❛t✐♥❣❡ ♦ ✈❛❧♦r 3

π
✳

❆ss✐♥t♦t✐❝❛♠❡♥t❡ ♥♦ s❡♥t✐❞♦ ❞❡ p ❡ q t❡♥❞❡r❡♠ ❛ ✐♥✜♥✐t♦✱ ♦♥❞❡ p ❡ q ❞❡t❡r♠✐♥❛♠
✉♠ ❧❛❞r✐❧❤❛♠❡♥t♦ {p, q} ✳ P♦ré♠✱ t❡♠♦s q✉❡ 3

π
é ❛t✐♥❣✐❞♦ ❡♠ ❡♠♣❛❝♦t❛♠❡♥t♦s

♣♦r ❤♦r♦❜♦❧❛s {∞, 3}✳

❆ r❡❧❡✈â♥❝✐❛ ❞❡ t❛✐s r❡s✉❧t❛❞♦s ♣❛r❛ ❡♠♣❛❝♦t❛♠❡♥t♦ ❞❡ ❡s❢❡r❛s✱ ❡stá ♥♦ ❢❛t♦
q✉❡ ❡♠ r❡t✐❝✉❧❛❞♦s ❤✐♣❡r❜ó❧✐❝♦s ❞♦s t✐♣♦s {12η − 8, 4} ❡ {12µ − 12, 4} t❡♠♦s
❡♠♣❛❝♦t❛♠❡♥t♦s ❝♦♠ ❞❡♥s✐❞❛❞❡s ♣ró①✐♠❛s ❛♦ ❡♠♣❛❝♦t❛♠❡♥t♦ ót✐♠♦ ❡♠ r❡❧❛çã♦
à ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ✭❬✶✾❪✱ ❝♦♠ ✵✱✽✾✽✻✽ ♦ ♠❛✐♦r

✺✺



✺✻ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

✈❛❧♦r ❛♣r❡s❡♥t❛❞♦ ♣❛r❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦✱ q✉❛♥❞♦ η = 21 ❡ g = 31✮✳
❉❛í✱ ♥♦ss♦ ✐♥t❡r❡ss❡ ❡♠ ❡①♣❧♦r❛r ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❞❡ ♣♦❧í❣♦♥♦s
❤✐♣❡r❜ó❧✐❝♦s ❛ss♦❝✐❛❞♦s ❛ t❡ss❡❧❛çõ❡s✱ ❡♠ ♣❛rt✐❝✉❧❛r ♦s ♣♦❧í❣♦♥♦s ❝♦♠ 8g−4 ❛r❡st❛s
❝♦♠ g ≥ 2✱ ♣♦✐s ❛s t❡ss❡❧❛çõ❡s {12η − 8, 4} ❡ {12µ− 12, 4} sã♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s
❞❛ t❡ss❡❧❛çã♦ {8g − 4, 4}.

❉✐✈✐❞✐♠♦s ❡st❡ ❝❛♣ít✉❧♦ ❡♠ q✉❛tr♦ s❡çõ❡s✱ ♦♥❞❡ ❝♦♥str✉í♠♦s ♥♦✈♦s ❡♠♣❛r❡✲
❧❤❛♠❡♥t♦s ♣❛r❛ ♦s ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ❝♦♠ 8g− 4 ❛r❡st❛s✱ ❝♦♠ g ≥ 2 ♥❛t✉r❛❧✳
❊st❛♠♦s s✉♣♦♥❞♦ q✉❡ ❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✱ ❡♠ ❝❛❞❛ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❝♦♥s✲
tr✉í❞♦✱ ♣♦ss✉❡♠ ♦r✐❡♥t❛çã♦ ♦♣♦st❛ ✉♠❛ ❞❛ ♦✉tr❛✳

✹✳✶ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

◆❡st❛ s❡çã♦✱ ❝♦♠❡ç❛r❡♠♦s ❝♦♥str✉✐♥❞♦ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛s ❛r❡st❛s ❞❡
✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P12β−16, ❝♦♠ 12β − 16 ❛r❡st❛s✱ ❛ss♦❝✐❛❞♦ ❛ t❡ss❡❧❛çã♦
{12β − 16, 4}✳ ❆♥t❡s ❢❛❧❛r❡♠♦s ✉♠ ♣♦✉❝♦ ❞❛ t❡ss❡❧❛çã♦ {8g − 4, 4}.

◆❛ t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛ {8g − 4, 4} ♣❛r❛ g ≥ 2 ♥❛t✉r❛❧✱ ♥❛ t❛❜❡❧❛ ❛❜❛✐①♦✱ ❛
♠❡❞✐❞❛ q✉❡ g ❝r❡s❝❡ ♦❜t❡♠♦s às s❡❣✉✐♥t❡s t❡ss❡❧❛çõ❡s ❡ ♦s ♣♦❧í❣♦♥♦s ❢✉♥❞❛♠❡♥t❛✐s
❛ss♦❝✐❛❞♦s✱ ❝♦♠ 8g − 4 ❛r❡st❛s✳

❣ ❚❡ss❡❧❛çã♦ {8g − 4, 4} ❉♦♠í♥✐♦ ❋✉♥❞❛♠❡♥t❛❧ P8g−4 ❚✐♣♦
✷ {12, 4} P12 ❆
✸ {20, 4} P20 ❇
✹ {28, 4} P28 ❈
✺ {36, 4} P36 ❆
✻ {44, 4} P44 ❇
✼ {52, 4} P52 ❈
✽ {60, 4} P60 ❆
✾ {68, 4} P68 ❇
✶✵ {76, 4} P76 ❈
✶✶ {84, 4} P84 ❆
✶✷ {92, 4} P92 ❇
✶✸ {100, 4} P100 ❈

◆♦t❡ q✉❡ ❛s t❡ss❡❧❛çõ❡s q✉❡ ♠❛r❝❛♠♦s ❝♦♠♦ ✭❆✮ sã♦ t❡ss❡❧❛çõ❡s ♦❜t✐❞❛s ♣❡❧❛
t❡ss❡❧❛çã♦ {12µ − 12, 4}, ❝♦♠ µ ≥ 2 ♣❛r✳ ❆s t❡ss❡❧❛çõ❡s q✉❡ ❢♦r❛♠ ♠❛r❝❛❞❛s
♣♦r ✭❈✮ sã♦ t❡ss❡❧❛çõ❡s ♦❜t✐❞❛s ♣❡❧❛ t❡ss❡❧❛çã♦ {12η − 8, 4}, ❝♦♠ η ≥ 3 í♠♣❛r✳
❊st❛s ♣♦ss✉❡♠ ❝♦♠♦ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ♦s ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s P12µ−12, ❝♦♠
12µ− 12 ❛r❡st❛s ❡ P12η−8, ❝♦♠ 12η− 8 ❛r❡st❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❬✶✾❪✳ ❈♦♠ ❡ss❡s
♣♦❧í❣♦♥♦s✱ ❢♦r❛♠ ♦❜t✐❞♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❛s ❛r❡st❛s ♣❡❧❛s r❡❣r❛s ❞❡ ❡♠♣❛r❡❧❤❛✲
♠❡♥t♦ R{12µ−12, 4} ❡ R{12η−8, 4}✳ ❆❣♦r❛✱ ❛s q✉❡ ♠❛r❝❛♠♦s ❝♦♠ ✭❇✮ s❡rã♦ ♦❜t✐❞❛s
♣❡❧❛ t❡ss❡❧❛çã♦ {12β − 16, 4}✳

❆ss✐♠✱ s❡❥❛ P12β−16, ❝♦♠ β ≥ 3 í♠♣❛r✱ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ â♥❣✉❧♦s
✐♥t❡r♥♦s t♦❞♦s ♠❡❞✐♥❞♦ π/2.



✺✼ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

❖❜s❡r✈❛çã♦ ✹✳✶✳ P12β−16 ❡①✐st❡ ❡ é ❝♦♥✈❡①♦✳ ❉❡ ❢❛t♦✱ ❝♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦
q✉❡ t♦❞♦s ♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ❝❛❞❛ ✈ért✐❝❡ é π/2. ❊♥tã♦✱ s♦♠❛♥❞♦ t♦❞♦s ♦s
s❡✉s â♥❣✉❧♦s ✐♥t❡r♥♦s✱ t❡♠♦s

(12β − 16)π/2 = (6β − 8)π < (12β − 18)π = [(12β − 16)− 2]π

s❛t✐s❢❛③❡♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✼✳ ❆❧é♠ ❞✐ss♦✱ é ❝♦♥✈❡①♦✱ ♣♦✐s t❡♠♦s q✉❡ t♦❞♦s ♦s s❡✉s
â♥❣✉❧♦s ✐♥t❡r♥♦s ♠❡❞❡♠ π/2 ❡ 0 < π/2 < π. ❆ss✐♠✱ ♣❡❧♦ t❡♦r❡♠❛ ✶✳✸✻ P12β−16 é
❝♦♥✈❡①♦✳

P❛r❛ ♠♦str❛r♠♦s q✉❡ ❛ t❡ss❡❧❛çã♦ {12β − 16, 4}, ❝♦♠ β ≥ 3, ❞❡ ❢❛t♦ ❡①✐st❡✱
✉s❛r❡♠♦s ❛ ❡①♣r❡ssã♦ ✭✸✳✷✮ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ♥♦t❡♠♦s q✉❡✱ ❝♦♠♦ β ≥ 3 í♠♣❛r✱

s❡❣✉❡ q✉❡✱ 12β − 16 ≥ 20 ❡ ❞❛í t❡♠♦s✱
1

12β − 16
≤ 1

20
. ❙♦♠❛♥❞♦ 1/4 ❡♠ ❛♠❜♦s

♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ ♦❜t❡♠♦s

1

12β − 16
+

1

4
≤ 1

20
+

1

4
=

6

20
=

3

10
<

1

2
.

P♦rt❛♥t♦✱
1

12β − 16
+

1

4
<

1

2
.

P❛r❛ ❡♠♣❛r❡❧❤❛r♠♦s ❛s ❛r❡st❛s ❞❡ P12β−16, ✉t✐❧✐③❛r❡♠♦s ❛ s❡❣✉✐♥t❡ r❡❣r❛ q✉❡
❞❡♥♦t❛r❡♠♦s ♣♦r R{12β−16, 4} :

❙❡❥❛ n = 12β − 16 ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ c = (12β − 16)/4 ✭♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s✱
❝♦♠ ✹ ✈ért✐❝❡s✱ ❛ s❡r ♦❜t✐❞♦✮✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ c − 1 ❡ j = 1, 2✱ ❞❡✜♥✐♠♦s ❛s
s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✿

γτn−2(τn−2) = τn ❡ γτc(τc) = τn−1; ✭✹✳✶✮

γτi(τi) = τ(n−2)−3i; ✭✹✳✷✮

s❡ i ❢♦r í♠♣❛r ❡♥tã♦

γτ(n−2)−3i−j
(τ(n−2)−3i−j) = τ(n−2)−3(i−1)−j; ✭✹✳✸✮

▲♦❣♦ ❛ r❡❣r❛ R{12β−16,4}✱ ♥♦s ❢♦r♥❡❝❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í✲
❣♦♥♦ P12β−16 q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Φ12β−16✳ ❆q✉✐✱ ♣♦❞❡♠♦s ❡♥✉♥❝✐❛r ♦ s❡❣✉✐♥t❡
r❡s✉❧t❛❞♦✿

❚❡♦r❡♠❛ ✹✳✷✳ ❙❡❥❛ P12β−16 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s
✐❣✉❛✐s ❛ π/2 ❡ Φ12β−16 ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P12β−16 ♦❜t✐❞♦
♣❡❧❛ r❡❣r❛ R{12β−16,4}✳ ❊♥tã♦✱ Φ12β−16 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ12β−16 t❛❧ q✉❡

H
2

Γ12β−16

é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g =
3β − 3

2
✳

❉❡♠♦♥str❛çã♦✿ ❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ12β−16 q✉❡ ✐❞❡♥t✐✜❝❛ ❛s ❛r❡st❛s ❞♦ ♣♦✲
❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r P12β−16, ♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛ R{12β−16,4} ♥♦s ❞❛ c =



✺✽ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

12β − 16

4
= 3β − 4 ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✳

❖❜s❡r✈❛♥❞♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ12β−16 ✈❡♠♦s q✉❡ ♦s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s sã♦ ❞❛❞♦s
❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿

P❛r❛ 1 ≤ i ≤ c− 1 ❡ n = 12η − 8 t❡♠♦s✿
s❡ ✐ ❢♦r ✐♠♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vn−1−3i, Vn−3(i+1), Vn−2−3(i−1)}; ✭✹✳✹✮

s❡ ✐ ❢♦r ♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vn−1−3i, Vn−3(i−1), Vn−2−3(i−1)}; ✭✹✳✺✮

❡
CVc

= {Vc, Vc+1, Vn−1, Vn}. ✭✹✳✻✮

❚❡♠♦s ❝✐❝❧♦s ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛ ❡ ❝♦♠♦ ❝❛❞❛ â♥❣✉❧♦ ❡♠ ✉♠ ✈ért✐❝❡ é ✐❣✉❛❧
❛ π/2 ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ❞♦s ✈ért✐❝❡s ❞❡ ❝❛❞❛ ❝✐❝❧♦ é ✐❣✉❛❧ ❛ 2π✳ ❆❣♦r❛✱ ❝♦♠♦
❡st❛♠♦s ✉s❛♥❞♦ ❛♣❡♥❛s ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s ❡ P12β−16 ♣♦ss✉✐ ✜♥✐t❛s ❛r❡st❛s✱
❛s ❝♦♥❞✐çõ❡s C∗

1
❡ C2 ❞♦ ❚❡♦r❡♠❛ ✸✳✶✶ ✭❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✮ sã♦ s❛t✐s❢❡✐t❛s✱ ♥♦s

❣❛r❛♥t✐♥❞♦ q✉❡ Φ12β−16 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ12β−16 ❡ P12β−16 é ✉♠ ❞♦♠í♥✐♦
❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ12β−16✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♥ã♦ ❡st❛♠♦s ✉s❛♥❞♦ ✐s♦♠❡tr✐❛s ♣❛r❛✲
❜ó❧✐❝❛s ❡ P12β−16 é ✉♠ ♣♦❧í❣♦♥♦ ❝♦♠ ár❡❛ ✜♥✐t❛ ✭❢❡❝❤❛❞♦ ❡ ❝♦♥✈❡①♦✮ s❡♠ ✈ért✐❝❡s

✐❞❡❛✐s✱ ❡♥tã♦
H

2

Γ12β−16

é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧✳

❆✐♥❞❛✱ t❡♠♦s ♣❡❧❛ ❡①♣r❡ssã♦ ✭✸✳✶✮✱ V − A + F = 2 − 2g ❡ ❞❡st❛ ❡q✉❛çã♦ s❡❣✉❡
q✉❡✱

12β − 16

4
− 12β − 16

2
+ 1 = 2− 2g.

▲♦❣♦✱ 3β− 4− 6β+8+1 = 2− 2g✱ ♦✉ s❡❥❛✱ −3β+3 = −2g ❡ ♣♦rt❛♥t♦ ♦❜t❡♠♦s✱

g =
3β − 3

2
. ✭✹✳✼✮

❆ss✐♠✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ12β−16 ♥♦s ❞á ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧
H

2

Γ12β−16

❞❡ ❣ê♥❡r♦ g =
3β − 3

2
✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s q✉❡ ❝♦♥str✉í♠♦s ♣❛r❛ q✉❛♥❞♦ β = 3 ❡ β = 5✱ ♦✉
s❡❥❛✱ ♣❛r❛ ♦s ♣♦❧í❣♦♥♦s ❝♦♠ ✷✵ ❡ ✹✹ ❛r❡st❛s✳

❊①❡♠♣❧♦ ✹✳✸✳ (β = 3). ❙❡❥❛ P20 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ20 ❡ ✈ért✐❝❡s V1, ..., V20✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ36✱ ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡
❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✸✳ ❉❡ ❢❛t♦✱ s❡ β = 3, t❡♠♦s n = 12× 3− 16 = 20
❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 20/4 = 5✳ ❊♥tã♦ ♣❡❧❛s ❡①♣r❡ssõ❡s ✹✳✶✱ ✹✳✷
❡ ✹✳✸ ❞❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ R{12β−16,4}, t❡♠♦s

γτ18(τ18) = τ20 ❡ γτ5(τ5) = τ19 (4.1)



✺✾ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

γτ1(τ1) = τ15, γτ2(τ2) = τ12, γτ3(τ3) = τ9, γτ4(τ4) = τ6, γτ14(τ14) = τ17, (4.2)

γτ13(τ13) = τ16, γτ8(τ8) = τ11, γτ7(τ7) = τ10, (4.3).

❉❛✐✱ ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✿
{τ1, τ15}, {τ2, τ12}, {τ3, τ9}, {τ4, τ6}, {τ5, τ19}, {τ7, τ10}, {τ8, τ11}, {τ13, τ16}, {τ14, τ17},
{τ18, τ20}. ✭❋✐❣✉r❛ ✹✳✶✮✳

❋✐❣✉r❛ ✹✳✶✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ20✳

❆ss✐♠✱ t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ20 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ7 , γτ8 , γτ13 , γτ14 , γτ18},

❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P20✱ q✉❡ ❢♦r❛♠ ♦❜t✐❞❛s ♣❡❧❛
r❡❣r❛ R{12β−16,4}✳

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á sã♦✿

CV1 = {V1, V16, V14, V18}, CV2 = {V2, V13, V17, V15}, CV3 = {V3, V12, V18, V10},

CV4 = {V4, V9, V11, V7} e CV5 = {V5, V6, V19, V20}.

