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❆❣r❛❞❡❝✐♠❡♥t♦s

❆❣r❛❞❡ç♦ ❛ t♦❞♦s q✉❡ ❞❡ ❛❧❣✉♠❛ ❢♦r♠❛ ❝♦♥tr✐❜✉ír❛♠ ♣❛r❛ ❛ r❡❛❧✐③❛çã♦ ❞❡st❡
tr❛❜❛❧❤♦✳

➚ ♠✐♥❤❛ ❢❛♠í❧✐❛ ♣❡❧♦ s❡✉ ❣r❛♥❞❡ ❛♣♦✐♦ ♥♦ ♠❡✉ ♣r♦❝❡ss♦ ❛❝❛❞ê♠✐❝♦✱ ♣❡❧❛ s✉❛
❝♦♥stâ♥❝✐❛✱ s❡✉s ❡s❢♦rç♦s ❡ ❛♠♦r✳

➚ ♠✐♥❤❛ ♦r✐❡♥t❛❞♦r❛ ❈❛t❛r✐♥❛ ▼❡♥❞❡s ❞❡ ❏❡s✉s ♦s ♠❛✐s s✐♥❝❡r♦s
❛❣r❛❞❡❝✐♠❡♥t♦s ♣❡❧❛ ♣❛❝✐ê♥❝✐❛✱ ❞✐s♣♦s✐çã♦✱ ❝♦♥❢r❛t❡r♥✐③❛çã♦ ❡ ♣♦r t❡r s✐❞♦
♣r♦♠♦t♦r❛ ❞♦ ♠❡✉ ❝r❡s❝✐♠❡♥t♦ ♣r♦✜ss✐♦♥❛❧✳

➚s ♣r♦❢❡ss♦r❛s ❊❧✐r✐s ❈r✐st✐♥❛ ❘✐③③✐♦❧❧✐ ❡ P♦✉②❛ ▼❡❤❞✐♣♦✉r ❇❛❧❛❣❛❢s❤❡❤✱ ♣♦r
❛❝❡✐t❛r❡♠ ❢❛③❡r ♣❛rt❡ ❞❛ ❜❛♥❝❛ ❡①❛♠✐♥❛❞♦r❛ ❞❡st❛ ❞✐ss❡rt❛çã♦ ❡ ♣❡❧❛s ✐♥❞✐❝❛çõ❡s
❞❡ ❝♦rr❡çõ❡s✳

❆♦ ❇r❛s✐❧✱ ♣♦r ♠❡ ❛❝♦❧❤❡r ❞❛ ♠❡❧❤♦r ❢♦r♠❛ ❡ ♠❡ ❢❛③❡r s❡♠♣r❡ s❡♥t✐r ❡♠ ❝❛s❛
❡ ❡s♣❡❝✐❛❧♠❡♥t❡ ❛ ♠✐♥❤❛ ♥❛♠♦r❛❞❛ ♣❡❧❛ ♣❛❝✐ê♥❝✐❛ ❡ ❛♣♦✐♦ ♥❡st❡ ♣r♦❝❡ss♦✳

❯♠ ❛❣r❛❞❡❝✐♠❡♥t♦ ❡s♣❡❝✐❛❧ ❛♦ q✉❡ ❢♦✐ s❡❝r❡tár✐♦ ❞♦ ♠❡str❛❞♦ ❏♦ã♦ ▼❛r❝♦s✱
♣♦r s❡r ✉♠ ❣r❛♥❞❡ ❛♣♦✐♦ ❞✉r❛♥t❡ ❡st❡ t❡♠♣♦ ❡ ❛ t♦❞♦s ♦s ❛♠✐❣♦s q✉❡ ❛ ✈✐❞❛ ♠❡
t❡♠ ❞❛❞♦✳

❋✐♥❛❧♠❡♥t❡✱ ❛❣r❛❞❡ç♦ à ❈❆P❊❙ ♣❡❧♦ ❛♣♦✐♦ ✜♥❛♥❝❡✐r♦ ✐♥❞✐s♣❡♥sá✈❡❧ ♣❛r❛ ❛
r❡❛❧✐③❛çã♦ ❞❡st❡ tr❛❜❛❧❤♦✳
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▲✐st❛ ❞❡ ❙í♠❜♦❧♦s

gc ❆♣❧✐❝❛çã♦ fc
|fc|

❀
fd,g ❆♣❧✐❝❛çã♦ ❞❡ ❣r❛✉ d ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❞❡ ❣ê♥❡r♦

g❀
∂M ❇♦r❞♦ ❞❛ ✈❛r✐❡❞❛❞❡ M ❀
χ(M) ❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛ s✉♣❡r❢í❝✐❡ M ❀
S1 ❈ír❝✉❧♦❀

C∞(M,N) ❈♦♥❥✉♥t♦ ❞❡ ❛♣❧✐❝❛çõ❡s s✉❛✈❡s M → N ❀
E(M,N) ❈♦♥❥✉♥t♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ M ❡♠ N ❀
Σ(f) ❈♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❛ ❛♣❧✐❝❛çã♦ f ❀

Cusps(f) ❈♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞❡ ❝ú♣✐❞❡s ❞❛ ❛♣❧✐❝❛çã♦ f ❀
Dobras(f) ❈♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ❞❛ ❛♣❧✐❝❛çã♦ f ❀

α ❈♦♠♣♦♥❡♥t❡ ❞❡ Σf ❀
c ❈♦♠♣♦♥❡♥t❡ ❞❡ αr Cusps(f)❀
D̂ ❈♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s (p, q) t❛❧ q✉❡ f(p) = f(q)❀
γ(f) ❈♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❛ ❛♣❧✐❝❛çã♦ f ❀
f̂ ❈✉r✈❛ ❞✉❛❧ ❞❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ f ❀
△ ❉✐❛❣♦♥❛❧ ❞♦ s✉❜❝♦♥❥✉♥t♦ I × I❀
dpf ❉✐❢❡r❡♥❝✐❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ♥♦ ♣♦♥t♦ p❀
D∞ ❉✐s❝♦ ✈✐③✐♥❤❛♥ç❛ ❞❡ ∞❀
2P ❉♦❜r♦ ❞❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦ P ❀
S2 ❊s❢❡r❛ ❜✐❞✐♠❡♥s✐♦♥❛❧❀
TpM ❊s♣❛ç♦ t❛♥❣❡♥t❡ à ✈❛r✐❡❞❛❞❡ ♥♦ ♣♦♥t♦ p❀

Jk(M,N) ❊s♣❛ç♦ ❞❡ ❥❛t♦s ❞❡ ❛♣❧✐❝❛çõ❡s M → N ❀
M+ ❋❡❝❤♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s r❡❣✉❧❛r❡s ♥♦s q✉❛✐s

f ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦❀
M− ❋❡❝❤♦ ❞♦s ♣♦♥t♦s r❡❣✉❧❛r❡s ♥♦s q✉❛✐s f ✐♥✈❡rt❡ ❛

♦r✐❡♥t❛çã♦✱❀
γǫ ❋r♦♥t❡✐r❛ ❞❛ ✐♥t❡rs❡çã♦ ❞❡ T ❝♦♠ ✉♠ q✉❛❞r❛❞♦

t❡♥❞♦ ❝❡♥tr♦ (p, p) ❡ ❧❛❞♦s ǫ❀
∂T ❋r♦♥t❡✐r❛ t♦♣♦❧ó❣✐❝❛ ❞❡ T ❀
π ❋✉♥çã♦ ❞❡ ▼♦rs❡❀

g(M) ♦✉ g ●ê♥❡r♦ ❞❛ s✉♣❡r❢í❝✐❡ M ❀
deg(f) ♦✉ d ●r❛✉ ❞❛ ❛♣❧✐❝❛çã♦ f ❀

n̂ ●r❛✉ ❞❛ ❝✉r✈❛ f̂ ❀
n(f) ●r❛✉ ❞❛ ❝✉r✈❛ s ∧ e3❀
δp,q ●r❛✉ ❞❡ s ∧ e3 | γ❀
kp ●r❛✉ ❞❛ ❝✉r✈❛ ❧í♠✐t❡ s ∧ e3 | γǫ✱ ǫ→ 0❀

✈✐✐



✈✐✐✐

jk(f) ❏❛t♦ ❞❛ ❛♣❧✐❝❛çã♦ f ❀
m(f) ▼❡♥♦r ♥ú♠❡r♦ ❞❡ ♣ré✲✐♠❛❣❡♥s ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦

Sg → S2❀
τ(α) ◆ú♠❡r♦ ❞❡ r♦t❛çã♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ ❞❛

❝♦♠♣♦♥❡♥t❡ α❀
D(f) ♦✉ D ◆ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡

❞❡ f ❀
µ(f) ◆ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡

❞❡ f ❀
C(f) ♦✉ C ◆ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❞♦ ❝♦♥t♦r♥♦

❛♣❛r❡♥t❡ ❞❡ f ❀
ηi(f) ◆ú♠❡r♦ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ♥ã♦ ❞❡❣❡♥❡r❛❞♦s ❞❡

í♥❞✐❝❡ i ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ▼♦rs❡ f ❀
D+ ◆ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦s❀
D− ◆ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ♥❡❣❛t✐✈♦s❀
µ+ ◆ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡

♣♦s✐t✐✈❛s❀
µ− ◆ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡

♥❡❣❛t✐✈❛s❀
v ◆ú♠❡r♦ t♦t❛❧ ❞❡ ✈ért✐❝❡s ❞❡ M ❀
e ◆ú♠❡r♦ t♦t❛❧ ❞❡ ❧❛❞♦s ❞❡ M ❀
t ◆ú♠❡r♦ t♦t❛❧ ❞❡ tr✐â♥❣✉❧♦s ❞❛ tr✐❛♥❣✉❧❛r✐③❛çã♦❀
lp ▲❛ç♦ ❝❡♥tr❛❞♦ ♥♦ ♣♦♥t♦ ❞✉♣❧♦ p❀

RP 2 P❧❛♥♦ ♣r♦❥❡t✐✈♦ ❜✐❞✐♠❡♥s✐♦♥❛❧❀
× Pr♦❞✉t♦ ❞❡ ❡s♣❛ç♦s t♦♣♦❧ó❣✐❝♦s❀
· Pr♦❞✉t♦ ✐♥t❡r♥♦❀
∧ Pr♦❞✉t♦ ✈❡t♦r✐❛❧❀

f | α ❘❡str✐çã♦ ❞❡ f ❛ ❝♦♠♣♦♥❡♥t❡ α ∈ Dobras(f)❀
fc ❘❡str✐çã♦ ❞❡ f ❛ ❝♦♠♣♦♥❡♥t❡ c ∈ Dobras(f)❀
l∞ ❘❡t❛ ♥♦ ✐♥✜♥✐t♦ ❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦❀

sign(q) ❙✐♥❛❧ ❞❛ ❝ús♣✐❞❡ q✳
S1#S2 ❙♦♠❛ ❝♦♥❡①❛ ❞❛s s✉♣❡r❢í❝✐❡s S1 ❡ S2❀
Mg ❙♦♠❛ ❝♦♥❡①❛ ❞❡ g ❝ó♣✐❛s ❞♦ t♦r♦❀
Fg ❙♦♠❛ ❝♦♥❡①❛ ❞❡ g ❝ó♣✐❛s ❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦

❜✐❞✐♠❡♥s✐♦♥❛❧❀
T ❙✉❜❝♦♥❥✉♥t♦ ❞❡ I × I t❛❧ q✉❡ p ≤ q❀
K ❙✉❜❝♦♥❥✉♥t♦ ❞❡ △ t❛❧ q✉❡ f(p) é ❝ús♣✐❞❡❀
P ❙✉♣❡r❢í❝✐❡ ❝♦♠ ❜♦r❞♦❀
T 2 ❚♦r♦ ❜✐❞✐♠❡♥s✐♦♥❛❧❀
∞ ❱❛❧♦r r❡❣✉❧❛r✱ t❛❧ q✉❡ f−1(∞) t❡♠ ❡①❛t❛♠❡♥t❡

m(f) ❡❧❡♠❡♥t♦s❀
M ❡ N ❱❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s❀
e3 ❈♦♦r❞❡♥❛❞❛ ❞❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧❛ ♦r✐❣❡♠ ❡ ♦

♣♦♥t♦ (0, 0, 1) ∈ R
3❀

δ
∑

p,q δp,q❀
k

∑
p kp✳



❘❡s✉♠♦

◗❯■❈❊◆❖✱ ❊❞❡r ▲❡❛♥❞r♦ ❙á♥❝❤❡③✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
❢❡✈❡r❡✐r♦ ❞❡ ✷✵✶✽✳ ❈♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡✐s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡
s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s✳ ❖r✐❡♥t❛❞♦r❛✿ ❈❛t❛r✐♥❛ ▼❡♥❞❡s ❞❡ ❏❡s✉s
❙á♥❝❤❡③✳

❊♠ ✶✾✾✶✱ P✐❣♥♦♥✐ ❬✸✼❪ ✐♥tr♦❞✉③✐✉ ♦ ❝♦♥❝❡✐t♦ ❞❡ ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s ♣❛r❛

❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦✱ q✉❡ ❝♦rr❡s♣♦♥❞❡ às ❛♣❧✐❝❛çõ❡s

❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ ✭❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❝♦♥❡①♦✮ ❡ ❝♦♠ ♦ ♠❡♥♦r ♥ú♠❡r♦

❝♦rr❡s♣♦♥❞❡♥t❡ ❛ s♦♠❛ ❞♦s ♥ú♠❡r♦s ❞❡ ❝ús♣✐❞❡s ❡ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s✳ ❉❡♠♦t♦✱ ❡♠

❬✻❪✱ ❡st❡♥❞❡✉ ❡st❡ ❝♦♥❝❡✐t♦ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞❛ ❡s❢❡r❛ ♥❛ ❡s❢❡r❛ ❡ q✉❡ ❢♦✐ ♠❛✐s t❛r❞❡

❣❡♥❡r❛❧✐③❛❞♦ ♣♦r ❑❛♠❡♥♦s♦♥♦✲❨❛♠❛♠♦t♦ ❡♠ ❬✶✼❪✳ ❖ ♦❜❥❡t✐✈♦ ❞❡st❡ tr❛❜❛❧❤♦ é

❡st✉❞❛r ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s✱ ❡♥❢❛t✐③❛♥❞♦ ♦s ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s

❞❡ ❛♣❧✐❝❛çõ❡s ♥❛ ❡s❢❡r❛✳

✐①



❆❜str❛❝t

◗❯■❈❊◆❖✱ ❊❞❡r ▲❡❛♥❞r♦ ❙á♥❝❤❡③✱ ▼✳❙❝✳✱ ❯♥✐✈❡rs✐❞❛❞❡ ❋❡❞❡r❛❧ ❞❡ ❱✐ç♦s❛✱
❋❡❜r✉❛r②✱ ✷✵✶✽✳ ■rr❡❞✉❝✐❜❧❡ ❝♦♥t♦✉rs ♦❢ st❛❜❧❡ ❛♣♣❧✐❝❛t✐♦♥s ❜❡t✇❡❡♥
❝❧♦s❡❞ ❛♥❞ ♦r✐❡♥t❡❞ s✉r❢❛❝❡s✳ ❆❞✈✐s❡r✿ ❈❛t❛r✐♥❛ ▼❡♥❞❡s ❞❡ ❏❡s✉s ❙á♥❝❤❡③✳