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ20 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲
♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❡ ❝♦♠♦ β = 3✱ s❡✉ ❣ê♥❡r♦ é ❞❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✹✳✶✹✮✱

g =
3× 3− 3

2
= 3.



✻✵ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

❊①❡♠♣❧♦ ✹✳✹✳ (β = 5). ❙❡❥❛ P44 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛r❡st❛s

τ1, ..., τ44 ❡ ✈ért✐❝❡s V1, ..., V44✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ44✱ ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡
❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✻✳ ❉❡ ❢❛t♦✱ ♣❛r❛ β = 5 t❡♠♦s n = 12×5−16 = 44
❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 44/4 = 11✳ ❆ss✐♠✱ ♣❡❧❛s ❡①♣r❡ssõ❡s ✹✳✶✱
✹✳✷ ❡ ✹✳✸ ♥❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ R{12β−16,4} t❡♠♦s✱

γτ42(τ42) = τ44 ❡ γτ11(τ11) = τ43, (4.1).

γτ1(τ1) = τ39, γτ2(τ2) = τ36, γτ3(τ3) = τ33, γτ4(τ4) = τ30, γτ5(τ5) = τ27,

γτ6(τ6) = τ24, γτ7(τ7) = τ21, γτ8(τ8) = τ18, γτ9(τ9) = τ15, γτ10(τ10) = τ12, (4.2).

γτ38(τ38) = τ41, γτ37(τ37) = τ40, γτ32(τ32) = τ35, γτ31(τ31) = τ34, γτ26(τ26) = τ29,

γτ25(τ25) = τ28, γτ20(τ20) = τ23, γτ19(τ19) = τ22, γτ14(τ14) = τ17,

γτ13(τ13) = τ16, (4.3).

▲♦❣♦✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳

{τ1, τ39}, {τ2, τ36}, {τ3, τ33}, {τ4, τ30}, {τ5, τ27}, {τ6, τ24}, {τ7, τ21}, {τ8, τ18}, {τ9, τ15}

{τ10, τ12}, {τ11, τ43}, {τ13, τ16}{τ14, τ17}, {τ19, τ22}, {τ20, τ23}, {τ25, τ28}, {τ26, τ29},
{τ31, τ34}, {τ32, τ35}, {τ37, τ40}, {τ38, τ41}, {τ42, τ44}, (Figura 4.2).

❖❜t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦
Φ44 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ8 , γτ9 , γτ10 , γτ11 , γτ13 , γτ14 , γτ19 , γτ20 , γτ25γτ26 , γτ31 ,
γτ32 , γτ37 , γτ38 , γτ42},

❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P44✱ q✉❡ ❢♦r❛♠ ♦❜t✐❞❛s ♣❡❧❛
r❡❣r❛ R{12β−16,4}✳

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á sã♦✿

CV1 = {V1, V40, V38, V42}, CV2 = {V2, V37, V41, V39}, CV3 = {V3, V34, V32, V36},

CV4 = {V4, V31, V35, V33}, CV5 = {V5, V28, V26, V30}, CV6 = {V6, V25, V29, V27},
CV7 = {V7, V22, V20, V24}, CV8 = {V8, V19, V23, V21}, CV9 = {V9, V16, V14, V18},

CV10 = {V10, V13, V17, V15} e CV11 = {V11, V12, V43, V44}.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ44 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛
♦r✐❡♥tá✈❡❧ ❡ ❝♦♠♦ β = 5✱ s❡✉ ❣ê♥❡r♦ é ❞❛❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✹✳✶✹✮✱ t❡♠♦s

g =
3× 5− 3

2
= 6.

❘❡s✉♠✐♠♦s ♦s r❡s✉❧t❛❞♦s ♥❛ t❛❜❡❧❛ ❛❜❛✐①♦✿



✻✶ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

❋✐❣✉r❛ ✹✳✷✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✹✹ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ44✳

❆r❡st❛s ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●ê♥❡r♦
✷✵ Φ20 ✸
✹✹ Φ44 ✻

❆♦ ✉♥✐r♠♦s ❛s t❡ss❡❧❛çõ❡s {12η − 8, 4}✱ ❝♦♠ η ≥ 3 í♠♣❛r✱ {12µ− 12, 4}✱ ❝♦♠
η ≥ 2 ♣❛r ✭❛♠❜❛s ♥♦ ❈❛♣ít✉❧♦ ✸✱ ❙❡çã♦ ✸✳✹✮ ❡ {12β − 16, 4}✱ ❝♦♠ β ≥ 3 í♠♣❛r✱
✈✐st❛ ❛♥t❡r✐♦r♠❡♥t❡ ♥❡ss❛ s❡çã♦ ♦❜t❡♠♦s ❛ t❡ss❡❧❛çã♦ {8g − 4, 4}✱ ❝♦♠ g ≥ 2 ♥❛✲
t✉r❛❧✳ ❆s r❡❣r❛s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞♦s ♣♦❧í❣♦♥♦s ✐❞❡♥t✐✜❝❛❞❛s ♣♦r R{12η−8, 4}✱
R{12µ−12, 4} ❡ R{12β−16, 4}✱ tê♠ ✐❞❡♥t✐✜❝❛çõ❡s ❛♥á❧♦❣❛s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✱
q✉❡ é ❞❛❞♦ ♣♦r✿

γτn−2(τn−2) = τn ❡ γτc(τc) = τn−1; ✭✹✳✽✮

γτi(τi) = τ(n−2)−3i; ✭✹✳✾✮

s❡ i ❢♦r í♠♣❛r✱ ❡♥tã♦

γτ(n−2)−3i−j
(τ(n−2)−3i−j) = τ(n−2)−3(i−1)−j; ✭✹✳✶✵✮

❊♥tã♦ ♣♦❞❡♠♦s ❣❡♥❡r❛❧✐③❛r ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♣❛r❛ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦
P8g−4, ❝♦♠ 8g − 4 ❛r❡st❛s ❡ g ≥ 2 ♥❛t✉r❛❧✱ ❛ss♦❝✐❛❞♦ à t❡ss❡❧❛çã♦ {8g − 4, 4}✳



✻✷ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

P❛r❛ ✐st♦✱ s❡❥❛ P8g−4, ❝♦♠ g ≥ 2 ♥❛t✉r❛❧✱ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠ â♥❣✉❧♦s
✐♥t❡r♥♦s t♦❞♦s ♠❡❞✐♥❞♦ π/2.

❖❜s❡r✈❛çã♦ ✹✳✺✳ P8g−4 é ♣♦ssí✈❡❧ ❞❡ s❡r ❝♦♥str✉í❞♦✱ ❛❧é♠ ❞✐ss♦ é ❝♦♥✈❡①♦✳ ❉❡
❢❛t♦✱ ❝♦♠♦ ❡st❛♠♦s s✉♣♦♥❞♦ q✉❡ t♦❞♦s ♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ❝❛❞❛ ✈ért✐❝❡ é π/2.
❊♥tã♦✱ s♦♠❛♥❞♦ t♦❞♦s ♦s s❡✉s â♥❣✉❧♦s ✐♥t❡r♥♦s✱ t❡♠♦s

(8g − 4)(π/2) = (4g − 2)π < (8g − 6)π = [(8g − 4)− 2]π

s❛t✐s❢❛③❡♥❞♦ ♦ ❚❡♦r❡♠❛ ✶✳✸✼✳ ❊❧❡ é ❝♦♥✈❡①♦✱ ♣♦✐s t♦❞♦s ♦s s❡✉s â♥❣✉❧♦s ✐♥t❡r♥♦s
♠❡❞❡♠ π/2 ❡ 0 < π/2 < π ❡ ❛ss✐♠ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✸✻ P8g−4 é ❝♦♥✈❡①♦✳

P❛r❛ ❡♠♣❛r❡❧❤❛r♠♦s ❛s ❛r❡st❛s ❞❡ P8g−4✱ ✉t✐❧✐③❛r❡♠♦s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s
❛♥á❧♦❣❛s ❛s ✭✹✳✽✮✱ ✭✹✳✾✮ ❡ ✭✹✳✶✵✮✱ ❝♦♥str✉í❞❛s ♣❛r❛ ♦s ♣♦❧í❣♦♥♦s P12η−8✱ P12µ−12 ❡
P12β−16✱ ❝♦♠ ❛s r❡❣r❛sR{12η−8,4}✱ R{12µ−12,4} ❡R{12β−16,4}, r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❋❡✐t♦
✐ss♦✱ s✉❜st✐t✉✐r❡♠♦s ❛s r❡❣r❛sR{12η−8,4}✱R{12µ−12,4} ❡R{12β−16,4}, q✉❡ ❡♠♣❛r❡❧❤❛♠
❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ P8g−4, ❡♠ ✉♠❛ ú♥✐❝❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛s ❛r❡st❛s
❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8g−4, ❝♦♠ 8g− 4 ❛r❡st❛s ❡ ❛ ❞❡♥♦t❛r❡♠♦s ♣♦r R2

{8g−4,4}.

❙❡❥❛ n = 8g − 4 ♥ú♠❡r♦s ❞❡ ❛r❡st❛s ❡ c = (8g − 4)/4 ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❝♦♠
✹ ✈ért✐❝❡s ❝❛❞❛✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ c − 1 ❡ j = 1, 2✱ ❞❡✜♥✐♠♦s ❛s s❡❣✉✐♥t❡s
✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✿

γτn−2(τn−2) = τn ❡ γτc(τc) = τn−1; ✭✹✳✶✶✮

γτi(τi) = τ(n−2)−3i; ✭✹✳✶✷✮

s❡ i ❢♦r í♠♣❛r✱ ❡♥tã♦

γτ(n−2)−3i−j
(τ(n−2)−3i−j) = τ(n−2)−3(i−1)−j; ✭✹✳✶✸✮

▲♦❣♦✱ ❛ r❡❣r❛ R
2
{8g−4,4} ♥♦s ❞á ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦

❤✐♣❡r❜ó❧✐❝♦ P8g−4, ❛♦ q✉❛❧ ♦ ❞❡♥♦t❛r❡♠♦s ♣♦r Φ2
8g−4✳

◆♦t❡ q✉❡✱ q✉❡ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s Φ12µ−12, Φ12β−16 ❡ Φ12η−8 é ✉♠ ú♥✐❝♦ ❡♠✲
♣❛r❡❧❤❛♠❡♥t♦ Φ2

8g−4 q✉❛♥❞♦ ❝♦♥s✐❞❡r❛♠♦s ♦ ♣♦❧í❣♦♥♦ P8g−4, ❝♦♠ 8g − 4 ❛r❡st❛s✳
❆ss✐♠✱ ❡♥✉♥❝✐❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✻✳ ❙❡❥❛ P8g−4 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s
✐❣✉❛✐s ❛ π/2 ❡ Φ2

8g−4 ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P8g−4 ♦❜t✐❞♦ ♣❡❧❛

r❡❣r❛ R
2
{8g−4,4}✳ ❊♥tã♦✱ Φ2

8g−4 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ2
8g−4 t❛❧ q✉❡

H
2

Γ2
8g−4

é

✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é s✐♠✐❧❛r ❛ q✉❡ ❢♦✐ ❢❡✐t❛ ♥♦ ❚❡♦r❡♠❛ ✹✳✷✳ ❖
❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2

8g−4 q✉❡ ✐❞❡♥t✐✜❝❛ ❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r

P8g−4 ♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛ R
2
{8g−4,4} ♥♦s ❞á c =

8g − 4

4
= 2g − 1 ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✳



✻✸ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

P♦r r❡❝♦rrê♥❝✐❛ ❡ ♦❜s❡r✈❛♥❞♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
8g−4 ✈❡♠♦s q✉❡ ♦s ❝✐❝❧♦s ❞❡

✈ért✐❝❡s sã♦ ❣❡♥❡r❛❧✐③❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ P❛r❛ 1 ≤ i ≤ c − 1 ❡ n = 12η − 8
t❡♠♦s✿
s❡ ✐ ❢♦r ✐♠♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vn−1−3i, Vn−3(i+1), Vn−2−3(i−1)}; ✭✹✳✶✹✮

s❡ ✐ ❢♦r ♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vn−1−3i, Vn−3(i−1), Vn−2−3(i−1)}; ✭✹✳✶✺✮

❡
CVc

= {Vc, Vc+1, Vn−1, Vn}. ✭✹✳✶✻✮

✭●❡♥❡r❛❧✐③❛çã♦ ❛♥á❧♦❣❛ ❛♦s ❞♦s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✱ ✈✐st♦ ♥♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s
Φ12η−8✱ Φ12µ−12 ❡ Φ12β−16✱ ♣♦✐s ♣♦ss✉❡♠ ✐❞❡♥t✐✜❝❛çõ❡s ❛♥á❧♦❣❛s ❞❡ ❛r❡st❛s✮✳ ❚❡✲
♠♦s ❝✐❝❧♦s ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛ ❡ ❝♦♠♦ ❝❛❞❛ â♥❣✉❧♦ ❡♠ ✉♠ ✈ért✐❝❡ é ✐❣✉❛❧ ❛ π/2
❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ❞♦s ✈ért✐❝❡s ❞❡ ❝❛❞❛ ❝✐❝❧♦ é ✐❣✉❛❧ ❛ 2π✳

❆❣♦r❛✱ ❝♦♠♦ ❡st❛♠♦s ✉s❛♥❞♦ ❛♣❡♥❛s ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s ❡ P8g−4 ♣♦ss✉✐
✜♥✐t❛s ❛r❡st❛s✱ t❡♠♦s q✉❡ ❛s ❝♦♥❞✐çõ❡s C

∗
1
❡ C2 ❞♦ ❚❡♦r❡♠❛ ✸✳✶✶ ✭❚❡♦r❡♠❛ ❞❡

P♦✐♥❝❛ré✮ sã♦ s❛t✐s❢❡✐t❛s✱ ♥♦s ❣❛r❛♥t✐♥❞♦ q✉❡ Φ2
8g−4 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦

Γ2
8g−4 ❡ P8g−4 é ✉♠ ❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ2

8g−4✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♥ã♦ ❡st❛♠♦s
✉t✐❧✐③❛♥❞♦ ✐s♦♠❡tr✐❛s ♣❛r❛❜ó❧✐❝❛s ❡ P8g−4 é ✉♠ ♣♦❧í❣♦♥♦ ❝♦♠ ár❡❛ ✜♥✐t❛ ✭❢❡❝❤❛❞♦

❡ ❝♦♥✈❡①♦✮ s❡♠ ✈ért✐❝❡s ✐❞❡❛✐s✱ ❡♥tã♦
H

2

Γ2
8g−4

é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧✳

❖ ❣ê♥❡r♦ é ♦❜t✐❞♦ ♣❡❧❛ ❡①♣r❡ssã♦ ✭✸✳✶✮ ✱ V −A+F = 2− 2g′ ❡ ❞❡st❛ ❡q✉❛çã♦
s❡❣✉❡ q✉❡✱

8g − 4

4
− 8g − 4

2
+ 1 = 2− 2g′.

▲♦❣♦✱ 2g − 1− 4g + 2 + 1 = 2− 2g′✱ ♦✉ s❡❥❛✱ −2g = −2g′ ❡ ♣♦rt❛♥t♦ ♦❜t❡♠♦s✱

g = g′.

❆ss✐♠✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
8g−4 ♥♦s ❞á ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧

H
2

Γ2
8g−4

❞❡ ❣ê♥❡r♦ g.

❱❡❥❛♠♦s três ❡①❡♠♣❧♦s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞♦ ♣♦❧í❣♦♥♦ P8g−4 ❛ss♦❝✐❛❞♦s ❛
t❡ss❡❧❛çã♦ {8g − 4, 4}✱ q✉❡ sã♦ ♦s ♣r✐♠❡✐r♦s ✈✐st♦s ♥♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞♦s ♣♦✲
❧í❣♦♥♦s P12η−8✱ P12µ−12 ❡ P12β−16, ❝♦♠ ❡ss❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❛ss♦❝✐❛❞♦s às t❡s✲
s❡❧❛çõ❡s {12η − 8, 4}✱ {12µ− 12, 4} ❡ {12β − 16, 4}✳

❊①❡♠♣❧♦ ✹✳✼✳ (g = 2). ❙❡❥❛ P12 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛r❡st❛s

τ1, ..., τ12 ❡ ✈ért✐❝❡s V1, ..., V12✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
12 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡

❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✷✳ ❉❡ ❢❛t♦✱ s❡ g = 2, t❡♠♦s n = 8 × 2 − 4 = 12
❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 12/4 = 3✳ ❆ss✐♠✱ ♣❡❧❛s ❡①♣r❡ssõ❡s ✹✳✶✶✱



✻✹ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

✹✳✶✷ ❡ ✹✳✶✸ ♥❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ R
2
{8g−4,4} ♦❜t❡♠♦s✱

γτ10(τ10) = τ12 ❡ γτ3(τ3) = τ11 ♣♦r (4.11),

γτ1(τ1) = τ7, γτ2(τ2) = τ4, ♣♦r (4.12),

γτ5(τ5) = τ8, γτ6(τ6) = τ9, ♣♦r (4.13).

❉❛í✱ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳

{τ1, τ7}, {τ2, τ4}, {τ3, τ11}, {τ5, τ8}, {τ6, τ9}, {τ10, τ12}(Figura 4.3).