■♥ ✶✾✾✶✱ P✐❣♥♦♥✐ ✐♥tr♦❞✉❝❡❞ t❤❡ ❝♦♥❝❡♣t ♦❢ ♠✐♥✐♠❛❧ ❝♦♥t♦✉rs ❢♦r st❛❜❧❡ ♠❛♣s

♦❢ ❝❧♦s❡❞ s✉r❢❛❝❡s ✐♥t♦ t❤❡ ♣❧❛♥❡✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ♠❛♣s ✇✐t❤ ✐rr❡❞✉❝✐❜❧❡

❝♦♥t♦✉rs ✭s✐♥❣✉❧❛r ❝♦♥♥❡❝t❡❞ s❡t✮ ❛♥❞ ✇✐t❤ t❤❡ s♠❛❧❧❡st ♥✉♠❜❡r ❝♦rr❡s♣♦♥❞✐♥❣

t♦ t❤❡ s✉♠ ♦❢ ♥✉♠❜❡rs ♦❢ ❝✉♣s ❛♥❞ ❞♦✉❜❧❡ ♣♦✐♥ts✳ ❉❡♠♦t♦✱ ✐♥ ❬✻❪✱ ❡①t❡♥❞❡❞ t❤✐s

❝♦♥❝❡♣t t♦ ♠❛♣s ❜❡t✇❡❡♥ s♣❤❡r❡s ❛♥❞ t❤❛t ✇❛s ❧❛t❡r ❣❡♥❡r❛❧✐③❡❞ ❜② ❑❛♠❡♥♦s♦♥♦✲

❨❛♠❛♠♦t♦ ✐♥ ❬✶✼❪✳ ❚❤❡ ♦❜❥❡❝t✐✈❡ ♦❢ t❤✐s s✉r✈❡② ✐s t♦ st✉❞② st❛❜❧❡ ♠❛♣s ❜❡t✇❡❡♥

s✉r❢❛❝❡s✱ ❡♠♣❤❛s✐③✐♥❣ t❤❡ ♠✐♥✐♠❛❧ ❝♦♥t♦✉rs ♦❢ ♠❛♣s ✐♥t♦ t❤❡ s♣❤❡r❡✳

①



■♥tr♦❞✉çã♦

❯♠ ♣r♦❜❧❡♠❛ ❝❧áss✐❝♦ ❞❛ ❚❡♦r✐❛ ❞❛s ❙✐♥❣✉❧❛r✐❞❛❞❡s é ❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡

❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ ❛ ♠❡♥♦s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛s✱ ❡♠ ♣❛rt✐❝✉❧❛r✱ ❛ A−❡q✉✐✈❛❧❡♥t❡s✳

❖s r✉♠♦s ❞❛s ♣❡sq✉✐s❛s ♥♦ s❡♥t✐❞♦ ❞❡ r❡s♦❧✈❡r ❡st❡ ♣r♦❜❧❡♠❛ s❡ r❡s✉♠❡♠✱ ❡♠

♠✉✐t♦s ❝❛s♦s✱ ♥❛ t❡♥t❛t✐✈❛ ❞❡ ❡♥❝♦♥tr❛r ✐♥✈❛r✐❛♥t❡s q✉❡ ♣❡r♠✐t❛♠ ❝❧❛ss✐✜❝❛r ❜♦❛

♣❛rt❡ ❞❡st❛s ❛♣❧✐❝❛çõ❡s✳

❖ ♣r✐♠❡✐r♦ ♣❡sq✉✐s❛❞♦r ❛ tr❛❜❛❧❤❛r ❝♦♠ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❢♦✐ ❲❤✐t♥❡② ❬✹✸❪✱

q✉❡ ❢♦✐ ❧❡✈❛❞♦ ❛ ❡st✉❞❛r s✐♥❣✉❧❛r✐❞❛❞❡s ♥♦ ♣r♦❝❡ss♦ ❞❡ ♣r♦✈❛r s❡✉ t❡♦r❡♠❛ ❞❡

✐♠❡rsã♦✿ ❯♠❛ ✈❛r✐❡❞❛❞❡ M ❞❡ ❞✐♠❡♥sã♦ m ♣♦❞❡ s❡r ✐♠❡rs❛ ♥♦ ❡s♣❛ç♦ (2m− 1)✱

♠❡s♠♦ q✉❡ ❛s ✐♠❡rsõ❡s ♥ã♦ s❡❥❛♠ ❞❡♥s❛s ♥♦ ❡s♣❛ç♦ ❞❡ t♦❞❛s ❛s ❛♣❧✐❝❛çõ❡s ❞❡ M

❡♠ R2m−1✱ ❛❧❣✉♠❛s s✐♥❣✉❧❛r✐❞❛❞❡s ♣❡rs✐st❡♠ s♦❜ ♣❡q✉❡♥❛s ❞❡❢♦r♠❛çõ❡s✳ ❲❤✐t♥❡②

❧✐st♦✉ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡st❛s ❛♣❧✐❝❛çõ❡s✱ ❞❛s ❛♣❧✐❝❛çõ❡s M → R2m−1 ❡ ❞❛s

❛♣❧✐❝❛çõ❡s M2 → R2 ✭✈❡r ❬✹✸❪✮✳ ❆ ♣❡rs✐stê♥❝✐❛ ❞❡ ❝❡rt❛s s✐♥❣✉❧❛r✐❞❛❞❡s s♦❜

❞❡❢♦r♠❛çã♦ ❧❡✈❛ à ✐❞❡✐❛ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✿ ✉♠❛ q✉❡ é ❡ss❡♥❝✐❛❧♠❡♥t❡

✐♥❛❧t❡r❛❞❛ s❡ ❛ ❞❡❢♦r♠❛r♠♦s ✉♠ ♣♦✉❝♦✳ ❲❤✐t♥❡② ❬✹✹❪ ❝❛r❛❝t❡r✐③♦✉ ❛s ❛♣❧✐❝❛çõ❡s

❡stá✈❡✐s Mm → R
2m−1 ❡ M2 → R

2✳ ❆♦ ❢❛③ê✲❧♦ ❛♣r❡s❡♥t♦✉ ♠✉✐t❛s ❞❛s ✐❞❡✐❛s ❡

té❝♥✐❝❛s ❝❡♥tr❛✐s ♥♦ ❛ss✉♥t♦✳ ❋♦✐ ❘❡♥é ❚❤♦♠ q✉❡ ♥♦t✐✜❝♦✉ ✭❬✹✶❪✮ q✉❡ t♦❞♦s ❡st❡s

r❡s✉❧t❛❞♦s ♣♦❞✐❛♠ s❡r ✐♥❝♦r♣♦r❛❞♦s ❡♠ ✉♠❛ t❡♦r✐❛✳

❊♠ ✶✾✾✵✱ ❱❛ss✐❧✐❡✈ ✭❬✹✷❪✮ ❞❡s❡♥✈♦❧✈❡✉ ✉♠ ♠ét♦❞♦ ♣❛r❛ ♦❜t❡♥çã♦ ❞❡ ✐♥✈❛r✐❛♥t❡s

❞❡ ✐s♦t♦♣✐❛ ❧♦❝❛✐s ♥♦ ❡s♣❛ç♦ ❞❛s ❛♣❧✐❝❛çõ❡s✱ ♥♦ ❡st✉❞♦ ❞❛ ✐♠❛❣❡♠ ❞❛ ❛♣❧✐❝❛çã♦✳

❊ss❡ ♠ét♦❞♦ s❡ ❜❛s❡✐❛ ♥♦ ❡st✉❞♦ ❞♦ s✉❜❝♦♥❥✉♥t♦ ❞✐s❝r✐♠✐♥❛♥t❡✱ ❢♦r♠❛❞♦ ♣❡❧❛s

❛♣❧✐❝❛çõ❡s ♥ã♦ ❡stá✈❡✐s✳ ❆ ♣❛rt✐r ❞✐ss♦✱ ✈ár✐♦s ♣❡sq✉✐s❛❞♦r❡s ❞❡❞✐❝❛r❛♠✲s❡ ❛

♣❡sq✉✐s❛r ✐♥✈❛r✐❛♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✿ ❡♠ ✶✾✾✵✱ ✈❛ss✐❧✐❡✈ ✭❬✹✷❪✮ ❡♥❝♦♥tr❛

✐♥✈❛r✐❛♥t❡s ❞❡ ♠❡r❣✉❧❤♦s ❞❡ S1 ❡♠ R3❀ ❊♠ ✶✾✾✹✱ ❆r♥♦❧❞ ✭❬✷❪✮ ❡st✉❞❛ ✐♥✈❛r✐❛♥t❡

❞❡ ✐♠❡rsõ❡s ❞❡ S1 ❡♠ R2✱ ❝❤❛♠❛❞♦s ✐♥✈❛r✐❛♥t❡s ❞❡ ❆r♥♦❧❞❀ ❊♠ ✶✾✾✼✱ ●♦r②✉♥♦✈

✭❬✶✵❪✮✱ ❡st✉❞❛ ✐♥✈❛r✐❛♥t❡s ❞❡ s✉♣❡r❢í❝✐❡s ✐♠❡rs❛s ❡♠ R3❀ ❊♠ ✷✵✵✻✱ ❖❤♠♦t♦ ❡

❆✐❝❛r❞✐ ✭❬✸✻❪✮✱ ❡st✉❞❛♠ ✐♥✈❛r✐❛♥t❡s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦✳

❈♦♥t✐♥✉❛♥❞♦ ❝♦♠ ♦ ❡st✉❞♦ ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ✭✐♠❛❣❡♠ ❞♦ ❝♦♥❥✉♥t♦

s✐♥❣✉❧❛r✮✱ ❡♠ ✶✾✾✶✱ P✐❣♥♦♥✐ ❬✸✼❪ ❞❡t❡r♠✐♥♦✉ ♦ ♥ú♠❡r♦ ♠í♥✐♠♦ ♣❛r❛ ❛ s♦♠❛ ❞♦s

♥ú♠❡r♦s ❞❡ ❝ús♣✐❞❡s ❡ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s

✶



✷

❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s ♥♦ ♣❧❛♥♦ ♦ q✉❛❧ ❝❤❛♠♦✉ ❞❡ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧✳ ❙❡❣✉✐♥❞♦

P✐❣♥♦♥✐✱ ❡♠ ✷✵✵✺✱ ❉❡♠♦t♦ ❬✻❪ ❞❡t❡r♠✐♥❛ ♦s ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s ♣❛r❛ ❛♣❧✐❝❛çõ❡s

❞❛ ❡s❢❡r❛ ♥❛ ❡s❢❡r❛✳ ▼❛✐s t❛r❞❡✱ ❑❛♠❡♥♦s♦♥♦✲❨❛♠❛♠♦t♦ ❬✶✼❪ ♥♦ ❛♥♦ ❞❡ ✷✵✵✾✱

❡st❡♥❞❡♠ ♦s r❡s✉❧t❛❞♦s ❞❡ ❉❡♠♦t♦ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥❛

❡s❢❡r❛✳

❊♠ ✷✵✵✶✱ ▼❡♥❞❡s ✭❬✷✹❪✮ ❝♦♥s✐❞❡r❛♥❞♦ ♦ ❞♦♠✐♥✐♦ ❞❛ ❛♣❧✐❝❛çã♦✱ ✐♥tr♦❞✉③✐✉ ✉♠

✐♥✈❛r✐❛♥t❡ ❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❣❧♦❜❛❧ q✉❡ ❢♦✐ ✐♥tr♦❞✉③✐❞♦ ❡♠ s✉❛ t❡s❡ ❞❡ ❞♦✉t♦r❛❞♦

❡ ♠❛✐s t❛r❞❡ ❢♦✐ ♣✉❜❧✐❝❛❞♦ ♣♦r ❍❛❝♦♥✱ ▼❡♥❞❡s ❡ ❘♦♠❡r♦✲❋✉st❡r ❡♠ ❬✶✶✱ ✶✸✱ ✶✺❪✱

♦♥❞❡ tr❛t❛r❛♠ t❛♠❜é♠ ❞♦ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❛s ❛♣❧✐❝❛çõ❡s s❡♠ ❝ús♣✐❞❡s✱ ❝♦♥❤❡❝✐❞❛s

❝♦♠♦ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛s✳ ❊ss❛ té❝♥✐❝❛✱ ❞❡ ❛ss♦❝✐❛r ❣r❛❢♦ ❝♦♠ ♣❡s♦s às ❛♣❧✐❝❛çõ❡s

❡stá✈❡✐s✱ ❢♦✐ t❛♠❜é♠ ❡st❡♥❞✐❞❛ ♣❛r❛ ♦✉tr❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❝♦♠♦ ❛♣❧✐❝❛çõ❡s

❡stá✈❡✐s ❞❡✿ ❛♣❧✐❝❛çõ❡s ❞❡ ✸✲✈❛r✐❡❞❛❞❡s ♦r✐❡♥t❛❞❛s ❡ ❢❡❝❤❛❞❛s ♥♦ R
3✱ ♣♦r ▼❡♥❞❡s

❞❡ ❏❡s✉s✱ ❖s❡t ❙✐♥❤❛ ❡ ❘♦♠❡r♦✲❋✉st❡r✱ ❡♠ ✭❬✷✾❪✮ ♥♦ ❛♥♦ ❞❡ ✷✵✵✾❀ s✉♣❡r❢í❝✐❡s

❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s ♥❛ ❡s❢❡r❛✱ ♣♦r ❍❛❝♦♥✱ ▼❡♥❞❡s ❞❡ ❏❡s✉s ❡ ❘♦♠❡r♦✲❋✉st❡r ❡♠

❬✶✹❪ ♥♦ ❛♥♦ ❞❡ ✷✵✶✵❀ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❞❡ ●❛✉ss ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s

✐♠❡rs❛s ♥♦ ✸✲❡s♣❛ç♦✱ ♣♦r ▼❡♥❞❡s ❞❡ ❏❡s✉s✱ ▼♦r❛❧❡s ❡ ❘♦♠❡r♦✲❋✉st❡r ❡♠ ✭❬✷✽❪✮ ♥♦

❛♥♦ ❞❡ ✷✵✶✶❀ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r✜❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s ❡♠ ❬✷✺❪

♥♦ ❛♥♦ ❞❡ ✷✵✶✻❀ ❛♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡♠ ❬✷✼❪ ♥♦

❛♥♦ ❞❡ ✷✵✶✽✳

❖ ♣r❡s❡♥t❡ tr❛❜❛❧❤♦ t❡♠ ❝♦♠♦ t❡♠❛ ♣r✐♥❝✐♣❛❧ ♦ ❡st✉❞♦ ❞❡ ❝♦♥t♦r♥♦s

✐rr❡❞✉tí✈❡✐s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s✳ ❙❡❣✉♥❞♦

❊❧✐❛s❜❡r❣ ❬✼❪✱ ♣❛r❛ ❝❛❞❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ f ❡♥tr❡ ❞✉❛s s✉♣❡r❢í❝✐❡s ❡①✐st❡ ✉♠❛

❛♣❧✐❝❛çã♦ ❡stá✈❡❧ h✱ ♥❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ f ✱ ❝♦♠ ♦ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ ✭ú♥✐❝❛