❋✐❣✉r❛ ✹✳✸✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✶✷ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
12✳

▲♦❣♦✱ ♦❜t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ2
12 = {γτ1 , γτ2 , γτ3 , γτ5 , γτ6 , γτ10},

❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P12. ❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛✲
r❡❧❤❛♠❡♥t♦ ♥♦s ❞á sã♦✿

CV1 = {V1, V8, V6, V10}, CV2 = {V2, V7, V9, V5} e CV3 = {V3, V4, V10, V12}.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✻✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
12 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛

♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 2✳

❊①❡♠♣❧♦ ✹✳✽✳ (g = 3). ❙❡❥❛ P20 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛r❡st❛s

τ1, ..., τ20 ❡ ✈ért✐❝❡s V1, ..., V20✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
12 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡

❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✷✳ ❉❡ ❢❛t♦✱ s❡ g = 2, t❡♠♦s n = 8 × 2 − 4 = 12



✻✺ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 12/4 = 3✳ ❊♥tã♦ ♣❡❧❛s ❡①♣r❡ssõ❡s ✹✳✶✶✱
✹✳✶✷ ❡ ✹✳✶✸ ♥❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

2
{8g−4, 4} t❡♠♦s✱

γτ18(τ18) = τ20 ❡ γτ5(τ5) = τ19, ♣♦r (4.11)

γτ1(τ1) = τ15, γτ2(τ2) = τ12, γτ3(τ3) = τ9, γτ4(τ4) = τ6, γτ14(τ14) = τ17, ♣♦r 4.12.

γτ13(τ13) = τ16, γτ8(τ8) = τ11, γτ7(τ7) = τ10, ♣♦r (4.13).

❉❡st❡ ♠♦❞♦ ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s sã♦ ♦❜t✐❞❛s✿
{τ1, τ15}, {τ2, τ12}, {τ3, τ9}, {τ4, τ6}, {τ5, τ19}, {τ7, τ10}, {τ8, τ11}, {τ13, τ16}, {τ14, τ17},
{τ18, τ20} ✭❋✐❣✉r❛ ✹✳✹✮✳

❋✐❣✉r❛ ✹✳✹✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
20✳

❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ2
20 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ7 , γτ8 , γτ13 , γτ14 , γτ18}.

é ❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P20✱ ♦❜t✐❞❛s ♣❡❧❛ r❡❣r❛
R

2
{8g−4,4} ❡ ♥♦s ❢♦r♥❡❝❡ ♦s s❡❣✉✐♥t❡s ❝✐❝❧♦s✿

CV1 = {V1, V16, V14, V18}, CV2 = {V2, V13, V17, V15}, CV3 = {V3, V12, V18, V10},

CV4 = {V4, V9, V11, V7}, e CV5 = {V5, V6, V19, V20}.

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✻✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
20 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲



✻✻ ✹✳✶✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {12β − 16, 4}

♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 3.

❊①❡♠♣❧♦ ✹✳✾✳ (g = 4). ❙❡❥❛ P28 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ28 ❡ ✈ért✐❝❡s V1, ..., V28✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
28 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡

❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 4. ❉❡ ❢❛t♦✱ s❡ g = 4 ❡♥tã♦✱ n = 8×4−4 = 28
é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 28/4 = 7✳ ❆ss✐♠✱ ♣❡❧❛s
❡①♣r❡ssõ❡s ✹✳✶✶✱ ✹✳✶✷ ❡ ✹✳✶✸ ♥❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

2
{8g−4,4} ♦❜t❡♠♦s✱

γτ26(τ26) = τ28 ❡ γτ7(τ7) = τ27, ♣♦r (4.11)

γτ1(τ1) = τ23, γτ2(τ2) = τ20, γτ3(τ3) = τ17, γτ4(τ4) = τ14, γτ5(τ5) = τ11,

γτ6(τ6) = τ8, ♣♦r (4.12)

γτ22(τ22) = τ25, γτ21(τ21) = τ14, γτ16(τ16) = τ19, γτ15(τ15) = τ18, γτ10(τ10) = τ13,

γτ9(τ9) = τ12, ♣♦r (4.13).

❉♦♥❞❡✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳
{τ1, τ23}, {τ2, τ20}, {τ3, τ17}, {τ4, τ14}, {τ5, τ11}, {τ6, τ8}, {τ7, τ27}, {τ9, τ12}, {τ10, τ13},
{τ15, τ18}, {τ16, τ19}, {τ21, τ24}, {τ22, τ25}, {τ26, τ28} ✭❋✐❣✉r❛ ✹✳✺✮✳

❋✐❣✉r❛ ✹✳✺✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
28✳

▲♦❣♦✱ ♦❜t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ2
28 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ8 , γτ9 , γτ10 , γτ15 , γτ16 , γτ21 , γτ22}.

❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P28✱ ♦❜t✐❞❛s ♣❡❧❛ r❡❣r❛ R
2
{8g−4,4}



✻✼ ✹✳✷✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8α− 4, 4}

❡ ❝♦♠ ♦s s❡❣✉✐♥t❡s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✿

CV1 = {V1, V24, V22, V26}, CV2 = {V2, V23, V25, V21}, CV3 = {V3, V18, V16, V20},

CV4 = {V4, V17, V19, V15}, CV5 = {V5, V12, V10, V14}, CV6 = {V6, V11, V13, V9},
CV7 = {V7, V8, V27, V28}.

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✻ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ2
28 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛

♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 4.

❘❡s✉♠✐♠♦s ♦s r❡s✉❧t❛❞♦s ♥❛ t❛❜❡❧❛ ❛❜❛✐①♦✿

❆r❡st❛s ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●ê♥❡r♦
✶✷ Φ2

12 ✷
✷✵ Φ2

20 ✸
✷✽ Φ2

28 ✹

✹✳✷ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8α− 4, 4}

◆❡st❛ s❡çã♦✱ ❝♦♥str✉í♠♦s ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❛ss♦❝✐❛❞♦ à t❡ss❡❧❛çã♦ {8α −
4, 4}✱ q✉❡ sã♦ ❜❛s✐❝❛♠❡♥t❡ ❞❛ {8g−4, 4}✱ só q✉❡ ❛q✉✐✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s q✉❛♥❞♦
g = α ≥ 3 é í♠♣❛r✱ ♣♦✐s ❛ ❝♦♥str✉çã♦ ❞♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ é ❢❡✐t❛ ♣❛r❛ ✉♠ ♣♦❧í❣♦♥♦
❤✐♣❡r❜ó❧✐❝♦✱ ❝♦♠ 8α− 4 ❛r❡st❛s✳

❆ss✐♠✱ s❡❥❛ P8α−4 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r✱ ❝♦♠ 8α − 4 ❛r❡st❛s ❡
â♥❣✉❧♦s ✐♥t❡r♥♦s ♠❡❞✐♥❞♦ π/2✱ ❝♦♠ α ≥ 3 í♠♣❛r✳ ❊st❡ ♣♦❧í❣♦♥♦ é ♣♦ssí✈❡❧ ❞❡
s❡r ❝♦♥str✉í❞♦✱ ❛❧é♠ ❞✐ss♦✱ é ❝♦♥✈❡①♦✱ ♣♦✐s ❝♦♠♦ ❢♦✐ ❥✉st✐✜❝❛❞♦ ♥❛ ♦❜s❡r✈❛çã♦ ✹✳✺
P8g−4 ❡①✐st❡ ❡ é ❝♦♥✈❡①♦✱ ❥á q✉❡ ❡st❛♠♦s ✉s❛♥❞♦ ♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❡♠ q✉❡ g = α
í♠♣❛r✳ ❈♦♥str✉í♠♦s ✉♠❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♣❛r❛ ❛s ❛r❡st❛s ❞❡ P8α−4✱ q✉❡
❞❡♥♦t❛r❡♠♦s ♣♦r R3

{8α−4,4} ❡ ❛♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r✿

❙❡❥❛ n = 8α − 4, ❝♦♠ α ≥ 3, ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ c =
8α− 4

4
= 2α − 1

✭♥ú♠❡r♦s ❞❡ ❝✐❝❧♦s✱ ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛✱ ❛ s❡r ♦❜t✐❞♦✮✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ c− 1
❡ j = 1, 2 ❞❡✜♥✐♠♦s ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❝♦♠♦✿

γτn−2(τn−2) = τn ❡ γτc(τc) = τn−1 ✭✹✳✶✼✮

γτi(τi) = τ(n−2)−3i ✭✹✳✶✽✮

s❡ i = c− 4k, c− 4k + 1✱ ♣❛r❛ 1 ≤ k ≤ c−1
4
✱ ❡♥tã♦

γτ(c−2)+3i+j
(τ(c−2)+3i+j) = τ(c+4)+3i+j ✭✹✳✶✾✮



✻✽ ✹✳✷✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8α− 4, 4}

▲♦❣♦✱ ❛ r❡❣r❛ R
3
{8α−4,4} ♥♦s ❞á ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦

P8α−4✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Φ3
8α−4✳ ❆ss✐♠✱ ❡♥✉♥❝✐❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✶✵✳ ❙❡❥❛ P8α−4 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s
✐❣✉❛✐s ❛ π/2 ❡ Φ3

8α−4 ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P8α−4 ♦❜t✐❞♦ ♣❡❧❛

r❡❣r❛ R
3
{8α−4,4}✳ ❊♥tã♦✱ Φ3

8α−4 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ3
8α−4 t❛❧ q✉❡

H
2

Γ3
8α−4

é

✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = α✳

❉❡♠♦♥str❛çã♦✿ ❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
8α−4 ❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s

❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r P8α−4 ❞❛❞♦ ♣❡❧❛ r❡❣r❛ R
3
{8α−4,4} ♥♦s ❞á

c =
8α− 4

4
= 2α − 1 ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✳ ❊ss❡s sã♦ ❣❡♥❡r❛❧✐③❛❞♦s ❞❛ s❡❣✉✐♥t❡

♠❛♥❡✐r❛✳ P❛r❛ 1 ≤ i ≤ c− 1 ❡ 1 ≤ k ≤ c− 1

4
✱ t❡♠♦s✿

s❡ i = c− 4k, ❡♥tã♦ CVi
= {Vi, Vn−1−3i, Vn−3(2+i), Vn+1−3i)};

s❡ i = c− 4k + 1, ❡♥tã♦ CVi
= {Vi, Vn+1−3i, Vn−3(2+i), Vn−1−3i};

s❡ i = c− 4k + 2, ❡♥tã♦ CVi
= {Vi, Vn−1−3i, Vn−3(i−2), Vn+1−3i};

s❡ i = c− 4k + 3, ❡♥tã♦ CVi
= {Vi, Vn+1−3i, Vn−3(i−2), Vn+1−3i};

❡ CVc
= {Vc, Vc+1, Vn−1, Vn}.

◆♦t❡ q✉❡ t♦❞♦s ♦s ❝✐❝❧♦s sã♦ ❤♦♠♦❣ê♥❡♦s ❝♦♠ ✹ ✈ért✐❝❡s✳ ❈♦♠♦ ❝❛❞❛ ✈ért✐❝❡
♣♦ss✉✐ â♥❣✉❧♦s ✐♥t❡r♥♦s ✐❣✉❛✐s ❛ π/2✱ t❡♠♦s q✉❡ ❛ s♦♠❛ ❞❡ t♦❞♦s ♦s â♥❣✉❧♦s ❞❡
❝❛❞❛ ❝✐❝❧♦ s❡rá ✐❣✉❛❧ ❛ 2π✳

❆❣♦r❛✱ ❝♦♠♦ ❡st❛♠♦s ✉s❛♥❞♦ ❛♣❡♥❛s ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s ❡ P8α−4 ♣♦ss✉✐
✜♥✐t❛s ❛r❡st❛s✱ t❡♠♦s q✉❡ ❛s ❝♦♥❞✐çõ❡s C∗

1
❡ C2 ❞♦ ❚❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré sã♦ s❛✲

t✐s❢❡✐t❛s✱ ♥♦s ❣❛r❛♥t✐♥❞♦ q✉❡ Φ3
8α−4 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ3

8α−4 ❡ P8α−4 é ✉♠
❞♦♠í♥✐♦ ❢✉♥❞❛♠❡♥t❛❧ ❞❡ Γ3

8α−4✳ ❆❧é♠ ❞✐ss♦✱ ❝♦♠♦ ♥ã♦ ❡st❛♠♦s ✉s❛♥❞♦ ✐s♦♠❡tr✐❛s
♣❛r❛❜ó❧✐❝❛s ❡ P8α−4 é ✉♠ ♣♦❧í❣♦♥♦ ❝♦♠ ár❡❛ ✜♥✐t❛ ✭❢❡❝❤❛❞♦ ❡ ❝♦♥✈❡①♦✮ s❡♠ ✈ért✐✲

❝❡s ✐❞❡❛✐s✱ ❡♥tã♦
H

2

Γ3
8α−4

é ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧✳ ❖❜t❡♠♦s ♦ ❣ê♥❡r♦

♣❡❧❛ ❡①♣r❡ssã♦ ✭✸✳✶✮✳ ❉❛ì✱

8α− 4

4
− 8α− 4

2
+ 1 = 2− 2g.

▲♦❣♦✱ 2α− 1− 4α− 2 + 1 = 2− 2g✱ ♦✉ s❡❥❛✱ −2α = −2g ❡ ♣♦rt❛♥t♦✱

g = α.

❆ss✐♠✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
8α−4 ♥♦s ❞á ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧

H
2

Γ3
8α−4

❞❡ ❣ê♥❡r♦ g = α✳

❆❣♦r❛✱ ♠♦str❛r❡♠♦s ✸ ❡①❡♠♣❧♦s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦ P8α−4,
❝♦♠ α = 3, 5, 7.



✻✾ ✹✳✷✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8α− 4, 4}

❊①❡♠♣❧♦ ✹✳✶✶✳ (α = 3)✳ ❙❡❥❛ P20 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ20 ❡ ✈ért✐❝❡s V1, ..., V20✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
20 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡

❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✸✳ ❉❡ ❢❛t♦✱ s❡ α = 3 t❡♠♦s n = 8 × 3− 4 = 20
❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 20/4 = 5✳ P❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✶✼✮✱✭✹✳✶✽✮ ❡
✭✹✳✶✾✮ ❞❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

3
{8g−4, 4} t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s

❞❡ ❛r❡st❛s✳ P❛r❛ 1 ≤ i ≤ 4 ❡ j = 1, 2 ❡ ♣❛r❛ 1 ≤ k ≤ 5−1
4
✱ ♦✉ s❡❥❛✱ k = 1 t❡♠♦s✿

γτ18(τ18) = τ20 ❡ γτ5(τ5) = τ19, ♣♦r (4.17);

γτ1(τ1) = τ15, γτ2(τ2) = τ12, γτ3(τ3) = τ9, γτ4(τ4) = τ6, ♣♦r (4.18);

s❡ i = c− 4k, c− 4k + 1✱ ❝♦♠ k = 1✱ t❡♠♦s i = 1, 2✱ ❡♥tã♦

γτ7(τ7) = τ13, γτ8(τ8) = τ14, γτ10(τ10) = τ16, γτ11(τ11) = τ17, ♣♦r (4.19).

❊♠ r❡s✉♠♦✱ t❡♠♦s ♦s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✿
{τ1, τ15}, {τ2, τ12}, {τ3, τ9}, {τ4, τ6}, {τ5, τ19}, {τ7, τ13}, {τ8, τ14}, {τ10, τ16}, {τ11, τ17},
{τ18, τ20}, (Figura 4.6).

❋✐❣✉r❛ ✹✳✻✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
20✳

❆ss✐♠✱ ♦❜t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ3
20 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ7 , γτ8 , γτ10 , γτ11 , γτ18}.

❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P20✱ ❣❡r❛❞♦ ♣❡❧❛ r❡❣r❛ R
3
{8α−4, 4}✳



✼✵ ✹✳✷✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8α− 4, 4}

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V16, V11, V18}, CV2 = {V2, V15, V8, V13}, CV3 = {V3, V10, V17, V12},

CV4 = {V4, V9, V14, V7} e CV5 = {V5, V6, V19, V20}.

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✵✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
20 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲

♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 3.

❊①❡♠♣❧♦ ✹✳✶✷✳ (α = 5)✳ ❙❡❥❛ P36 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ36 ❡ ✈ért✐❝❡s V1, ..., V36✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
36 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡

❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✺✳ ❉❡ ❢❛t♦✱ s❡ α = 5 t❡♠♦s n = 8 × 5 − 4 =
36 ❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 36/4 = 9✳ ❆ss✐♠✱ ♣❡❧❛s ❡①♣r❡ssõ❡s
✭✹✳✶✼✮✱✭✹✳✶✽✮ ❡ ✭✹✳✶✾✮ ❞❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

3
{8α−4,4} t❡♠♦s ❛s s❡❣✉✐♥t❡s

✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✳ P❛r❛ 1 ≤ i ≤ 8 ❡ j = 1, 2 ❡ ♣❛r❛ 1 ≤ k ≤ 9−1
4
✱ ♦✉ s❡❥❛✱

k = 1, 2 t❡♠♦s✿

γτ34(τ34) = τ36 ❡ γτ9(τ9) = τ35, ♣♦r (4.17);

γτ1(τ1) = τ31, γτ2(τ2) = τ28, γτ3(τ3) = τ25, γτ4(τ4) = τ22, γτ5(τ5) = τ19,

γτ6(τ6) = τ16, γτ7(τ7) = τ13, γτ8(τ8) = τ10, ♣♦r (4.18);

s❡ k = 1 ❡ i = c− 4k, c− 4k + 1, t❡♠♦s i = 5, 6, ❡♥tã♦

γτ23(τ23) = τ29, γτ24(τ24) = τ30, γτ26(τ26) = τ32, γτ27(τ27) = τ33,

s❡ k = 2 ❡ i = c− 4k, c− 4k + 1, t❡♠♦s i = 1, 2, ❡♥tã♦

γτ11(τ11) = τ17, γτ12(τ12) = τ18, γτ14(τ14) = τ20, γτ15(τ15) = τ21, ♣♦r (4.19).