❝♦♠♣♦♥❡♥t❡ s✐♥❣✉❧❛r✮✳ ❊st❡s ❝♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡✐s ♣♦❞❡♠ ❢♦r♥❡❝❡r ✐♥❢♦r♠❛çõ❡s

q✉❡ ❛✉①✐❧✐❛ ♥❛ ❝❧❛ss✐✜❝❛çã♦ ❞❡st❛s ❛♣❧✐❝❛çõ❡s✳ ◆❛t✉r❛❧♠❡♥t❡✱ ♥ã♦ ❡①✐st❡ ✉♠❛

ú♥✐❝❛ ❛♣❧✐❝❛çã♦ ❝♦♠ ❝♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡❧ ♣❛r❛ ❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ f ✳ ❯♠❛

♣❡r❣✉♥t❛ ♥❛t✉r❛❧ q✉❡ s✉r❣❡ é✿ q✉❛❧ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ t❡♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡

♣♦♥t♦s ❞✉♣❧♦s ❡ ❞❡ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s❄ ❖✉ s❡❥❛✱ q✉❛❧ é ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ♥❛

❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f ❞❛❞❛❄✳ ❖s ♣r✐♥❝✐♣❛✐s r❡s✉❧t❛❞♦s ❛q✉✐

❛♣r❡s❡♥t❛❞♦s ❡stã♦ ❜❛s❡❛❞♦s ❡♠ ❬✶✼❪✳ ❆ ❡str✉t✉r❛ q✉❡ ❛❞♦t❛♠♦s ♥❡st❡ tr❛❜❛❧❤♦

♣❛r❛ ❛♣r❡s❡♥t❛çã♦ ❞♦ ❝♦♥t❡ú❞♦ é ❝♦♠♦ s❡❣✉❡✿

◆♦ ♣r✐♠❡✐r♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❜ás✐❝♦s ❡ r❡s✉❧t❛❞♦s s♦❜r❡

✈❛r✐❡❞❛❞❡s✱ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ s✉♣❡r❢í❝✐❡s✱ ♦r✐❡♥t❛❜✐❧✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡s ❡

❡s♣❛ç♦s ❞❡ ❛♣❧✐❝❛çõ❡s✱ ❛✜♠ ❞❡ ♣r♦♣♦r❝✐♦♥❛r ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛

❛❜♦r❞❛❣❡♠ ♣r♦♣♦st❛ ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳ ❈♦♠♦ ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s✱ t❡♠♦s

❬✾✱ ✸✸✱ ✸✻✱ ✹✷❪✳

◆♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡



✸

s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s✱ ❝♦♠ r❡s✉❧t❛❞♦s ♣❛rt✐❝✉❧❛r❡s s♦❜r❡ ❛♣❧✐❝❛çõ❡s

♥❛ ❡s❢❡r❛✱ ❛s ❞❡♠♦♥str❛çõ❡s ❞❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s s❡rã♦ ♦♠✐t✐❞❛s✱ ♣♦✐s ❡st❡s s❡

❡♥❝♦♥tr❛r ❝♦♠ ❞❡t❛❧❤❡s ❡♠ ❬✷✶❪✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s sã♦ ❬✻✱ ✷✺✱ ✸✵✱ ✸✾✱ ✸✻❪✳

◆♦ t❡r❝❡✐r♦ ❝❛♣ít✉❧♦✱ ✈❡r❡♠♦s ✉♠ ♣♦✉❝♦ s♦❜r❡ ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡

s✉♣❡r✜❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦ ❡ ♥❛ ❡s❢❡r❛ ❝♦♠ ❡①❡♠♣❧♦s ❞❡ ❝♦♥t♦r♥♦s ✐rr❡❞✉t✐✈❡✐s✱

❛❧é♠ ❞❡ ❛❧❣✉♠❛s r❡❧❛çõ❡s ❡♥tr❡ s✐♥❣✉❧❛r✐❞❛❞❡s ❞❛ ❛♣❧✐❝❛çã♦ ❡ ❣ê♥❡r♦ ❞❛ s✉♣❡r✜❝✐❡✳

❆s ♣r✐♥❝✐♣❛✐s r❡❢❡r❡♥❝✐❛s sã♦ ❬✶✼✱ ✸✼✱ ✸✹✱ ✸✺✱ ✹✺❪✳

❋✐♥❛❧♠❡♥t❡✱ ♥♦ q✉❛rt♦ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡

s✉♣❡r❢í❝✐❡s ❝♦♠ ❝♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡✐s ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❛❧❣✉♠❛s ❢❛♠í❧✐❛s

♣❛rt✐❝✉❧❛r❡s ❞❡st❡s ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s✱ ❝❤❛♠❛❞❛s ❞❡ ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s✱

❜❛s❡❛❞♦ ❡♠ ❬✻✱ ✶✼✱ ✸✼✱ ✹✻❪✳



❈❛♣ít✉❧♦ ✶

Pr❡❧✐♠✐♥❛r❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❡ r❡s✉❧t❛❞♦s s♦❜r❡
✈❛r✐❡❞❛❞❡s✱ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ s✉♣❡r❢í❝✐❡s✱ ♦r✐❡♥t❛❜✐❧✐❞❛❞❡ ❞❡ s✉♣❡r❢í❝✐❡s
❡ ❡s♣❛ç♦s ❞❡ ❛♣❧✐❝❛çõ❡s✱ ❛✜♠ ❞❡ ♣r♦♣♦r❝✐♦♥❛r ❛s ❢❡rr❛♠❡♥t❛s ♥❡❝❡ssár✐❛s ♣❛r❛ ❛
❛❜♦r❞❛❣❡♠ ♣r♦♣♦st❛ ♥♦s ♣ró①✐♠♦s ❝❛♣ít✉❧♦s✳ ❈♦♠♦ r❡❢❡rê♥❝✐❛ ♣❛r❛ ❛ s❡çã♦ ❞❡
✈❛r✐❡❞❛❞❡s ♥♦s ❜❛s❡❛♠♦s ❡♠ ❬✸✸❪✱ ❥á ♣❛r❛ ♦s ❝♦♥❝❡✐t♦s ❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s
t❡r❡♠♦s ❝♦♠♦ r❡❢❡rê♥❝✐❛ ❬✾✱ ✸✻✱ ✹✷❪✱

✶✳✶ ❱❛r✐❡❞❛❞❡s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s r❡❧❛❝✐♦♥❛❞♦s ❛♦ ❡st✉❞♦ ❞❛s
✈❛r✐❡❞❛❞❡s✳ ❖s r❡s✉❧t❛❞♦s ❡ ❞❡✜♥✐çõ❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✸✸❪✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛ ❞❡ ❞✐♠❡♥sã♦ m é ✉♠ ❡s♣❛ç♦
t♦♣♦❧ó❣✐❝♦ M ❝♦♠ ❛s s❡❣✉✐♥t❡s três ♣r♦♣r✐❡❞❛❞❡s✿

✶✮ ▲♦❝❛❧♠❡♥t❡ ❤♦♠❡♦♠♦r❢♦ ❛ R
m✳ ■st♦ é✱ ❡①✐st❡ ✉♠❛ ❝♦❜❡rt✉r❛ ❛❜❡rt❛ U =

{Ui}i∈Λ ❞❡ M t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ i ∈ Λ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ xi : Ui −→ R
n

❛ q✉❛❧ ❛♣❧✐❝❛ Ui ❤♦♠❡♦♠♦r✜❝❛♠❡♥t❡ s♦❜r❡ R
m❀

✷✮ ❙❡❣✉♥❞♦ ❡♥✉♠❡rá✈❡❧❀

✸✮ ❍❛✉s❞♦r✛✳

❉❡✜♥✐çã♦ ✶✳✶✳✷✳ P❛r❛ ✉♠❛ ✈❛r✐❡❞❛❞❡ M ✉s❛r❡♠♦s ❛s s❡❣✉✐♥t❡s ♥♦t❛çõ❡s✿

✶✮ ❖ ♣❛r (Ui, xi) é ❝❤❛♠❛❞♦ ❝❛rt❛ ✭♦✉ s✐st❡♠❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛❧✮ ❝♦♠
❞♦♠í♥✐♦ Ui✳

✷✮ ❉✐③❡♠♦s q✉❡ m é ❛ ❞✐♠❡♥sã♦ ❞❡ x : U −→ x(U)✳ P❛r❛ ❝❛❞❛ p ∈ U t❡♠✲s❡
x(p) = (x1(p), ..., xm(p))✳

✸✮ ❖s ♥ú♠❡r♦s xi = xi(p), i = 1, ...m sã♦ ❝❤❛♠❛❞♦s ♣♦r ❝♦♦r❞❡♥❛❞❛s ❞♦ ♣♦♥t♦
p ∈M ♥♦ s✐st❡♠❛ x✳

✹



✺

❊①❡♠♣❧♦ ✶✳✶✳✸✳ ❯♠❛ ❢♦r♠❛ ❞❡ ♣r♦✈❛r q✉❡✱ ♣♦r ❡①❡♠♣❧♦✱ S2 é ✉♠❛ ✈❛r✐❡❞❛❞❡
t♦♣♦❧ó❣✐❝❛✱ é ❝♦♥s✐❞❡r❛♥❞♦ ❛s ♣r♦❥❡çõ❡s ❡st❡r❡♦❣rá✜❝❛s✿ ❉❡♥♦t❡♠♦s N ♦ ♣♦❧♦
♥♦rt❡✱ (0, 0, 1) ∈ S2 ⊂ R

3✱ ❡ ❞❡♥♦t❡♠♦s S ♦ ♣♦❧♦ s✉❧✱ (0, 0,−1)✳ ❉❡✜♥❛ ❛ ♣r♦❥❡çã♦
❡st❡r❡♦❣rá✜❝❛ ϕN : (S2

r {N}) → R
2 ♣♦r

ϕN(x1, x2, x3) =
(x1, x2)

1− x3
,

❡ ❞❡✜♥❛ ϕS(x) = −ϕN(−x) ♣❛r❛ x ∈ S2
r {N}✳

❉❡✜♥✐çã♦ ✶✳✶✳✹✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛✳ ❙❡ (U, x) ❡ (V, y) sã♦ ❞✉❛s
❝❛rt❛s t❛✐s q✉❡ U∩V 6= ∅✱ ❛ ❢✉♥çã♦ tr❛♥s✐çã♦ ❞❡ x ❛ y é ❛ ❛♣❧✐❝❛çã♦ ❝♦♠♣♦s✐çã♦
y ◦ x−1 : x(U ∩ V ) → y(U ∩ V )✳ ❆ q✉❛❧ é ✉♠❛ ❝♦♠♣♦s✐çã♦ ❞❡ ❤♦♠❡♦♠♦r✜s♠♦s ❡✱
♣♦rt❛♥t♦✱ ❡♠ s✐ ♠❡s♠❛ ✉♠ ❤♦♠❡♦♠♦r✜s♠♦✳

❉❡✜♥✐çã♦ ✶✳✶✳✺✳ ❉✉❛s ❝❛rt❛s (U, x)✱ (V, y) s❡ ❞✐③❡♠ s❡r ❝♦♠♣❛tí✈❡✐s Ck✱ s❡
U ∩ V = ∅ ♦✉ ❛ ❢✉♥çã♦ tr❛♥s✐çã♦ y ◦ x−1 é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ❞❡ ❝❧❛ss❡ Ck✳

❉❡✜♥✐çã♦ ✶✳✶✳✻✳ ❯♠ ❛t❧❛s é ✉♠ ❝♦♥❥✉♥t♦ A = {(Ui, xi), i ∈ I} ❞❡ ❝❛rt❛s t❛✐s
q✉❡ M = ∪i∈IUi✳ ❙❡ ❝❛❞❛ ♣❛r ❞❡ ❝❛rt❛s ❞❡ A sã♦ ❝♦♠♣❛tí✈❡✐s Ck ✉♠❛ ❝♦♠ ❛
♦✉tr❛✱ ❡♥tã♦ A é ❝❤❛♠❛❞♦ ❛t❧❛s ❞❡ ❝❧❛ss❡ Ck✳

❉❡✜♥✐çã♦ ✶✳✶✳✼✳ ❯♠ ❛t❧❛s ❞❡ ❝❧❛ss❡ Ck ❡♠ M é ✉♠ ❛t❧❛s ♠❛①✐♠❛❧✱ s❡ ❡st❡
♥ã♦ ❡stá ♣r♦♣r✐❛♠❡♥t❡ ❝♦♥t✐❞♦ ❡♠ q✉❛❧q✉❡r ♦✉tr♦ ❛t❧❛s ❞❡ ❝❧❛ss❡ Ck✳

❉❡✜♥✐çã♦ ✶✳✶✳✽✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ t♦♣♦❧ó❣✐❝❛✳ ❯♠❛ ❡str✉t✉r❛

❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ M é ✉♠ ❛t❧❛s A ❞❡ ❝❧❛ss❡ Ck ♠❛①✐♠❛❧✳ ❆♦ ♣❛r (M,A)
❝❤❛♠❛r❡♠♦s ❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❝❧❛ss❡ Ck✳

❯♠ r❡s✉❧t❛❞♦ út✐❧ ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s é ❞❛❞♦ ❛
s❡❣✉✐r✳ P♦❞❡✲s❡ ❡♥❝♦♥tr❛r ✉♠❛ ♣r♦✈❛ ❞❡st❡ ❡♠ ✭▲❡❡ ❬✸✸❪ ♣✳✷✷✮✳

▲❡♠❛ ✶✳✶✳✾ ✭▲❡♠❛ ❞❛s ❝❛rt❛s ❞❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✮✳ ❙❡❥❛ M ✉♠
❝♦♥❥✉♥t♦✱ ❡ s✉♣♦♥❤❛ q✉❡ é ❞❛❞❛ ✉♠❛ ❝♦❧❡çã♦ {Uα} ❞❡ s✉❜❝♦♥❥✉♥t♦s ❞❡ M ❥✉♥t♦
❝♦♠ ❛♣❧✐❝❛çõ❡s xα : Uα → R

n✱ t❛✐s q✉❡ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s sã♦ s❛t✐s❢❡✐t❛s✿

✶✮ P❛r❛ ❝❛❞❛ α✱ xα é ✉♠❛ ❜✐❥❡çã♦ ❡♥tr❡ Uα ❡ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ xα(Uα) ⊂
R
m❀

✷✮ P❛r❛ ❝❛❞❛ α ❡ β✱ ♦ ❝♦♥❥✉♥t♦ xα(Uα ∩Uβ) ❡ xβ(Uα ∩Uβ) sã♦ ❛❜❡rt♦s ❞❡ R
n❀

✸✮ ❙❡♠♣r❡ q✉❡ Uα∩Uβ 6= ∅ ❛ ❛♣❧✐❝❛çã♦ xβ◦(xα)
−1 : xα(Uα∩Uβ) → xβ(Uα∩Uβ)

é ❞✐❢❡r❡♥❝✐á✈❡❧❀

✹✮ ❯♠❛ q✉❛♥t✐❞❛❞❡ ❡♥✉♠❡rá✈❡❧ ❞♦s ❝♦♥❥✉♥t♦s Uα ❝♦❜r❡♠ M ❀

✺✮ ❙❡♠♣r❡ q✉❡ p✱ q s❡❥❛♠ ❞✐❢❡r❡♥t❡s ♣♦♥t♦s ❞❡M ✿ ♦✉ ❡①✐st❡ ❛❧❣✉♠ Uα ❝♦♥t❡♥❞♦
❛♠❜♦s p ❡ q ♦✉ ❡①✐st❡♠ ❝♦♥❥✉♥t♦s ❞✐s❥✉♥t♦s Uα ❡ Uβ ❝♦♠ p ∈ Uα ❡ q ∈ Uβ ✳