▲♦❣♦✱ ♦❜t❡♠♦s ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳

{τ1, τ31}, {τ2, τ28}, {τ3, τ25}, {τ4, τ22}, {τ5, τ19}, {τ6, τ16}, {τ7, τ13}, {τ8, τ10}, {τ9, τ35},

{τ11, τ17}, {τ12, τ18}, {τ14, τ20}, {τ15, τ21}, {τ23, τ29}, {τ24, τ30}, {τ26, τ32}, {τ27, τ33},
{τ34, τ36}.

❱❡❥❛ ❛ ❋✐❣✉r❛ ✹✳✼ ✳

❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ3
36 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ8 , γτ9 , γτ11 , γτ12 , γτ14 , γτ15 , γτ23 , γτ24 , γτ26 , γτ27 , γτ34}.

❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P36✱ ❢♦✐ ♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛
R

3
{8α−4, 4}✳ ❖s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V32, V27, V34}, CV2 = {V2, V31, V24, V29}, CV3 = {V3, V26, V33, V28},

CV4 = {V4, V25, V30, V23}, CV5 = {V5, V20, V15, V22}, CV6 = {V6, V19, V12, V17},
CV7 = {V7, V14, V21, V16}, CV8 = {V8, V13, V18, V11}, CV9 = {V9, V10, V35, V36}.



✼✶ ✹✳✷✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8α− 4, 4}

❋✐❣✉r❛ ✹✳✼✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
36✳

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✵✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
36 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲

♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 5.

❊①❡♠♣❧♦ ✹✳✶✸✳ (α = 7). ❙❡❥❛ P52 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ52 ❡ ✈ért✐❝❡s V1, ..., V52✳ ❊♥tã♦✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ52 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡
❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✼✳ ❉❡ ❢❛t♦✱ s❡ α = 7 t❡♠♦s✱ n = 8 × 7 − 4 = 52
❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 52/4 = 13✳ ❆ss✐♠✱ ✉s❛♥❞♦ ❛s ❡①♣r❡ssõ❡s
✭✹✳✶✼✮✱✭✹✳✶✽✮ ❡ ✭✹✳✶✾✮ ❞❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R3

{8α−4, 4} t❡♠♦s ❛s s❡❣✉✐♥t❡s
✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✳ P❛r❛ 1 ≤ i ≤ 12 ❡ j = 1, 2 ❡ ♣❛r❛ 1 ≤ k ≤ 13−1

4
✱ ♦✉

s❡❥❛✱ k = 1, 2, 3 t❡♠♦s✿

γτ50(τ50) = τ52 ❡ γτ13(τ13) = τ51, ♣♦r (4.17);

γτ1(τ1) = τ47, γτ2(τ2) = τ44, γτ3(τ3) = τ41, γτ4(τ4) = τ38, γτ5(τ5) = τ35,

γτ6(τ6) = τ32, γτ7(τ7) = τ29 γτ8(τ8) = τ26, γτ9(τ9) = τ23, γτ10(τ10) = τ20,

γτ11(τ11) = τ17, γτ12(τ12) = τ14, ♣♦r (4.18);

s❡ k = 1 ❡ i = c− 4k, c− 4k + 1, t❡♠♦s i = 9, 10, ❡♥tã♦

γτ39(τ39) = τ45, γτ40(τ20) = τ46, γτ42(τ42) = τ48, γτ43(τ43) = τ49,

s❡ k = 2 ❡ i = c− 4k, c− 4k + 1, t❡♠♦s i = 5, 6, ❡♥tã♦

γτ27(τ27) = τ33, γτ28(τ28) = τ34, γτ30(τ30) = τ36, γτ31(τ31) = τ37.



✼✷ ✹✳✷✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8α− 4, 4}

s❡ k = 3 ❡ i = c− 4k, c− 4k + 1, t❡♠♦s i = 1, 2, ❡♥tã♦

γτ15(τ15) = τ21, γτ16(τ16) = τ22, γτ18(τ18) = τ24, γτ19(τ19) = τ25 ♣♦r (4.19).

▲♦❣♦✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✿

{τ1, τ47}, {τ2, τ44}, {τ3, τ41}, {τ4, τ38}, {τ5, τ35}, {τ6, τ32}, {τ7, τ29}, {τ8, τ26}, {τ9, τ23},

{τ10, τ20}, {τ11, τ17}, {τ12, τ14}, {τ13, τ51}, {τ15, τ21}, {τ16, τ22}, {τ18, τ24}, {τ19, τ25},
{τ27, τ33}, {τ28, τ34}, {τ30, τ36}, {τ31, τ37}, {τ39, τ45}, {τ40, τ46}, {τ42, τ48}, {τ43, τ49},

{τ50, τ52}.
❱❡❥❛ ❛ ❋✐❣✉r❛ ✹✳✽ ✳

❋✐❣✉r❛ ✹✳✽✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✺✷ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
52✳

❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦
Φ3

52 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ8 , γτ9 , γτ10 , γτ11 , γτ12 , γτ13 , γτ15 , γτ16 , γτ18 , γτ19 , γτ27 , γτ28 , γτ30 ,
γτ31 , γτ39 , γτ40 , γτ42 , γτ43 , γτ50}., ❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦
P52✱ ❢♦✐ ♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛ R

3
{8α−4, 4}✳ ❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱

sã♦✿

CV1 = {V1, V48, V43, V50}, CV2 = {V2, V47, V40, V45}, CV3 = {V3, V42, V49, V44},

CV4 = {V4, V41, V46, V39}, CV5 = {V5, V35, V28, V33}, CV6 = {V6, V36, V31, V38},
CV7 = {V7, V30, V37, V32}, CV8 = {V8, V31, V36, V29}, CV9 = {V9, V24, V19, V26},



✼✸ ✹✳✸✳ ◆♦✈♦ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8g − 4, 4}

CV10 = {V10, V23, V16, V21}, CV11 = {V11, V18, V25, V20}, CV12 = {V12, V17, V22, V15}.
e CV13 = {V13, V14, V51, V52}.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✵✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ3
52 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲

♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 7.

❘❡s✉♠✐♠♦s ♦s r❡s✉❧t❛❞♦s ♥❛ t❛❜❡❧❛ ❛❜❛✐①♦✿

❆r❡st❛s ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●ê♥❡r♦
✷✵ Φ3

20 ✸
✸✻ Φ336 ✺
✺✷ Φ3

52 ✼

✹✳✸ ◆♦✈♦ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8g−4, 4}

◆❡ss❛ s❡çã♦✱ ❝♦♥str✉í♠♦s ✉♠❛ ♥♦✈❛ r❡❣r❛ q✉❡ ❡♠♣❛r❡❧❤❛ ❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦
❤✐♣❡r❜ó❧✐❝♦ P8g−4. ❆ ❡①✐stê♥❝✐❛ ❡ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ss❡ ♣♦❧í❣♦♥♦ é ♠♦str❛❞♦ ♥❛ ♦❜s❡r✲
✈❛çã♦ ✹✳✺✳ ❖❜s❡r✈❛♥❞♦ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❢❡✐t♦s ♣❛r❛ ♦s ♣♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s
P8α−4 ❡ P8g−4 ❛ss♦❝✐❛❞♦s às t❡ss❡❧❛çõ❡s ❤✐♣❡r❜ó❧✐❝❛s {8α − 4, 4} ❡ {8g − 4, 4},
❝♦♥str✉í❞♦s ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s ❞❡ss❡ ❝❛♣ít✉❧♦✱ ❛tr❛✈és ❞❡ ❛❧❣✉♥s ❛❥✉st❡s ♥❛s
✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s✱ ❝♦♥s❡❣✉✐♠♦s ✉♠ ♥♦✈♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ♣❛r❛
♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8g−4 ❛ss♦❝✐❛❞♦ à t❡ss❡❧❛çã♦ {8g − 4, 4} q✉❡ ✈❡r❡♠♦s ❛
s❡❣✉✐r✿

❙❡❥❛ n = 8g − 4, ❝♦♠ g ≥ 2 ♥❛t✉r❛❧✱ ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❞❡ P8g−4 ❡ c =
(8g−4)/4 = 2g−1 ✭♥ú♠❡r♦s ❞❡ ❝✐❝❧♦s✱ ❝♦♠ ✹ ✈ért✐❝❡s✱ ❛ s❡r ♦❜t✐❞♦✮✳ ❊♥tã♦✱ ♣❛r❛
1 ≤ i ≤ c− 1 ❡ j = 1, 2 ❞❡✜♥✐♠♦s ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❝♦♠♦✿

γτn−2(τn−2) = τn ❡ γτc(τc) = τn−1; ✭✹✳✷✵✮

γτi(τi) = τ(n−2)−3i; ✭✹✳✷✶✮

s❡ 1 ≤ i ≤ c− 1

2
, ❡♥tã♦

γτ(c−2)+3i+j
(τ(c−2)+3i+j) = τ(n+1)−3i− 2

j
. ✭✹✳✷✷✮

❉❡♥♦t❛r❡♠♦s ❡ss❛ r❡❣r❛ ♣♦r R4
{8g−4,4}✳

▲♦❣♦ ❛ r❡❣r❛ R
4
{8g−4, 4} ♥♦s ❞á ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦

P8g−4✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r Φ4
8g−4✳ ❆ss✐♠✱ ❡♥✉♥❝✐❛♠♦s ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳

❚❡♦r❡♠❛ ✹✳✶✹✳ ❙❡❥❛ P8g−4 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ r❡❣✉❧❛r ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s
✐❣✉❛✐s ❛ π/2 ❡ Φ4

8g−4 ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P8g−4 ♦❜t✐❞♦ ♣❡❧❛



✼✹ ✹✳✸✳ ◆♦✈♦ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8g − 4, 4}

r❡❣r❛ R
4
{8g−4, 4}✳ ❊♥tã♦✱ Φ4

8g−4 ❣❡r❛ ✉♠ ❣r✉♣♦ ❋✉❝❤s✐❛♥♦ Γ4
8g−4 t❛❧ q✉❡

H
2

Γ4
8g−4

é

✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g✳

❉❡♠♦♥str❛çã♦✿ ❆ ❞❡♠♦♥str❛çã♦ é ❛♥á❧♦❣❛ ❛ ❞♦ ❚❡♦r❡♠❛ ✹✳✻✱ ♣♦✐s s❡ tr❛t❛ ❞♦
♠❡s♠♦ ♣♦❧í❣♦♥♦✳

❆♦ ♦❜s❡r✈❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
8g−4 ✈❡♠♦s q✉❡ ♦s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s sã♦

❣❡♥❡r❛❧✐③❛❞♦s ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✳ P❛r❛ 1 ≤ i ≤ C − 1✱ t❡♠♦s✿

s❡ i ❢♦r í♠♣❛r✱ ❡♥tã♦ CVi
= {Vi, Vn−1−3i, VC+3i), Vn+1−3i},

s❡ i ❢♦r ♣❛r✱ ❡♥tã♦ CVi
= {Vi, Vn+1−3i, VC+3i, Vn−1−3i)},

❡ CVc
= {Vc, Vc+1, Vn−1, Vn}.

❚♦❞♦s ♦s ❝✐❝❧♦s sã♦ ❤♦♠♦❣ê♥❡♦s ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛✳ ❊ ❝♦♠♦ ❝❛❞❛ ✈ért✐❝❡ ♣♦ss✉✐
â♥❣✉❧♦s ✐♥t❡r♥♦s ✐❣✉❛✐s π/2, ❛ s♦♠❛ ❞♦s â♥❣✉❧♦s ✐♥t❡r♥♦s ❞❡ ❝❛❞❛ ✈ért✐❝❡ ❡♠
❝❛❞❛ ❝✐❝❧♦ é ✐❣✉❛❧ ❛ 2π✳ ❆ss✐♠✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4

8g−4 ♥♦s ❞á ✉♠❛ s✉♣❡r❢í❝✐❡

❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧
H

2

Γ4
8g−4

❞❡ ❣ê♥❡r♦ g✳

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦✳ P❛r❛ g = 3, 4, 5.

❊①❡♠♣❧♦ ✹✳✶✺✳ (g = 3). ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P20 ❡♠ D
2 ❝♦♠ ❛s

❛r❡st❛s τ1, ..., τ20 ❡ ✈ért✐❝❡s V1, ..., V20✳ ❊♥tã♦ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
20 ❣❡r❛ ✉♠❛

s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✸✳ ❉❡ ❢❛t♦✱ s❡ g = 3 t❡♠♦s n = 20
❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 5✳ ❯s❛♥❞♦ ❛s ❡①♣r❡ssõ❡s ✭✹✳✷✵✮✱ ✭✹✳✷✶✮ ❡
✭✹✳✷✷✮ ❞❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

4
{8g−4, 4} t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s

❞❡ ❛r❡st❛s✳ P❛r❛ 1 ≤ i ≤ 4 ❡ j = 1, 2 t❡♠♦s✿

γτ18(τ18) = τ20 ❡ γτ5(τ5) = τ19, ♣♦r (4.20);

γτ1(τ1) = τ15✱ γτ2(τ2) = τ12✱ γτ3(τ3) = τ9✱ γτ4(τ4) = τ6✱ ♣♦r (4.21);

s❡ 1 ≤ i ≤ 5−1
2
✱ t❡♠♦s i = 1, 2, ❡♥tã♦

γτ7(τ7) = τ16, γτ8(τ8) = τ17, γτ10(τ10) = τ13, γτ11(τ11) = τ14, por (4.22).

▲♦❣♦✱ ♦❜t❡♠♦s ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✱
{τ1, τ15}, {τ2, τ12}, {τ3, τ9}, {τ4, τ6}, {τ5, τ19}, {τ7, τ16}, {τ8, τ17}, {τ10, τ13}, {τ11, τ14},
{τ18, τ20}, ✭❋✐❣✉r❛ ✹✳✾✮✳

❆ss✐♠✱ ❢♦r♠❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ4
20 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ7 , γτ8 , γτ10 , γτ11 , γτ18}.



✼✺ ✹✳✸✳ ◆♦✈♦ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8g − 4, 4}
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❋✐❣✉r❛ ✹✳✾✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
20✳

♦❜t✐❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P20✱ ♣❡❧❛ r❡❣r❛ R
4
{8g−4,4}✳

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V16, V8, V18}, CV2 = {V2, V15, V11, V13}, CV3 = {V3, V10, V14, V12},

CV4 = {V4, V9, V17, V7} e CV5 = {V5, V6, V19, V20}.

P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✹✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
20 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲

♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 3.

❊①❡♠♣❧♦ ✹✳✶✻✳ (g = 4). ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P28 ❡♠ D
2 ❝♦♠ ❛s

❛r❡st❛s τ1, ..., τ28 ❡ ✈ért✐❝❡s V1, ..., V28✳ ❊♥tã♦✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
28 q✉❡ ❡♠♣❛r❡✲

❧❤❛ ❛s ❛r❡st❛s ❞❡ P28, ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✹✳ ❉❡
❢❛t♦✱ ❝♦♠♦ g = 4 t❡♠♦s n = 28 ❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 7✳ P❡❧❛s
❡①♣r❡ssõ❡s ✭✹✳✷✵✮✱ ✭✹✳✷✶✮ ❡ ✭✹✳✷✷✮ ❞❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

4
{8g−4, 4} t❡♠♦s

❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✳ P❛r❛ 1 ≤ i ≤ 6 ❡ j = 1, 2 t❡♠♦s✿

γτ26(τ26) = τ28 ❡ γτ7(τ7) = τ27 ♣♦r ✭✹✳✷✵✮❀

γτ1(τ1) = τ23✱ γτ2(τ2) = τ20✱ γτ3(τ3) = τ17✱ γτ4(τ4) = τ14✱ γτ5(τ5) = τ11✱
γτ6(τ6) = τ8 ♣♦r ✭✹✳✷✶✮❀

s❡ 1 ≤ i ≤ 7−1
2
✱ t❡♠♦s i = 1, 2, 3✱ ❡♥tã♦

γτ9(τ9) = τ24✱ γτ10(τ10) = τ25✱ γτ12(τ12) = τ21✱ γτ13(τ13) = τ22✱ γτ15(τ15) = τ18✱
γτ16(τ16) = τ19. ♣♦r ✭✹✳✷✷✮✳



✼✻ ✹✳✸✳ ◆♦✈♦ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8g − 4, 4}

❖✉ s❡❥❛✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳
{τ1, τ23}, {τ2, τ20}, {τ3, τ17}, {τ4, τ14}, {τ5, τ11}, {τ6, τ8}, {τ7, τ27}, {τ9, τ24}, {τ10, τ25},
{τ12, τ20}, {τ13, τ21}, {τ15, τ18}, {τ16, τ19}, {τ26, τ28}. ✭❋✐❣✉r❛ ✹✳✶✵✮✳

❋✐❣✉r❛ ✹✳✶✵✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
28✳

❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ4
28 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ9 , γτ10 , γτ12 , γτ13 , γτ15 , γτ16 , γτ26}.

❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P28✱ ♦❜t✐❞❛s ♣❡❧❛ r❡❣r❛ R
4
{8g−4,4},

♥♦s ❞á ♦s s❡❣✉✐♥t❡s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✿

CV1 = {V1, V24, V10, V26}, CV2 = {V2, V23, V13, V21}, CV3 = {V3, V18, V16, V20},

CV4 = {V4, V17, V19, V15}, CV5 = {V5, V12, V22, V14}, CV5 = {V6, V11, V25, V19}
e CV7 = {V7, V8, V27, V28}.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✹✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ̃28 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲
♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 4.

❊①❡♠♣❧♦ ✹✳✶✼✳ (g = 5). ❙❡❥❛ P36 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ36 ❡ ✈ért✐❝❡s V1, ..., V36✳ ❊♥tã♦✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
36 q✉❡ ❡♠♣❛r❡❧❤❛ ❛s

❛r❡st❛s ❞❡ P36, ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ ✺✳ ❉❡ ❢❛t♦✱
❝♦♠♦ g = 5 t❡♠♦s✱ n = 36 ❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 9✳ ❯s❛♥❞♦ ❛s
❡①♣r❡ssõ❡s ✭✹✳✷✵✮✱ ✭✹✳✷✶✮ ❡ ✭✹✳✷✷✮ ❞❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

4
{8g−4,4} t❡♠♦s

❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✳ P❛r❛ 1 ≤ i ≤ 8 ❡ j = 1, 2 t❡♠♦s✿

γτ34(τ34) = τ36 ❡ γτ9(τ9) = τ35, ♣♦r ✹✳✷✵❀



✼✼ ✹✳✸✳ ◆♦✈♦ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8g − 4, 4}

γτ1(τ1) = τ31✱ γτ2(τ2) = τ28✱ γτ3(τ3) = τ25✱ γτ4(τ4) = τ22✱ γτ5(τ5) = τ19✱
γτ6(τ6) = τ16✱ γτ7(τ7) = τ13✱ γτ8(τ8) = τ10 ♣♦r ✭✹✳✷✶✮❀

s❡ 1 ≤ i ≤ 7−1
2

✱ t❡♠♦s i = 1, 2, 3, 4✱ ❡♥tã♦

γτ11(τ11) = τ32✱ γτ12(τ12) = τ33✱ γτ14(τ14) = τ29✱ γτ15(τ15) = τ30✱ γτ17(τ17) = τ26✱
γτ18(τ18) = τ27✱ γτ20(τ20) = τ23✱ γτ21(τ21) = τ24 ♣♦r ✭✹✳✷✷✮✳

▲♦❣♦✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳

{τ1, τ31}, {τ2, τ28}, {τ3, τ25}, {τ4, τ22}, {τ5, τ19}, {τ6, τ16}, {τ7, τ13}, {τ8, τ10}, {τ9, τ35},

{τ11, τ32}, {τ12, τ33}, {τ14, τ29}, {τ15, τ30}, {τ17, τ26}, {τ18, τ27}, {τ20, τ23}, {τ21, τ24},
{τ34, τ36} (Figura 4.11 ).

❋✐❣✉r❛ ✹✳✶✶✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
36✳

❖ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ4
36 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ8 , γτ9 , γτ11 , γτ12 , γτ14 , γτ15 , γτ17 , γτ18 , γτ20 , γτ21 , γτ34}.

❢♦r♠❛❞♦ ♣❡❧❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P36✱ ♦❜t✐❞❛s ♣❡❧❛ r❡❣r❛ R
4
{8g−4, 4}✱

♥♦s ❞á ♦s s❡❣✉✐♥t❡s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✿

CV1 = {V1, V32, V12, V34}, CV2 = {V2, V31, V15, V29}, CV3 = {V3, V26, V18, V28},



✼✽ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

CV4 = {V4, V25, V21, V23}, CV5 = {V5, V20, V24, V22}, CV6 = {V6, V19, V27, V17},
CV7 = {V7, V14, V30, V16}, CV8 = {V8, V13, V33, V11} e CV9 = {V9, V10, V35, V36}.

❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✹✱ ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ4
36 ❣❡r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠✲

♣❛❝t❛ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g = 5.

❘❡s✉♠✐♠♦s ♦s r❡s✉❧t❛❞♦s ♥❛ t❛❜❡❧❛ ❛❜❛✐①♦✿

❆r❡st❛s ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●ê♥❡r♦
✷✵ Φ4

20 ✸
✷✽ Φ4

36 ✹
✸✻ Φ4

52 ✺

✹✳✹ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐✲

③❛❞♦s {8g − 4, 4}

◆❡st❛ s❡çã♦ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s✱ q✉❡ ❝♦♥str✉✐r❡♠♦s✱ ❡stã♦ ❛ss♦❝✐✲
❛❞♦s às t❡ss❡❧❛çõ❡s {8α − 4, 4}, ❝♦♠ α ≥ 3 í♠♣❛r✱ {8λ − 4, 4}, ❝♦♠ λ ≥ 4 ♣❛r ❡
{8g − 4, 4}, ❝♦♠ g ≥ 2 ♥❛t✉r❛❧✱ t♦❞♦s ❢❡✐t♦s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8g−4,
♣♦✐s α, β sã♦ ❝❛s♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ g. ●❡♥❡r❛❧✐③❛♠♦s ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s
❡ ♦s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s ❣❡r❛❞♦s ♣❡❧♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s✳ ❆♣r❡s❡♥t❛r❡♠♦s ❡①❡♠♣❧♦s
❞❡ss❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s✳

❖❜s❡r✈❛çã♦ ✹✳✶✽✳ ❖s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❝♦♥str✉í❞♦s ♥❡ss❛ s❡çã♦✱ t❛♠❜é♠ s❛✲
t✐s❢❛③❡♠ ❛s ❝♦♥❞✐çõ❡s ❞♦ t❡♦r❡♠❛ ❞❡ P♦✐♥❝❛ré✱ ❣❡r❛♥❞♦ ❣r✉♣♦s ❋✉❝❤s✐❛♥♦s Γ ❡
s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ♦r✐❡♥tá✈❡✐s✱ ❝♦♠♦ ❢♦✐ ✈✐st♦ ♥❛s s❡çõ❡s ❛♥t❡r✐♦r❡s✱ ♠❛s ♦
♥♦ss♦ ✐♥t❡r❡ss❡ ♥❡ss❛ s❡çã♦ é ❛♣❡♥❛s ❛♣r❡s❡♥t❛r ❡st❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s q✉❡ ❝♦♥s✲
tr✉í♠♦s✳

✹✳✹✳✶ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8α− 4, 4}

❆♣r❡s❡♥t❛r❡♠♦s ❞♦✐s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❝♦♥str✉í❞♦s ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦
{8α − 4, 4} ❡ ♦s ❞❡♥♦t❛r❡♠♦s ♣♦r Φ5

8α−4 ❡ Φ6
8α−4. ●❡♥❡r❛❧✐③❛♠♦s ❛s ✐❞❡♥t✐✜❝❛✲

çõ❡s ❞❛s ❛r❡st❛s ❡ ❞♦s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s ❡♠ ❝❛❞❛ ❡♠♣❛r❡❧❤❛♠❡♥t♦✳ ❈♦♠❡ç❛♠♦s
♣♦r✿

❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ Φ5
8α−4

❙❡❥❛ P8α−4, ❝♦♠ α ≥ 3 í♠♣❛r✱ ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s t♦❞♦s ♠❡❞✐♥❞♦ π/2. ◆❛
❙❡çã♦ ✹✳✷✱ ❥✉st✐✜❝❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ss❡ ♣♦❧í❣♦♥♦✳ ❖❜s❡r✈❛♥❞♦



✼✾ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❢❡✐t♦ ♥❛ ❙❡çã♦ ✸✳✺✱ ❞♦ ❝❛♣ít✉❧♦ ❛♥t❡r✐♦r✱ ❝♦♥str✉í♠♦s ✉♠ ❡♠✲
♣❛r❡❧❤❛♠❡♥t♦ ♣❛r❛ ❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8α−4✱ q✉❡ ❢♦✐ ❣❡r❛❞♦ ♣❡❧❛
s❡❣✉✐♥t❡ r❡❣r❛✱ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r R5

{8α−4, 4}✳

❙❡❥❛ n = 8α − 4, ❝♦♠ α ≥ 3 í♠♣❛r✱ ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ (c = 8α− 4)/4 =
2α − 1 ♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛ ❛ s❡r❡♠ ♦❜t✐❞♦s✳ ❊♥tã♦✱ ♣❛r❛
1 ≤ i ≤ n, ❞❡✜♥✐♠♦s ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❝♦♠♦✿

P❛r❛ 1 ≤ i < 2c í♠♣❛r✱ t❡♠♦s

γτi(τi) = τn−i; ✭✹✳✷✸✮

P❛r❛ 1 ≤ i < c, s❡ i = 2(c − 2k − 1)✱ 2(c − 2k − 2), ♦♥❞❡ 1 ≤ k <
c− 1

2
í♠♣❛r

t❡♠♦s
γτi(τi) = τi+4 e γτ2c+i(τ2c+i)=τ2c+i+4

; ✭✹✳✷✹✮

❡
γτ2c(τ2c) = τn. ✭✹✳✷✺✮

❆ r❡❣r❛ R
5
{8α−4,4} ♥♦s ❢♦r♥❡❝❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦

P8α−4, ❞❡♥♦t❛❞❛ ♣♦r Φ5
8α−4.

❱❡❥❛♠♦s ❞♦✐s ❡①❡♠♣❧♦s ♣❛r❛ α = 3 ❡ α = 5.

❊①❡♠♣❧♦ ✹✳✶✾✳ (α = 3). ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P20 ❡♠ D
2 ❝♦♠ ❛s

❛r❡st❛s τ1, ..., τ20 ❡ ✈ért✐❝❡s V1, ..., V20✳ ❙❡♥❞♦ α = 3, t❡♠♦s n = 20 ❛r❡st❛s ❡ ❛
q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 5✳ ❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

5
{8α−4,4}, t❡✲

♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✷✸✮✱ ✭✹✳✷✹✮
❡ ✭✹✳✷✺✮✳

P❛r❛ 1 ≤ i < 10 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9,

γτ1(τ1) = τ19✱ γτ3(τ3) = τ17✱ γτ5(τ5) = τ15✱ γτ7(τ7) = τ13✱ γτ9(τ9) = τ11 ♣♦r ✭✹✳✷✸✮❀

P❛r❛ 1 ≤ i < 5 ❡ 1 ≤ k < 2 í♠♣❛r✱ ♦✉ s❡❥❛✱ k = 1✱ t❡♠♦s i = 2, 4✱ ❞❛í

γτ2(τ2) = τ6✱ γτ4(τ4) = τ8✱ γτ12(τ12) = τ16✱ γτ14(τ14) = τ18 ♣♦r ✭✹✳✷✹✮❀

❡ γτ10(τ10) = τ20 ♣♦r ✭✹✳✷✺✮✳

▲♦❣♦✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✿
{τ1, τ19}, {τ2, τ6}, {τ3, τ17}, {τ4, τ8}, {τ5, τ15}, {τ7, τ13}, {τ9, τ11}, {τ10, τ20}, {τ12, τ16},
{τ14, τ18}, ✭❋✐❣✉r❛ ✹✳✶✷✮✳
❆ss✐♠✱ ❢♦r♠❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ5
20 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ7 , γτ9 , γτ10 , γτ12 , γτ14}.



✽✵ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❋✐❣✉r❛ ✹✳✶✷✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ5
20✳

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V10, V11, V20}, CV2 = {V2, V7, V14, V19}, CV3 = {V3, V6, V15, V18},

CV4 = {V4, V9, V12, V17} e CV5 = {V5, V8, V13, V16}.

❊①❡♠♣❧♦ ✹✳✷✵✳ (α = 5). ❙❡❥❛ P36 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ36 ❡ ✈ért✐❝❡s V1, ..., V36✳ ❙❡♥❞♦ α = 5 ❡♥tã♦ n = 36 ❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡
❞❡ ❝✐❝❧♦s é c = 9✳ ❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

5
{8α−4,4}, t❡♠♦s ❛s s❡✲

❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✷✸✮✱ ✭✹✳✷✹✮ ❡ ✭✹✳✷✺✮✳
P❛r❛ 1 ≤ i < 18 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9, 11, 13, 15, 17, t❡♠♦s

γτ1(τ1) = τ35✱ γτ3(τ3) = τ33✱ γτ5(τ5) = τ31✱ γτ7(τ7) = τ29✱ γτ9(τ9) = τ27,
γτ11(τ11) = τ25✱ γτ13(τ13) = τ23✱ γτ15(τ15) = τ21✱ γτ17(τ17) = τ19 ♣♦r ✭✹✳✷✸✮❀

P❛r❛ 1 ≤ i < 9 ❡ 1 ≤ k < 4 í♠♣❛r✱ ♦✉ s❡❥❛✱ k = 1, 3✳ ❊♥tã♦✱ t❡♠♦s i = 2, 4, 10, 12✱
❞❛í

γτ2(τ2) = τ6✱ γτ4(τ4) = τ8✱ γτ10(τ10) = τ14✱ γτ12(τ12) = τ16, γτ20(τ20) = τ24✱
γτ22(τ22) = τ26✱ γτ28(τ28) = τ32✱ γτ30(τ30) = τ34 ♣♦r ✭✹✳✷✹✮✳

❡ γτ18(τ18) = τ36 ♣♦r ✭✹✳✷✺✮

▲♦❣♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳
{τ1, τ35}, {τ2, τ6}, {τ3, τ33}, {τ4, τ8}, {τ5, τ31}, {τ7, τ29}, {τ9, τ27}, {τ10, τ14}, {τ11, τ25},
{τ12, τ16}. {τ13, τ23}, {τ15, τ21}, {τ17, τ19}, {τ18, τ36}, {τ20, τ24}, {τ22, τ26}, {τ28, τ32},
{τ30, τ34}. ✭❋✐❣✉r❛ ✹✳✶✸✮ ✳



✽✶ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❋✐❣✉r❛ ✹✳✶✸✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ5
36✳

▲♦❣♦✱ ❢♦r♠❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ5
36 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ7 , γτ9 , γτ10 , γτ11 , γτ12 , γτ13 , γτ15 , γτ17 , γτ18 , γτ20 , γτ22 , γτ28γτ30}.

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V18, V19, V36}, CV2 = {V2, V7, V30, V35}, CV3 = {V3, V6, V31, V34},

CV4 = {V4, V9, V28, V33}, CV5 = {V5, V8, V29, V32}, CV10 = {V10, V15, V22, V27},
CV11 = {V11, V14, V23, V26}, CV12 = {V12, V17, V20, V25} e CV13 = {V13, V16, V21, V24}.

●❡♥❡r❛❧✐③❛çã♦ ❞♦s ❝✐❝❧♦s✳

P♦r r❡❝♦rrê♥❝✐❛ ❡ ♦❜s❡r✈❛♥❞♦ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s✱ t❡♠♦s ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s
❝✐❝❧♦s ❞❡ ✈ért✐❝❡s ❞♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ5

8α−4, q✉❡ sã♦ ❞❛❞♦s ♣♦r✿

CV1 = {V1, V2c, V2c+1, Vn} ✭✹✳✷✻✮

P❛r❛ 1 ≤ i < c ♣❛r✱ t❡♠♦s q✉❡ s❡ i = 2(c − 2k − 1)✱ 2(c − 2k − 2), ♦♥❞❡



✽✷ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

1 ≤ k <
c− 1

2
é í♠♣❛r t❡♠♦s

CVi
= {Vi, Vi+5, Vn−4−i, Vn+1−i} e CVi+1

= {Vi+1, Vi+4, Vn−3−i, Vn−i} ✭✹✳✷✼✮

❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ Φ6
8α−4

P❛r❛ ❡st❡ ♠❡s♠♦ ♣♦❧í❣♦♥♦ P8α−4, ❝♦♥str✉í♠♦s ✉♠❛ ♥♦✈❛ r❡❣r❛ q✉❡ ❡♠♣❛r❡❧❤❛
❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ P8α−4 ❡ ❛ ❞❡♥♦t❛r❡♠♦s ♣♦r R6

8α−4.

❙❡❥❛ n = 8α − 4, ❝♦♠ α ≥ 3 í♠♣❛r✱ ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ c =
8α− 4

4
= 2α − 1

♦ ♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s ✭❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛✱ ❛ s❡r ♦❜t✐❞♦✮✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ n,
❞❡✜♥✐♠♦s ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❝♦♠♦✿
♣❛r❛ 1 ≤ i < 2c í♠♣❛r✱ t❡♠♦s

γτi(τi) = τn−i; ✭✹✳✷✽✮

s❡ 2 < i < c− 2✱ ♣❛r t❡♠♦s

γτi(τi) = τc+i−1 e γτ(2c+i)
(τ(2c+i)) = τ(3c+i−1); ✭✹✳✷✾✮

❡

γτ2(c−1)
(τ2(c−1)) = ττn−2 , γτ(2(c+1)

(τ2(c+1)) = τ2,

γτ(c−1)
(τ(c−1)) = τc+1, γτ2c(τ2c) = τn ✭✹✳✸✵✮

γτ(3c−1)
(τ(3c−1)) = τ(3c+1).

❆ r❡❣r❛ R
6
8α−4 ♥♦s ❢♦r♥❡❝❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦

P8α−4, ❞❡♥♦t❛❞❛ ♣♦r Φ6
8α−4.