❉❡st❛s ❝♦♥❞✐çõ❡s✱ M t❡♠ ✉♠❛ ú♥✐❝❛ ❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ t❛❧ q✉❡
❝❛❞❛ (Uα, xα) é ✉♠❛ ❝❛rt❛ ❞✐❢❡r❡♥❝✐á✈❡❧✳



✻

❉❡✜♥✐çã♦ ✶✳✶✳✶✵✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ m ❝♦♠ ❜♦r❞♦ é ✉♠ ❡s♣❛ç♦
t♦♣♦❧ó❣✐❝♦ M ✱ ❍❛✉s❞♦r✛✱ s❡❣✉♥❞♦ ❡♥✉♠❡rá✈❡❧ ❡ ❝♦♠ ❛ s❡❣✉✐♥t❡ ♣r♦♣r✐❡❞❛❞❡
❛❞✐❝✐♦♥❛❧✿ ❙❡ x ∈ M ✱ ❡♥tã♦ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ U ❞❡ x ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠
s✉❜❝♦♥❥✉♥t♦ ❞❡ R

m ♦✉ H
m = {(x1, ..., xm) ∈ R

m : xm ≥ 0}.
❖ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s q✉❡ tê♠ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❤♦♠❡♦♠♦r❢❛ ❛ H

m é ❝❤❛♠❛❞♦ ♦
❜♦r❞♦ ❞❡ M ❡ é ❞❡♥♦t❛❞♦ ♣♦r ∂M ✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✶✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳ ❙❡ ∂M = ∅✱ ❡♥tã♦ M
é ❝❤❛♠❛❞❛ ❞❡ ✈❛r✐❡❞❛❞❡ s❡♠ ❜♦r❞♦✳
❯♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠♣❛❝t❛ ❡ s❡♠ ❜♦r❞♦ é ❝❤❛♠❛❞❛ ✈❛r✐❡❞❛❞❡ ❢❡❝❤❛❞❛✳

❋✐❣✉r❛ ✶✳✶✿ ❙✉♣❡r❢í❝✐❡s ❝♦♠ ❜♦r❞♦✳

❊①❡♠♣❧♦ ✶✳✶✳✶✷✳ ❆ ❡s❢❡r❛✱ ♦ ♥✲t♦r♦ ❡ ♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ sã♦ ❡①❡♠♣❧♦s ❞❡
✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦ ✷ s❡♠ ❜♦r❞♦✳ ❆ ❋✐❣✉r❛ ✶✳✶ ✐❧✉str❛ três ❡①❡♠♣❧♦s ❞❡
✈❛r✐❡❞❛❞❡s ❞❡ ❞✐♠❡♥sã♦ ✷ ❝♦♠ ❜♦r❞♦✿ ♦ t♦r♦ ❝♦♠ ❞♦✐s ❜✉r❛❝♦s ✭❝♦♠ ❞♦✐s ❜♦r❞♦s✮✱ ❛
❢❛✐①❛ ❞❡ ▼ö❡❜✐✉s ✭❝♦♠ ♦ ❜♦r❞♦ ❝♦♥❡①♦✮ ❡ ♦ ❝✐❧✐♥❞r♦ ✜♥✐t♦ ✭❝♦♠ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s
❞❡ ❜♦r❞♦✮✳

❉❡✜♥✐çã♦ ✶✳✶✳✶✸✳ ❯♠ ❝♦❧❛r ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦ é ✉♠ ❞✐❢❡♦♠♦r✜s♠♦
❞❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦ ∂M × [0, 1) s♦❜r❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ ∂M ❡♠ M ✱
❛ q✉❛❧ é ❛ ✐♥❝❧✉sã♦ ∂M ⊂M ❡♠ ∂M ✭✈❡r ❋✐❣✉r❛ ✶✳✷✮✳

❋✐❣✉r❛ ✶✳✷✿ ❈♦❧❛r ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ ✷ ❝♦♠ ❜♦r❞♦

❚❡♦r❡♠❛ ✶✳✶✳✶✹✳ ✭❬✹❪✱♣✳✶✸✷✮ ❚♦❞❛ ✈❛r✐❡❞❛❞❡ ❝♦♠ ❜♦r❞♦ t❡♠ ✉♠ ❝♦❧❛r✳

✶✳✷ ❆♣❧✐❝❛çõ❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡♥tr❡ ✈❛r✐❡❞❛❞❡s

❆♣r❡s❡♥t❛r❡♠♦s ❛ s❡❣✉✐r ♦ ❝♦♥❝❡✐t♦ ❞❡ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♥tr❡ ✈❛r✐❡❞❛❞❡s✳
❈♦♥❝❡✐t♦ q✉❡ ❣❡♥❡r❛❧✐③❛ ❛ ♥♦çã♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ❡♥tr❡ ❡s♣❛ç♦s ❡✉❝❧✐❞✐❛♥♦s✱



✼

❛s ❞❡✜♥✐çõ❡s ❡ ♣r♦♣r✐❡❞❛❞❡s ♣♦❞❡♠ s❡r ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✸✸❪✱ ❝♦♠♦ t❛♠❜é♠ ♦
❝♦♥❝❡✐t♦ ❞❡ ♦r✐❡♥t❛çã♦ ♥✉♠❛ ✈❛r✐❡❞❛❞❡✱ ❝✉❥❛s ❞❡✜♥✐çõ❡s sã♦ ❡♥❝♦♥tr❛❞❛s ❡♠ ❬✸✷❪✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞❡ ❝❧❛ss❡ Ck ✭k ≥ 1✮✳ ❉✐③✲s❡ q✉❡
✉♠❛ ❛♣❧✐❝❛çã♦ f :M −→ N é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ p ∈M s❡ ❡①✐st❡♠ ❝❛rt❛s
x : U −→ R

m ❡♠ M ✱ y : V −→ R
n ❡♠ N ✱ ❝♦♠ p ∈ U ❡ f(U) ⊂ V t❛✐s q✉❡

y ◦ f ◦ x−1 : x(U) −→ y(V ) ⊂ R
n é ❞✐❢❡r❡♥❝✐á✈❡❧ ♥♦ ♣♦♥t♦ x(p)✳

❆ ❛♣❧✐❝❛çã♦ fxy = y ◦ f ◦ x−1 é ❞❡♥♦♠✐♥❛❞❛ ❡①♣r❡ssã♦ ❞❡ f ♥❛s ❝❛rt❛s x✱ y✳

❋✐❣✉r❛ ✶✳✸✿ ❘❡♣r❡s❡♥t❛çã♦ ❞❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f ♥❛s ❝❛rt❛s (U, x) ❡ (V, y)✳

❈♦♠♦ ❛s ♠✉❞❛♥ç❛s ❞❡ ❝♦♦r❞❡♥❛❞❛s ❡♠ M ❡ N sã♦ ❞✐❢❡♦♠♦r✜s♠♦s ❞❡ ❝❧❛ss❡
Ck✱ ❛ ❞❡✜♥✐çã♦ ❞❡ ❞✐❢❡r❡♥❝✐❛❜✐❧✐❞❛❞❡ ✐♥❞❡♣❡♥❞❡ ❞❛s ❝❛rt❛s x✱ y✳
❉✐③❡♠♦s q✉❡ f : M −→ N é ❞✐❢❡r❡♥❝✐á✈❡❧ s❡ f ❢♦r ❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ t♦❞♦s ♦s
♣♦♥t♦s ❞❡ M ✳