❱❡❥❛♠♦s ❞♦✐s ❡①❡♠♣❧♦s ♣❛r❛ q✉❛♥❞♦ α = 3 ❡ α = 5.

❊①❡♠♣❧♦ ✹✳✷✶✳ (α = 3). ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P20 ❡♠ D
2 ❝♦♠ ❛s

❛r❡st❛s τ1, ..., τ20 ❡ ✈ért✐❝❡s V1, ..., V20✳ ❙❡♥❞♦ α = 3, ❡♥tã♦ n = 20 é ♦ ♥ú♠❡r♦
❞❡ ❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 5✳ ❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥✲
t♦s R

6
8α−4 t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s

✭✹✳✷✽✮✱ ✭✹✳✷✾✮ ❡ ✭✹✳✸✵✮✿

♣❛r❛ 1 ≤ i < 10 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9✱

γτ1(τ1) = τ19✱ γτ3(τ3) = τ17✱ γτ5(τ5) = τ15✱ γτ7(τ7) = τ13✱ γτ9(τ9) = τ11 ♣♦r ✭✹✳✷✽✮❀

♣❛r❛ 2 < i < 3 ♣❛r✱ ♥ã♦ ❤á ✐❞❡♥t✐✜❝❛çõ❡s ❡♠ ✹✳✷✾❀

γτ8(τ8) = τ18✱ γτ12(τ12) = τ2✱ γτ4(τ4) = τ6✱ γτ10(τ10) = τ20 ❡ γτ14(τ14) = τ16
♣♦r ✭✹✳✸✵✮✳



✽✸ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

▲♦❣♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳
{τ1, τ19}, {τ2, τ12}, {τ3, τ17}, {τ4, τ6}, {τ5, τ15}, {τ7, τ13}, {τ8, τ18}, {τ9, τ11}, {τ10, τ20},
{τ14, τ16}.✭❋✐❣✉r❛ ✹✳✶✹✮✳

❋✐❣✉r❛ ✹✳✶✹✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ6
20✳

❆ss✐♠✱ ❢♦r♠❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ6
20 = {γτ1 , , γτ3 , γτ4 , γτ5 , γτ7 , γτ8 , γτ9 , γτ10 , γτ12 , γτ14},

❣❡r❛❞♦ ♣❡❧❛ r❡❣r❛ R
6
8α−4.

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V10, V11, V20}, CV2 = {V2, V13, V8, V19}, CV3 = {V3, V12, V9, V18},

CV4 = {V4, V7, V14, V17}, e CV5 = {V5, V6, V15, V16}.

❊①❡♠♣❧♦ ✹✳✷✷✳ (α = 5) ❙❡❥❛ P36 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ36 ❡ ✈ért✐❝❡s V1, ..., V36✳ ❙❡♥❞♦ α = 5, ❡♥tã♦ n = 36 é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s
❡ ❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 9✳ P❡❧❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R6

8α−4 t❡♠♦s ❛s
s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✷✽✮✱ ✭✹✳✷✾✮ ❡ ✭✹✳✸✵✮✿

♣❛r❛ 1 ≤ i < 18 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9, 11, 13, 15, 17, t❡♠♦s

γτ1(τ1) = τ35✱ γτ3(τ3) = τ33✱ γτ5(τ5) = τ31✱ γτ7(τ7) = τ29✱ γτ9(τ9) = τ27,
γτ11(τ11) = τ25✱ γτ13(τ13) = τ23✱ γτ15(τ15) = τ21✱ γτ17(τ17) = τ19 ♣♦r ✭✹✳✷✽✮❀

♣❛r❛ 2 < i < 7 ♣❛r✱ ♦✉ s❡❥❛✱ i = 4, 6 t❡♠♦s



✽✹ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

γτ4(τ4) = τ12✱ γτ6(τ6) = τ14✱ γτ22(τ22) = τ30✱ γτ24(τ24) = τ32 ♣♦r ✭✹✳✷✾✮❀

❡

γτ16(τ16) = τ34✱ γτ20(τ20) = τ2✱ γτ18(τ18) = τ36✱ γτ8(τ8) = τ10, γτ26(τ26) = τ28
♣♦r ✭✹✳✸✵✮✳

❖✉ s❡❥❛✱ t❡♠♦s ♦s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s
{τ1, τ35}, {τ2, τ20}, {τ3, τ33}, {τ4, τ12}, {τ5, τ31}, {τ6, τ14} {τ7, τ29}, {τ8, τ10}, {τ9, τ27},
{τ11, τ25}, {τ13, τ23}, {τ15, τ21}, {τ16, τ34}, {τ17, τ19}, {τ18, τ36}, {τ22, τ30}, {τ24, τ32},
{τ26, τ28}. ✭❋✐❣✉r❛ ✹✳✶✺ ✮✳

❋✐❣✉r❛ ✹✳✶✺✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ6
36✳

▲♦❣♦✱ ♦❜t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ6
36 = {γτ1 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , , γτ8 , γτ9 , γτ11 , γτ13 , γτ15 , γτ16 , γτ17 , γτ18 , γτ20 , γτ22 , γτ24 , γτ26},

❣❡r❛❞♦ ♣❡❧❛ r❡❣r❛ R
6
8α−4 q✉❡ ♥♦s ❢♦r♥❡❝❡ ♦s s❡❣✉✐♥t❡s ❝✐❝❧♦s✿

CV1 = {V1, V18, V19, V36}, CV2 = {V2, V21, V16, V35}, CV3 = {V3, V20, V17, V34},

CV4 = {V4, V13, V24, V33}, CV5 = {V5, V12, V25, V32}, CV6 = {V6, V15, V22, V31},
CV7 = {V7, V14, V23, V30}, CV8 = {V8, V11, V26, V29}, e CV9 = {V9, V10, V27, V28}.

●❡♥❡r❛❧✐③❛çã♦ ❞♦s ❝✐❝❧♦s✳



✽✺ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

P♦r r❡❝♦rrê♥❝✐❛ ❡ ♦❜s❡r✈❛♥❞♦ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s✱ t❡♠♦s ❛ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦s
❝✐❝❧♦s ❞❡ ✈ért✐❝❡s ❞♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ6

8α−4, q✉❡ sã♦ ❞❛❞♦s ♣♦r✿

❙❡❥❛ n = 8α− 4 ✱ c = n/4 ❡ 1 < i < c− 1, ❡♥tã♦

CV1 = {V1, V2c, V2c+1, Vn}, CV2 = {V2, V2c+3, V2c−2, Vn−1},
CV3 = {V3, V2c+2, V2c−1, Vn−2}, CVc−1 = {Vc−1, Vc+2, V3c−1, V3c+2} ❡ ✭✹✳✸✶✮

CVc
= {Vc, Vc+1, V3c, V3c+1};

s❡ 3 < i < c− 1 é ♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vc+i, V3c+1−i, Vn+1−i}; ✭✹✳✸✷✮

s❡ 3 < i < c− 1 é í♠♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vc−2+i, V3c+3−i, Vn+3−i}. ✭✹✳✸✸✮

✹✳✹✳✷ ❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ {8λ− 4, 4}

❆♣r❡s❡♥t❛r❡♠♦s ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❛ss♦❝✐❛❞♦ à t❡ss❡❧❛çã♦ {8λ−4, 4} q✉❡ sã♦
t❡ss❡❧❛çõ❡s ❞❡ {8g − 4, 4}✱ só q✉❡ ❛q✉✐✱ ❡st❛♠♦s ✐♥t❡r❡ss❛❞♦s q✉❛♥❞♦ g = λ ≥ 4
é ♣❛r✱ ♣♦✐s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦ é ❝♦♥str✉í❞♦ ♣❛r❛ ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❝♦♠
8λ− 4 ❛r❡st❛s✳ ❊ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ s❡rá ❞❡♥♦t❛❞♦ ♣♦r Φ7

8λ−4, ❣❡♥❡r❛❧✐③❛♠♦s ❛s
✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡ ❞♦s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s✳

❙❡❥❛ P8λ−4, ❝♦♠ λ ≥ 4 ♣❛r✱ ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s t♦❞♦s ♠❡❞✐♥❞♦ π/2. ❆
♣❛rt✐r ❞♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❢❡✐t♦s ♥❛ s✉❜s❡çã♦ ❛♥t❡r✐♦r ❡ ♦ r❡❛❧✐③❛❞♦ ♥❛ ❙❡çã♦
✸✳✺✱ ❝♦♥str✉í♠♦s ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♣❛r❛ ❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦
P8λ−4 ✱ ❣❡r❛❞♦ ♣❡❧❛ r❡❣r❛ q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r R7

{8λ−4, 4}✳

❙❡❥❛ n = 8λ − 4, ❝♦♠ λ ≥ 3, ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ c = (8λ− 4)/4 = 2λ − 1
✭♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s✱ ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛✱ ❛ s❡r ♦❜t✐❞♦✮✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ n,
❞❡✜♥✐♠♦s ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❝♦♠♦✿

s❡ 1 ≤ i < 2c í♠♣❛r✱ t❡♠♦s
γτi(τi) = τn−i; ✭✹✳✸✹✮

s❡ 1 ≤ i < c− 1 ♣❛r✱ ❡♥tã♦

γτi(τi) = τc+i+1 e γτ2c+i
(τ2c+i) = τ3c+1+i; ✭✹✳✸✺✮

❡
γτc−1(τc−1) = τc+1, γτ2c(τ2c) = τn e γτ3c−1(τ3c−1) = τ3c+1. ✭✹✳✸✻✮

❆ r❡❣r❛ R
7
{8λ−4,4} ♥♦s ❢♦r♥❡❝❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦

P8λ−4, ❞❡♥♦t❛❞❛ ♣♦r Φ7
8λ−4.



✽✻ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❊①❡♠♣❧♦s ♣❛r❛ λ = 4 ❡ λ = 6.

❊①❡♠♣❧♦ ✹✳✷✸✳ (λ = 4). ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P28 ❡♠ D
2 ❝♦♠ ❛s

❛r❡st❛s τ1, ..., τ28 ❡ ✈ért✐❝❡s V1, ..., V28✳ ❙❡♥❞♦ λ = 4, t❡♠♦s n = 28 ❡ c = 7.
❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

7
{8λ−4, 4} t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s

❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✸✹✮✱ ✭✹✳✸✺✮ ❡ ✭✹✳✸✻✮✿

s❡ 1 ≤ i < 14 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9, 11, 13, t❡♠♦s

γτ1(τ1) = τ27✱ γτ3(τ3) = τ25✱ γτ5(τ5) = τ23✱ γτ7(τ7) = τ21✱ γτ9(τ9) = τ19,
γτ11(τ11) = τ17✱ γτ13(τ13) = τ15 ♣♦r ✭✹✳✸✹✮❀

s❡ 1 < i < 6 ♣❛r✱ ♦✉ s❡❥❛✱ i = 2, 4 ❡♥tã♦

γτ2(τ2) = τ10✱ γτ4(τ4) = τ12✱ γτ16(τ16) = τ24✱ γτ18(τ18) = τ26, ♣♦r ✭✹✳✸✺✮❀

❡

γτ6(τ6) = τ8✱ γτ14(τ14) = τ28✱ γτ20(τ20) = τ22 ♣♦r ✭✹✳✸✻✮✳

❆ss✐♠✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s
{τ1, τ27}, {τ2, τ10}, {τ3, τ25}, {τ4, τ12}, {τ5, τ23}, {τ6, τ8} {τ7, τ21}, {τ9, τ19}, {τ11, τ17},
{τ13, τ15}, {τ14, τ28}, {τ16, τ24}, {τ18, τ26}, {τ20, τ22}. ✭❋✐❣✉r❛ ✹✳✶✻✮✳

❋✐❣✉r❛ ✹✳✶✻✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ7
28✳



✽✼ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

▲♦❣♦ ❢♦r♠❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ7
28 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ9 , γτ11 , γτ13 , γτ14 , γτ16 , γτ18 , γτ20}.

❢♦r♠❛❞♦ ♣❡❧❛ r❡❣r❛ R
7
{8λ−4, 4}.

❖s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s ❞❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ sã♦✿

CV1 = {V1, V14, V15, V28}, CV2 = {V2, V11, V18, V27}, CV3 = {V3, V10, V19, V26},
CV4 = {V4, V13, V16, V25}, CV5 = {V5, V12, V17, V24}, CV6 = {V6, V9, V20, V23},

e CV7 = {V7, V8, V21, V22}.
❊①❡♠♣❧♦ ✹✳✷✹✳ (λ = 6). ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P44 ❡♠ D

2 ❝♦♠ ❛s
❛r❡st❛s τ1, ..., τ44 ❡ ✈ért✐❝❡s V1, ..., V44✳ ❙❡♥❞♦ λ = 6, t❡♠♦s n = 44 ❡ c = 11.
❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

7
{8λ−4, 4} t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s

❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✸✹✮✱ ✭✹✳✸✺✮ ❡ ✭✹✳✸✻✮✿

s❡ 1 ≤ i < 22 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9, 11, 13, 15, 17, 19, 21✱ t❡♠♦s

γτ1(τ1) = τ43✱ γτ3(τ3) = τ41✱ γτ5(τ5) = τ39✱ γτ7(τ7) = τ37✱ γτ9(τ9) = τ35,
γτ11(τ11) = τ33✱ γτ13(τ13) = τ31✱ γτ15(τ15) = τ29✱ γτ17(τ17) = τ27, γτ19(τ19) = τ25,

γτ21(τ21) = τ23 ♣♦r ✭✹✳✸✹✮❀

s❡ 1 < i < 10 ♣❛r✱ ♦✉ s❡❥❛✱ i = 2, 4, 6, 8 ❡♥tã♦

γτ2(τ2) = τ14, γτ4(τ4) = τ16, γτ6(τ6) = τ18, γτ8(τ8) = τ20✱ γτ24(τ24) = τ36,
γτ26(τ26) = τ38, γτ28(τ28) = τ40, γτ30(τ30) = τ42 ♣♦r ✭✹✳✸✺✮❀

❡

γτ10(τ10) = τ12, γτ22(τ22) = τ44, γτ32(τ32) = τ34 ♣♦r ✭✹✳✸✻✮✳

▲♦❣♦✱ ♦❜t❡♠♦s ❛s s❡❣✉✐♥t❡s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✿
{τ1, τ43}, {τ2, τ14}, {τ3, τ41}, {τ4, τ16}, {τ5, τ39}, {τ6, τ18} {τ7, τ37}, {τ8, τ20}, {τ9, τ35},
{τ10, τ12}, {τ11, τ33}, {τ13, τ31}, {τ15, τ29}, {τ17, τ27}, {τ19, τ25}, {τ21, τ23}, {τ22, τ44},
{τ24, τ36}, {τ26, τ38}, {τ28, τ40}, {τ30, τ42}, {τ32, τ34}, ✭❋✐❣✉r❛ ✹✳✶✼✮✳

●❡r❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦
Φ7

44 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ8 , γτ9 , γτ10 , γτ11 , γτ13 , γτ15 , γτ17 , γτ19 , γτ21 , γτ22 , γτ24 ,
γτ26 , γτ28 , γτ30 , γτ32}
♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛ R

7
{8λ−4,4}✳

❖s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s ❞❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ sã♦✿

CV1 = {V1, V22, V23, V44}, CV2 = {V2, V15, V30, V43}, CV3 = {V3, V14, V33, V42},
CV4 = {V4, V17, V28, V41}, CV5 = {V5, V16, V31, V40}, CV6 = {V6, V19, V26, V39},
CV7 = {V7, V18, V27, V38}, CV8 = {V8, V21, V24, V37}, CV9 = {V9, V20, V25, V36},

CV10 = {V10, V13, V32, V35} e CV11 = {V11, V12, V33, V34}



✽✽ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❋✐❣✉r❛ ✹✳✶✼✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✹✹ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ7
44✳

●❡♥❡r❛❧✐③❛çã♦ ❞♦s ❝✐❝❧♦s

P♦r r❡❝♦rrê♥❝✐❛ ❡ ♦❜s❡r✈❛♥❞♦ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s Φ7
8λ−4, ❣❡♥❡r❛❧✐③❛♠♦s ♦s ❝✐✲

❝❧♦s ❞❡ss❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s✱ q✉❡ sã♦ ❞❛❞♦s ♣♦r✿

s❡ 1 < i < c− 1, é ♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vc+i+2, V(3c−1)−i, V(n+1)−i}; ✭✹✳✸✼✮

❙❡ 1 < i < c− 1, é í♠♣❛r✱ ❡♥tã♦

CVi
= {Vi, Vc+i, V3c+1−i, Vn+1−i}; ✭✹✳✸✽✮

❡

CV1 = {V1, V2c, V2c+1, Vn}, CVc−1 = {Vc−1, Vc+2, V3c−1, V3c+2}, ✭✹✳✸✾✮

CVc
= {Vc, Vc+1, V3c, V3c+1}.

✹✳✹✳✸ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

◆❡st❛ s✉❜s❡çã♦✱ ❝♦♥str✉í♠♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❡ ❛r❡st❛s ❛ss♦❝✐❛❞♦ à t❡ss❡❧❛✲
çã♦ {8g − 4, 4}, ❝♦♠ g ≥ 2, ♣❛r❛ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8g−4. ❆♣r❡s❡♥t❛r❡♠♦s



✽✾ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❞♦✐s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❡ ♦s ❞❡♥♦t❛♠♦s ♣♦r Φ8
8g−4 ❡ Φ9

8g−4. ●❡♥❡r❛❧✐③❛♠♦s ❛s ✐❞❡♥✲
t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡ ❞♦s ❝✐❝❧♦s ❞❡ ✈ért✐❝❡s ❡♠ ❝❛❞❛ ❡♠♣❛r❡❧❤❛♠❡♥t♦✳

❈♦♠ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❝♦♥str✉í❞♦s ♥❛s s✉❜s❡çõ❡s ❛♥t❡r✐♦r❡s ❡ ❝♦♠ ❜❛s❡ ♥♦
❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❛ ❙❡çã♦ ✸✳✺✱ ❝♦♥str✉í♠♦s ❞✉❛s ♥♦✈❛s r❡❣r❛s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦
♣❛r❛ ❛s ❛r❡st❛s ❞♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8g−4✳ ❖ ♣r✐♠❡✐r♦ ❢♦✐ ❣❡r❛❞♦ ♣❡❧❛ r❡❣r❛
q✉❡ ❞❡♥♦t❛r❡♠♦s ♣♦r R8

{8g−4,4} ❡ ♦ s❡❣✉♥❞♦ ❢♦✐ ❣❡r❛❞♦ ♣❡❧❛ r❡❣r❛ q✉❡ ❞❡♥♦t❛r❡♠♦s
♣♦r R9

{8g−4,4}✳

❊♠♣❛r❡❧❤❛♠❡♥t♦ ❣❡♥❡r❛❧✐③❛❞♦ Φ8
8g−4

❙❡❥❛ P8g−4, ❝♦♠ g ≥ 2 ♥❛t✉r❛❧✱ ❝♦♠ â♥❣✉❧♦s ✐♥t❡r♥♦s t♦❞♦s ♠❡❞✐♥❞♦ π/2. ◆❛
❙❡çã♦ ✹✳✶✱ ♦❜s❡r✈❛çã♦ ✹✳✺ ❥✉st✐✜❝❛♠♦s ❛ ❡①✐stê♥❝✐❛ ❡ ❝♦♥✈❡①✐❞❛❞❡ ❞❡ss❡ ♣♦❧í❣♦♥♦✳

❙❡❥❛ n = 8g − 4, ❝♦♠ g ≥ 2, ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ c = (8g − 4)/4 = 2g − 1
✭♥ú♠❡r♦ ❞❡ ❝✐❝❧♦s✱ ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛✱ ❛ s❡r ♦❜t✐❞♦✮✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ n,
❞❡✜♥✐♠♦s ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❝♦♠♦✿

s❡ 1 ≤ i < 2c ❢♦r í♠♣❛r✱ t❡♠♦s

γτi(τi) = τn−i; ✭✹✳✹✵✮

s❡ 1 ≤ i < c ❢♦r í♠♣❛r✱ t❡♠♦s

γτ2i(τ2i) = τ2i+2 e γτ2(c+i)
(τ2(c+i)) = τ2(c+i+1); ✭✹✳✹✶✮

❡
γτ2c(τ2c) = τn. ✭✹✳✹✷✮

❆ r❡❣r❛ R
8
{8g−4,4} ♥♦s ❢♦r♥❡❝❡ ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ❞❡ ❛r❡st❛s ♣❛r❛ ♦ ♣♦❧í❣♦♥♦

P8g−4, q✉❡ ❞❡♥♦t❛♠♦s ♣♦r Φ8
8g−4.

❱❡❥❛♠♦s três ❡①❡♠♣❧♦s q✉❛♥❞♦ g = 2 ✱ g = 3 ❡ g = 4.

❊①❡♠♣❧♦ ✹✳✷✺✳ (g = 2). ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P12 ❡♠ D
2 ❝♦♠ ❛s

❛r❡st❛s τ1, ..., τ12 ❡ ✈ért✐❝❡s V1, ..., V12✳ ◗✉❛♥❞♦ g = 2, t❡♠♦s n = 12 ❛r❡st❛s ❡ ❛
q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 3✳ ❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

8
{8g−4, 4} t❡✲

♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✹✵✮✱ ✭✹✳✹✶✮
❡ ✭✹✳✹✷✮✿

♣❛r❛ 1 ≤ i < 6 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5✱

γτ1(τ1) = τ11✱ γτ3(τ3) = τ9✱ γτ5(τ5) = τ7 ♣♦r ✭✹✳✹✵✮❀

♣❛r❛ 1 ≤ i < 3 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1✱ ❡♥tã♦



✾✵ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

γτ2(τ2) = τ4✱ γτ8(τ8) = τ10 ♣♦r ✭✹✳✹✶✮❀

❡

γτ6(τ6) = τ12 ♣♦r ✭✹✳✹✷✮✳

❆ss✐♠✱ t❡♠♦s ♦s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✿
{τ1, τ11}, {τ2, τ4}, {τ3, τ9}, {τ5, τ7}, {τ6, τ12}, {τ8, τ10}, ✭❋✐❣✉r❛ ✹✳✶✽✮✳

❋✐❣✉r❛ ✹✳✶✽✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✶✷ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ8
12✳

▲♦❣♦✱ ❢♦r♠❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ8
12 = {γτ1 , γτ2 , γτ3 , γτ5 , γτ6 , γτ8}.

❣❡r❛❞♦ ♣❡❧❛ r❡❣r❛ R
8
{8g−4, 4}✳

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V6, V7, V12}, CV2 = {V2, V11, V8, V5} e CV3 = {V3, V4, V9, V10},

❊①❡♠♣❧♦ ✹✳✷✻✳ (g = 3)✳ ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P20 ❡♠ D
2 ❝♦♠ ❛s

❛r❡st❛s τ1, ..., τ20 ❡ ✈ért✐❝❡s V1, ..., V20✳ ❙❡♥❞♦ g = 3, t❡♠♦s n = 20 ❛r❡st❛s ❡ ❛
q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 5✳ ❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

8
{8g−4, 4} t❡✲

♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✹✵✮✱ ✭✹✳✹✶✮
❡ ✭✹✳✹✷✮✿



✾✶ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

♣❛r❛ 1 ≤ i < 10 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9, t❡♠♦s

γτ1(τ1) = τ19✱ γτ3(τ3) = τ17✱ γτ5(τ5) = τ15✱ γτ7(τ7) = τ13✱ γτ9(τ9) = τ11 ♣♦r ✭✹✳✹✵✮❀

♣❛r❛ 1 ≤ i < 5 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3✱ ❡♥tã♦

γτ2(τ2) = τ4✱ γτ6(τ6) = τ8 ❡ γτ12(τ12) = τ14✱ γτ16(τ16) = τ18 ♣♦r ✭✹✳✹✶✮❀

❡

γτ10(τ10) = τ20 ♣♦r ✭✹✳✹✷✮✳

❖❜t❡♠♦s ♦s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞♦s✿
{τ1, τ19}, {τ2, τ4}, {τ3, τ17}, {τ5, τ15}, {τ6, τ8}, {τ7, τ13}, {τ9, τ11}, {τ10, τ20}, {τ12, τ14},
{τ16, τ18}. ✭ ❋✐❣✉r❛ ✹✳✶✾✮✳
❆ss✐♠✱ ❢♦r♠❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

❋✐❣✉r❛ ✹✳✶✾✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ8
20✳

Φ8
20 = {γτ1 , γτ2 , γτ3 , γτ5 , γτ6 , γτ7 , γτ9 , γτ10 , γτ12 , γτ16},

♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛ R
9
{8g−4, 4}✳

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V10, V11, V20}, CV2 = {V2, V5, V16, V19}, CV3 = {V3, V4, V17, V18},



✾✷ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

CV6 = {V6, V9, V12, V15} e CV7 = {V7, V8, V13, V14}.
❊①❡♠♣❧♦ ✹✳✷✼✳ (g = 4). ❙❡❥❛ P28 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D

2 ❝♦♠ ❛s ❛r❡st❛s
τ1, ..., τ28 ❡ ✈ért✐❝❡s V1, ..., V28✳ ❙❡♥❞♦ g = 4, ❡♥tã♦ n = 28 é ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡
❛ q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 7✳ ❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R8

{8g−4, 4} t❡✲
♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✹✵✮✱ ✭✹✳✹✶✮
❡ ✭✹✳✹✷✮✿

♣❛r❛ 1 ≤ i < 14 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9, 11, 13, t❡♠♦s

γτ1(τ1) = τ27✱ γτ3(τ3) = τ25✱ γτ5(τ5) = τ23✱ γτ7(τ7) = τ21✱ γτ9(τ9) = τ19,
γτ11(τ11) = τ17✱ γτ13(τ13) = τ15 ♣♦r ✭✹✳✹✵✮❀

♣❛r❛ 1 ≤ i < 7 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5✱ ❡♥tã♦

γτ2(τ2) = τ4✱ γτ6(τ6) = τ8✱ γτ10(τ10) = τ12 ❡ γτ16(τ16) = τ18✱
γτ20(τ20) = τ22, γτ24(τ24) = τ26 ♣♦r ✭✹✳✹✶✮❀

❡

γτ14(τ14) = τ28 ♣♦r ✭✹✳✹✷✮✳

▲♦❣♦✱ t❡♠♦s ❛s s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✳
{τ1, τ27}, {τ2, τ4}, {τ3, τ25}, {τ5, τ23}, {τ6, τ8}, {τ7, τ21}, {τ9, τ19}, {τ10, τ12}, {τ11, τ17},
{τ13, τ15}, {τ14, τ28}, {τ16, τ18}, {τ20, τ22}, {τ24, τ26}. ✭❋✐❣✉r❛ ✹✳✷✵✮✳

P♦rt❛♥t♦✱ ♦❜t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ8
28 = {γτ1 , γτ2 , γτ3 , γτ5 , γτ6 , γτ7 , γτ9 , γτ10 , γτ11 , γτ13 , γτ14 , γτ16 , γτ20 , γτ24},

❣❡r❛❞♦ ♣❡❧❛ r❡❣r❛ R
8
{8g−4, 4}✳ ❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V14, V15, V28}, CV2 = {V2, V5, V24, V27}, CV3 = {V3, V4, V25, V26},

CV6 = {V6, V9, V20, V23}, CV7 = {V7, V8, V21, V22}, CV10 = {V10, V13, V16, V19}
e CV11 = {V11, V12, V17, V18}.

●❡♥❡r❛❧✐③❛çã♦ ❞♦s ❝✐❝❧♦s

P♦r r❡❝♦rrê♥❝✐❛ ❡ ♦❜s❡r✈❛♥❞♦ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s Φ8
8g−4, ❣❡♥❡r❛❧✐③❛♠♦s ♦s ❝✐❝❧♦s

❞❡ss❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s✱ q✉❡ sã♦ ❞❛❞♦s ♣♦r✿

s❡ 1 ≤ i < c, í♠♣❛r ❡♥tã♦

CVi
= {V2i, V2i+3, Vn−2(i+1), Vn−2i+1},

CV2i+1
= {V2i+1, V2(i+1), Vn−(2i+1), Vn−2i}; ✭✹✳✹✸✮

❡
CV1 = {V1, V2c, V2c+1, Vn}. ✭✹✳✹✹✮



✾✸ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❋✐❣✉r❛ ✹✳✷✵✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ8
28✳

❊♠♣❛r❡❧❤❛♠❡♥t♦ ●❡♥❡r❛❧✐③❛❞♦ Φ9
8g−4

P❛r❛ ❡st❡ ♠❡s♠♦ ♣♦❧í❣♦♥♦ P8g−4, ❝♦♥str✉í♠♦s ♠❛✐s ✉♠❛ ♥♦✈❛ r❡❣r❛ ❞❡ ❡♠♣❛✲
r❡❧❤❛♠❡♥t♦ ❞❡ s✉❛s ❛r❡st❛s✱ ❛♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r R9

{8g−4, 4}.

❙❡❥❛ n = 8g − 4, ❝♦♠ g ≥ 2, ♦ ♥ú♠❡r♦ ❞❡ ❛r❡st❛s ❡ c = (8g − 4)/4 = 2g − 1
✭♥ú♠❡r♦s ❞❡ ❝✐❝❧♦s ❝♦♠ ✹ ✈ért✐❝❡s ❝❛❞❛✱ ❛ s❡r❡♠ ♦❜t✐❞♦s✮✳ ❊♥tã♦✱ ♣❛r❛ 1 ≤ i ≤ n,
❞❡✜♥✐♠♦s ❛s ✐❞❡♥t✐✜❝❛çõ❡s ❞❛s ❛r❡st❛s ❝♦♠♦✿

s❡ 1 ≤ i < 2c í♠♣❛r✱ t❡♠♦s
γτi(τi) = τn−i; ✭✹✳✹✺✮

s❡ 1 < i < c− 2 ♣❛r✱ t❡♠♦s
γτi(τi) = τ2c+i; ✭✹✳✹✻✮

❙❡ c+ 1 < i < 2c✱ ♣❛r t❡♠♦s

γτi(τi) = τ2c+i; ✭✹✳✹✼✮

❡
γτc−1(τc−1) = τc+1, γτ2c(τ2c) = τn e γτ3c−1(τ3c−1) = τ3c+1. ✭✹✳✹✽✮

❆ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ R9
{8g−4, 4} ♥♦s ❞á ✉♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♣❛r❛ P8g−4,

❞❡♥♦t❛❞♦ ♣♦r Φ9
8g−4.



✾✹ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❱❡❥❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ♣❛r❛ g = 3, g = 4 ❡ g = 5.

❊①❡♠♣❧♦ ✹✳✷✽✳ (g = 3). ❙❡❥❛ P20 ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ20 ❡ ✈ért✐❝❡s V1, ..., V20✳ ❙❡♥❞♦ g = 3, t❡♠♦s n = 20 ❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡
❞❡ ❝✐❝❧♦s é c = 5✳ ❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

9
{8g−4, 4} t❡♠♦s ❛s s❡✲

❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✹✺✮✱ ✭✹✳✹✻✮✱ ✭✹✳✹✼✮ ❡
✭✹✳✹✽✮✿

s❡ 1 ≤ i < 10 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9✱ t❡♠♦s

γτ1(τ1) = τ19✱ γτ3(τ3) = τ17✱ γτ5(τ5) = τ15✱ γτ7(τ7) = τ13✱ γτ9(τ9) = τ11 ♣♦r ✭✹✳✹✺✮❀

❙❡ 1 < i < 3 ♣❛r✱ ♦✉ s❡❥❛✱ i = 2✱ ❡♥tã♦

γτ2(τ2) = τ12 ♣♦r ✭✹✳✹✻✮❀

❙❡ 6 < i < 10 ♣❛r✱ ♦✉ s❡❥❛✱ i = 8✱ ❡♥tã♦

γτ8(τ8) = τ18 ♣♦r ✭✹✳✹✼✮❀

❡

γτ4(τ4) = τ6, γτ10(τ10) = τ20, γτ14(τ14) = τ16 ✭✹✳✹✽✮✳

❖✉ s❡❥❛✱ t❡♠♦s ♦s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞♦s✿
{τ1, τ19}, {τ2, τ12}, {τ3, τ17}, {τ4, τ6}, {τ5, τ15}, {, τ7, τ13}, {τ8, τ18}, {τ9, τ11}, {τ10, τ20},
{τ14, τ16}. ✭❋✐❣✉r❛ ✹✳✷✶✮✳

❋✐❣✉r❛ ✹✳✷✶✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✵ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ9
20✳



✾✺ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❆ss✐♠✱ ♦❜t❡♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ9
20 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ7 , γτ8 , γτ9 , γτ10 , γτ14}.

❣❡r❛❞♦ ♣❡❧❛ r❡❣r❛ R
9
{8g−4,4}✳

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V10, V11, V20}, CV2 = {V2, V13, V8, V19}, CV3 = {V3, V18, V9, V12},

CV4 = {V4, V7, V14, V17} e CV5 = {V5, V6, V15, V16},
❊①❡♠♣❧♦ ✹✳✷✾✳ (g = 4). ❈♦♥s✐❞❡r❡ ♦ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P28 ❡♠ D

2 ❝♦♠ ❛s
❛r❡st❛s τ1, ..., τ28 ❡ ✈ért✐❝❡s V1, ..., V28✳ ❙❡♥❞♦ g = 4, t❡♠♦s n = 28 ❛r❡st❛s ❡ ❛
q✉❛♥t✐❞❛❞❡ ❞❡ ❝✐❝❧♦s é c = 7✳ P❡❧❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

9
{8g−4,4} t❡♠♦s ❛s

s❡❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✹✺✮✱ ✭✹✳✹✻✮✱ ✭✹✳✹✼✮
❡ ✭✹✳✹✽✮✿

s❡ 1 ≤ i < 14 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9, 11, 13✱ t❡♠♦s

γτ1(τ1) = τ27✱ γτ3(τ3) = τ25✱ γτ5(τ5) = τ23✱ γτ7(τ7) = τ21✱ γτ9(τ9) = τ19,
γτ11(τ11) = τ17✱ γτ13(τ13) = τ15 ♣♦r ✭✹✳✹✺✮❀

❙❡ 1 < i < 5 ♣❛r✱ ♦✉ s❡❥❛✱ i = 2, 4✱ ❡♥tã♦

γτ2(τ2) = τ16, γτ4(τ4) = τ18 ♣♦r ✭✹✳✹✻✮❀

s❡ 8 < i < 14 ♣❛r✱ ♦✉ s❡❥❛✱ i = 10, 12✱ ❡♥tã♦

γτ10(τ10) = τ24, γτ12(τ12) = τ26 ♣♦r ✭✹✳✹✼✮

❡

γτ6(τ6) = τ8, γτ14(τ14) = τ28, γτ20(τ20) = τ22 ♣♦r ✭✹✳✹✽✮✳

❊ ❛ss✐♠✱ ♦❜t❡♠♦s ♦s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✿
{τ1, τ27}, {τ2, τ16}, {τ3, τ25}, {τ4, τ18}, {τ5, τ23}, {τ6, τ8}, {τ7, τ21}, {τ9, τ19}, {τ10, τ24},
{τ11, τ17}, {τ12, τ26}, {τ13, τ15}, {τ14, τ28}, {τ20, τ22} ✭❋✐❣✉r❛ ✹✳✷✷✮✳

▲♦❣♦✱ ❢♦r♠❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦

Φ9
28 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ9 , γτ10 , γτ11 , γτ12 , γτ13 , γτ14 , γτ20},

♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛ R
9
{8g−4,4}✳

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V14, V15, V28}, CV2 = {V2, V17, V12, V27}, CV3 = {V3, V16, V13, V26},

CV4 = {V4, V19, V10, V25}, CV5 = {V5, V18, V11, V24}, CV6 = {V6, V9, V20, V23},
e CV7 = {V7, V8, V21, V22}.



✾✻ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❋✐❣✉r❛ ✹✳✷✷✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✷✽ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ9
28✳

❊①❡♠♣❧♦ ✹✳✸✵✳ (g = 5). ❙❡❥❛ P36 ✉♠ ♣♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❡♠ D
2 ❝♦♠ ❛s ❛r❡st❛s

τ1, ..., τ36 ❡ ✈ért✐❝❡s V1, ..., V36✳ ❙❡♥❞♦ g = 5, t❡♠♦s n = 36 ❛r❡st❛s ❡ ❛ q✉❛♥t✐❞❛❞❡
❞❡ ❝✐❝❧♦s é c = 9✳ ❯s❛♥❞♦ ❛ r❡❣r❛ ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s R

9
{8g−4, 4} t❡♠♦s ❛s s❡✲

❣✉✐♥t❡s ✐❞❡♥t✐✜❝❛çõ❡s ❞❡ ❛r❡st❛s✱ ♦❜t✐❞❛s ♣❡❧❛s ❡①♣r❡ssõ❡s ✭✹✳✹✺✮✱ ✭✹✳✹✻✮✱ ✭✹✳✹✼✮ ❡
✭✹✳✹✽✮✿

s❡ 1 ≤ i < 18 í♠♣❛r✱ ♦✉ s❡❥❛✱ i = 1, 3, 5, 7, 9, 11, 13, 15, 17✱ t❡♠♦s

γτ1(τ1) = τ35✱ γτ3(τ3) = τ33✱ γτ5(τ5) = τ31✱ γτ7(τ7) = τ29✱ γτ9(τ9) = τ27,
γτ11(τ11) = τ25✱ γτ13(τ13) = τ23, γτ15(τ15) = τ21✱ γτ17(τ17) = τ19 ♣♦r ✭✹✳✹✺✮❀

s❡ 1 < i < 7 ♣❛r✱ ♦✉ s❡❥❛✱ i = 2, 4, 6✱ ❡♥tã♦

γτ2(τ2) = τ20, γτ4(τ4) = τ22 γτ6(τ6) = τ24 ♣♦r ✭✹✳✹✻✮❀

❙❡ 10 < i < 18 ♣❛r✱ ♦✉ s❡❥❛✱ i = 12, 14, 16✱ ❡♥tã♦

γτ12(τ12) = τ30, γτ14(τ14) = τ32✱ γτ16(τ16) = τ34 ♣♦r ✭✹✳✹✼✮❀

❡

γτ8(τ8) = τ10, γτ18(τ18) = τ36, γτ26(τ26) = τ28 ♣♦r ✭✹✳✹✽✮✳

▲♦❣♦✱ t❡♠♦s ♦s s❡❣✉✐♥t❡s ♣❛r❡s ❞❡ ❛r❡st❛s ❡♠♣❛r❡❧❤❛❞❛s✿
{τ1, τ35}, {τ2, τ20}, {τ3, τ33}, {τ4, τ22}, {τ5, τ31}, {τ6, τ24}, {τ7, τ29}, {τ8, τ10}, {τ9, τ27},



✾✼ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❋✐❣✉r❛ ✹✳✷✸✿ P♦❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ ❞❡ ✸✻ ❛r❡st❛s ❝♦♠ ❡♠♣❛r❡❧❤❛♠❡♥t♦ Φ9
36✳

{τ11, τ25}, {τ12, τ30}, {τ13, τ23}, {τ14, τ32}, {τ15, τ21}, {τ16, τ34}, {τ17, τ19}, {τ18, τ36},
{τ26, τ28}. ✭❋✐❣✉r❛ ✹✳✷✸✮✳

❆ss✐♠✱ ❢♦r♠❛♠♦s ♦ ❡♠♣❛r❡❧❤❛♠❡♥t♦
Φ9

36 = {γτ1 , γτ2 , γτ3 , γτ4 , γτ5 , γτ6 , γτ7 , γτ8 , γτ9 , γτ11 , γτ12 , γτ13 , γτ14 , γτ15 , γτ16 , γτ17 , γτ18 , γτ26},
♦❜t✐❞♦ ♣❡❧❛ r❡❣r❛ R

9
{8g−4,4}✳

❖s ❝✐❝❧♦s q✉❡ ❡ss❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ ♥♦s ❞á✱ sã♦✿

CV1 = {V1, V18, V19, V36}, CV2 = {V2, V21, V16, V35}, CV3 = {V3, V20, V17, V34},

CV4 = {V4, V23, V14, V33}, CV5 = {V5, V22, V15, V32}, CV6 = {V6, V25, V12, V31},
CV7 = {V7, V24, V13, V30}, CV8 = {V8, V11, V26, V29} e CV9 = {V9, V10, V27, V28}.

●❡♥❡r❛❧✐③❛çã♦ ❞♦ ❝✐❝❧♦s

P♦r r❡❝♦rrê♥❝✐❛ ❡ ♦❜s❡r✈❛♥❞♦ ♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s Φ9
8g−4, ❣❡♥❡r❛❧✐③❛♠♦s ♦s ❝✐✲

❝❧♦s ❞❡ss❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s✱ q✉❡ sã♦ ❞❛❞♦s ♣♦r✿

s❡ 1 ≤ i < c− 1, ♣❛r ❡♥tã♦

CVi
= {Vi, V2c+i+1, V2c−i, Vn+1−i}, ✭✹✳✹✾✮

s❡ 1 ≤ i < c− 1, í♠♣❛r ❡♥tã♦

CVi
= {Vi, V2c+i+1, V2c−i+2, Vn+1−i}, ✭✹✳✺✵✮



✾✽ ✹✳✹✳ ❖✉tr♦s ❈❛s♦s ❞❡ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s {8g − 4, 4}

❡

CV1 = {V1, V2c, V2c+1, Vn},
CVc

= {Vc, Vc+1, V3c, V3c+1}, ✭✹✳✺✶✮

CVc−1 = {Vc−1, Vc+2, V3c−1, V3c+2}.



❈♦♥s✐❞❡r❛çõ❡s ❋✐♥❛✐s

❆♦ ❧♦♥❣♦ ❞♦ ♥♦ss♦ tr❛❜❛❧❤♦✱ ♦ ♦❜❥❡t✐✈♦ ❢♦✐ ❝♦♥str✉✐r ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❛ss♦❝✐✲
❛❞♦s à t❡ss❡❧❛çã♦ {8g − 4, 4} q✉❡ ♥♦s ❢♦r♥❡❝❡♠ s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ♦r✐❡♥tá✈❡✐s
❞❡ ❣ê♥❡r♦ g ≥ 2.

❈♦♥s❡❣✉✐♠♦s q✉❛tr♦ ♠❛♥❡✐r❛s ❞✐st✐♥t❛s ❞❡ ❡♠♣❛r❡❧❤❛r♠♦s ❛s ❛r❡st❛s ❞♦ ♣♦✲
❧í❣♦♥♦ ❤✐♣❡r❜ó❧✐❝♦ P8g−4, ❝♦♠ 8g − 4 ❛r❡st❛s✱ ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ ❤✐♣❡r❜ó❧✐❝❛
r❡❣✉❧❛r {8g − 4, 4}✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s✱ ❛♦s q✉❛✐s✱ ❞❡♥♦t❛♠♦s ♣♦r Φ2

8g−4, Φ
4
8g−4,

Φ8
8g−4 ❡ Φ9

8g−4, ♦❜t✐❞♦s ♣❡❧❛s r❡❣r❛s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦ R2
{8g−4, 4}, R4

{8g−4, 4},

R8
{8g−4, 4} ❡ R9

{8g−4, 4}, r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆♣r❡s❡♥t❛♠♦s t❛♠❜é♠✱ ✹ ❝❛s♦s ♣❛r✲
t✐❝✉❧❛r❡s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❞❛s ❛r❡st❛s ❞❡ P8g−4, ♦♥❞❡ ❡♠ três ❞❡ss❡s ❝❛s♦s
g = α ≥ 3 é í♠♣❛r ❡ ❡♠ ✉♠ ❝❛s♦ g = λ ≥ 4 é ♣❛r✱ r❡♣r❡s❡♥t❛❞♦s ♣❡❧♦s ❡♠♣❛r❡❧❤❛✲
♠❡♥t♦s Φ3

8α−4, Φ
5
8α−4, Φ

6
8α−4 ❡ Φ7

8λ−4✱ ♦❜t✐❞♦ ♣❡❧❛s r❡❣r❛s R3
{8α−4, 4}, R5

{8α−4, 4},

R6
{8α−4, 4} ❡ R7

{8λ−4, 4}, r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❊st❡s ❡♠♣❛r❡❧❤❛♠❡♥t♦s q✉❡ ❝♦♥str✉í♠♦s ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ {8g − 4, 4}
❣❡r❛♠ ❣r✉♣♦s ❢✉❝❤s✐❛♥♦s✱ ♦✉ s❡❥❛✱ ❣r✉♣♦s ❞✐s❝r❡t♦s ❞❡ ✐s♦♠❡tr✐❛s ❤✐♣❡r❜ó❧✐❝❛s q✉❡
é ✉t✐❧✐③❛❞♦ ♥♦ ♣r♦❝❡ss♦ ❞❡ ❝♦♥str✉çã♦ ❞❡ ❝♦♥st❡❧❛çõ❡s ❞❡ s✐♥❛✐s✳ ❆ r❡❧❡✈â♥❝✐❛ ❞♦s
❡st✉❞♦s ❞♦s ❡♠♣❛r❡❧❤❛♠❡♥t♦s ❛ss♦❝✐❛❞♦s à t❡ss❡❧❛çã♦ {8g − 4, 4}, t❛♠❜é♠ ❡st❛
♥♦ ❢❛t♦✱ q✉❡ ❡stá t❡ss❡❧❛çã♦ ❢♦r♥❡❝❡ ❡♠♣❛❝♦t❛♠❡♥t♦s ❞❡ ❡s❢❡r❛s ❝♦♠ ❞❡♥s✐❞❛❞❡s
❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ✭❬✶✾❪✱ ❝♦♠ ✵✱✽✾✽✻✽ ♦ ♠❛✐♦r ✈❛❧♦r ❛♣r❡s❡♥t❛❞♦ ♣❛r❛ ❞❡♥s✐❞❛❞❡
❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦✱ q✉❛♥❞♦ η = 21 ❡ g = 31✮ ♣ró①✐♠❛s ❛♦ ❡♠♣❛❝♦t❛♠❡♥t♦ ót✐♠♦✱
❡♠ r❡❧❛çã♦ à ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛❝♦t❛♠❡♥t♦ ♥♦ ♣❧❛♥♦ ❤✐♣❡r❜ó❧✐❝♦✱ ♦✉ s❡❥❛✱ ❡♠♣❛✲
❝♦t❛♠❡♥t♦ ❝♦♠ ❞❡♥s✐❞❛❞❡ ♠á①✐♠❛✱ ✭❬✻❪✱ ♦ ✈❛❧♦r ♠á①✐♠♦ ❞❛ ❞❡♥s✐❞❛❞❡ ❞❡ ❡♠♣❛✲
❝♦t❛♠❡♥t♦ é 3

π
≈ 0, 95492965855137201461✮ ❡ ♣♦rt❛♥t♦✱ ❡stã♦ r❡❧❛❝✐♦♥❛❞♦s ❝♦♠ ❛

❝♦♥str✉çã♦ ❞❡ ❝ó❞✐❣♦s ót✐♠♦s ❝✉❥❛ ❛ ♣r♦❜❛❜✐❧✐❞❛❞❡ ❞❡ ❡rr♦ é ♠✐♥✐♠❛✳

✾✾



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❆●❯❙❚■◆■ ❊✳ ❈♦♥st❡❧❛çõ❡s ❞❡ ❙✐♥❛✐s ❡♠ ❊s♣❛ç♦s ❍✐♣❡r❜ó❧✐❝♦s ❚❡s❡ ❞❡
❉♦✉❥t♦r❛❞♦ ✱ ■▼❊❈❈✲❯◆■❈❆▼P✱ 2002✳

❬✷❪ ❆❧✈❡s✱ ❆✳ ❋✳ ❡ P❛❧❛③③♦ ❏✉♥✐♦r✱ ❘✳ ❈❛r❛❝t❡r✐③❛çã♦ ❞♦s ❊♠♣❛r❡❧❤❛♠❡♥✲
t♦s ❞❡ ❆r❡st❛s ❞❡ P♦❧í❣♦♥♦s ❤✐♣❡r❜ó❧✐❝♦s ♣❛r❛ ❛ ❈♦♥str✉çã♦ ❞❡ ❙✐♥❛✐s✱
❈◆▼❆❈✱ ➪❣✉❛s ❞❡ ▲✐♥❞ó✐❛✴❙P✱ ✷✵✶✷✳

❬✸❪ ❆♥❞❡rs♦♥✱ ❏✳ ❲✳ ✲ ❍②♣❡r❜♦❧✐❝ ●❡♦♠❡tr②✱ ✲ ❙❡❝♦♥❞ ❊❞✐t✐♦♥✱ ❙♣r✐♥❣❡r ❱❡r✲
❧❛❣✱ ✷✵✵✺✳

❬✹❪ ❇❡❛r❞♦♥✱ ❆❧❛♥ ✲ ❚❤❡ ●❡♦♠❡tr② ♦❢ ❉✐s❝r❡t❡ ●r♦✉♣s✱ ✲ ❙♣r✐♥❣❡r ❱❡r❧❛❣✱
✶✾✽✸✳

❬✺❪ ❉r✉♠♦♥❞✱ ❋✳ ●✳ ❆✳ ❙✐st♦❧❡s ❡♠ ❙✉♣❡r❢í❝✐❡s ●❡r❛❞❛s P❡❧❛ ❚❡ss❡❧❛çã♦
{8g − 4, 4} ✳ ❉✐ss❡rt❛çã♦ ❞❡ ▼❡str❛❞♦✱ ❯❋❱ ✷✵✶✺✳

❬✻❪ ❋❛r✐❛✱ ▼ér❝✐♦ ❇♦t❡❧❤♦✳ ❊♠♣❛❝♦t❛♠❡♥t♦ ❞❡ ❡s❢❡r❛s ❡♠ ❡s♣❛ç♦s ❤✐♣❡r❜ó❧✐✲
❝♦s✱ ❉✐ss❡rt❛çã♦ ❞❡ ♠❡str❛❞♦✱ ■♠❡❝❝✲❯♥✐❝❛♠♣✱ 2001✳

❬✼❪ ❋❛r✐❛✱ ▼❡r❝✐♦ ❇♦t❡❧❤♦✳ ❈♦♦r❞❡♥❛❞❛s ❋r✐❝❦❡ ❡ ❊♠♣❛❝♦t❛♠❡♥t♦s ❍✐♣❡r❜ó✲
❧✐❝♦s ❞❡ ❉✐s❝♦s✳ ❚❡s❡ ❞❡ ❞♦✉t♦r❛❞♦ ✲ ■♠❡❝❝✴❯♥✐❝❛♠♣✱ 2005.

❬✽❪ ❋❛r✐❛✱ ▼✳ ❇✳ ❡ P❛❧❛③③♦ ❘✳ ❉♦✐s ❝❛s♦s ❞❡ ❡♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛✲
❞♦s ❆ss♦❝✐❛❞♦s à ❚❡ss❡❧❛çã♦ {12g − 6, 3}✳ ❆♥❛✐s ❞♦ ❳❳❳■■ ❙✐♠♣ós✐♦
❇r❛s✐❧❡✐r♦ ❞❡ ❚❡❧❡❝♦♠✉♥✐❝❛çõ❡s ✭❙❇❘❚ ✷✵✵✾✮✱ ❯❋▼❚✱ ❈✉✐❜á✲▼❚✱ 2009.

❬✾❪ ❋❛r✐❛✱ ▼✳ ❇✳ ❡ P❛❧❛③③♦ ❘✳ ❊♠♣❛r❡❧❤❛♠❡♥t♦s ●❡♥❡r❛❧✐③❛❞♦s ❆ss♦❝✐❛❞♦s
❛ ❚❡ss❡❧❛çã♦ {12g − 6, 3} ✳ ❆♥❛✐s ❞♦ ❳❳❳■■ ❈♦♥❣r❡ss♦ ◆❛❝✐♦♥❛❧ ❞❡
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