❉❡✜♥✐çã♦ ✶✳✷✳✷✳ ❙❡❥❛ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧ ❞❡ ❞✐♠❡♥sã♦ m✳

✶✮ ❙❡ α : R →M é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ α(0) = p✱ ❞✐③❡♠♦s q✉❡ α
é ✉♠❛ ❝✉r✈❛ ❝❡♥tr❛❞❛ ❡♠ p✳

✷✮ ❙❡❥❛♠ α1 ❡ α2 ❝✉r✈❛s ❝❡♥tr❛❞❛s ❡♠ p✳ ❊♥tã♦✱ α1 é t❛♥❣❡♥t❡ ❛ α2 s❡ ♣❛r❛
t♦❞❛ ❝❛rt❛ (U, x) ❞❡ M ❝♦♠ p ∈ U ✱

d0(x ◦ α1) = d0(x ◦ α2). ✭✶✳✶✮

❊st❡ r❡q✉❡r✐♠❡♥t♦ ❢❛③ s❡♥t✐❞♦ ❥á q✉❡ x ◦α1 ❡ x ◦α2 sã♦ ❛♣❧✐❝❛çõ❡s ❞❡✜♥✐❞❛s
♥✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ 0 ❞❡ R ❡♠ R

m✳

❉❡✜♥✐çã♦ ✶✳✷✳✸✳ ❉❡♥♦t❡♠♦s ♣♦r SpM ♦ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s ❛s ❝✉r✈❛s ❡♠ M
❝❡♥tr❛❞❛s ❡♠ p✱ ♦♥❞❡ p é ✉♠ ♣♦♥t♦ ❞❡ M ✳ ❙❡❥❛♠ α1, α2 ∈ SpM ✳ ❉✐③❡♠♦s q✉❡
α1 ≃ α2 s❡ α1 é t❛♥❣❡♥t❡ ❛ α2 ❡♠ p✳ ❈❧❛r❛♠❡♥t❡ ≃ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛✳
❖ ❝♦♥❥✉♥t♦ TpM = SpM/ ≃ é ❝❤❛♠❛❞♦ ♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❛ M ❡♠ p✳ ❙❡
α1 ∈ SpM ✱ ❡♥tã♦✱ α̂1 ∈ TpM ❞❡♥♦t❛ ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ α1 ❡♠ TpM ✳



✽

❉❡✜♥✐çã♦ ✶✳✷✳✹✳ ❙❡❥❛ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ❝♦♠ p ❡♠ M
❡ q = f(p)✳ ❊♥tã♦✱ f ✐♥❞✉③ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r dpf : TpM → TqN ❝❤❛♠❛❞❛
❥❛❝♦❜✐❛♥♦ ❞❡ f ❡♠ p ❝♦♠♦ s❡❣✉❡✿ s❡❥❛ α1 ∈ SpM ❀ ❡♥tã♦✱ f ◦ α1 ∈ SqN ✳ P❛r❛
✐♥❞✉③✐r ✉♠❛ ❛♣❧✐❝❛çã♦ TpM → TqN ✱ ♥❡❝❡ss✐t❛♠♦s s❛❜❡r q✉❡ s❡ α1 ≃ α2 ❡♠ SpM
✐♠♣❧✐❝❛✱ f ◦ α1 ≃ f ◦ α2 ❡♠ SqN ✳ ❙❡❥❛♠ (U, x) ✉♠❛ ❝❛rt❛ ❞❡ M ❝♦♠ p ∈ U ❡
(V, y) ❝❛rt❛ ❞❡ N ❝♦♠ q ∈ V ✳ ❡♥tã♦✱ α1 ≃ α2 ✐♠♣❧✐❝❛ q✉❡ d0x ◦ α1 = d0x ◦ α1✳
P♦rt❛♥t♦✱ ♣❡❧❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛

d0(y ◦ f ◦ α1) = d0(y ◦ f ◦ x−1 ◦ x ◦ α1)

= dx(p)(y ◦ f ◦ x−1) ◦ d0(x ◦ α2) = d0(y ◦ f ◦ α2).

❆ss✐♠ ♣♦r ❞❡✜♥✐çã♦ α1 ≃ α2✳ ■st♦ ❞❡✜♥❡ dpf : TpM → TqN ✳ ❆ ❧✐♥❡❛r✐❞❛❞❡ ❞❡
dpf s❡❣✉❡ ❞❛ s❡❣✉✐♥t❡ ❢ór♠✉❧❛

dpf = λqy ◦ dx(p)(y ◦ f ◦ x−1) ◦ (λpx)
−1, ✭✶✳✷✮

♦♥❞❡ λqy : R
n → TqM ❛ss♦❝✐❛ ✉♠ ✈❡t♦r v à ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❛ ❝✉r✈❛ α1 t❛❧

q✉❡ d0(y ◦ α1) = v✳

❉❡✜♥✐çã♦ ✶✳✷✳✺✳ ❙❡❥❛♠ M ❡ N ❞✉❛s ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❞❡ ❝❧❛ss❡ Cr✱
r ≥ 1✱ ❡ f : M −→ N ✉♠❛ ❛♣❧✐❝❛❝ã♦ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❞✐③❡♠♦s q✉❡ f é ✐♠❡rsí✈❡❧

❡♠ x s❡ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r dxf : TxM −→ Tf(x)N é ✐♥❥❡t✐✈❛ ♦✉ s✉❜♠❡rsí✈❡❧ s❡
Txf é s♦❜r❡❥❡t✐✈❛✳ ❙❡ f é ✐♠❡rsí✈❡❧ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ M ❡st❛ é ✉♠❛ ✐♠❡rsã♦❀
s❡ ❡st❛ é s✉❜♠❡rs✐✈❡❧ ❡♠ ❝❛❞❛ ♣♦♥t♦ ❞❡ M ❡st❛ é ✉♠❛ s✉❜♠❡rsã♦✳

❉❡✜♥✐çã♦ ✶✳✷✳✻✳ ❙❡❥❛♠M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❆ ❛♣❧✐❝❛çã♦ f :M −→
N é ✉♠ ♠❡r❣✉❧❤♦ s❡✿

✶✮ f é ✉♠❛ ✐♠❡rsã♦❀

✷✮ f ❛♣❧✐❝❛ M ❤♦♠❡♦♠♦r✜❝❛♠❡♥t❡ s♦❜r❡ s✉❛ ✐♠❛❣❡♠ f(M) ⊂ N ✳

❉❡✜♥✐çã♦ ✶✳✷✳✼✳ ❙❡❥❛ N ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ n✳ ❯♠ s✉❜❝♦♥❥✉♥t♦ M ❞❡
N é ❞✐t♦ s❡r ✉♠❛ s✉❜✈❛r✐❡❞❛❞❡ ❞❡M ❞❡ ❞✐♠❡♥s❛♦ m s❡✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ p ∈M ✱
❡①✐st❡♠ ✉♠ ❛❜❡rt♦ V ❞❡ N ✱ ❝♦♠ p ∈ V ✱ ❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦ ξ : V → ξ(V )✱ ♦♥❞❡
ξ(V ) é ✉♠ ❛❜❡rt♦ ❞❡ R

n✱ t❛✐s q✉❡ ξ(M ∩ V ) = ξ(V ) ∩ R
m✳

❉❡✜♥✐çã♦ ✶✳✷✳✽✳ ❉❛❞❛s ❞✉❛s ❜❛s❡s ❞❡ ✉♠ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ ❞❡ ❞✐♠❡♥sã♦ (≥ 1)
e = (e1, ..., em) ❡ e′ = (e′1, ..., e

′
m) t❛✐s q✉❡ ❛ ♠✉❞❛♥ç❛ ❞❡ ❜❛s❡s ✈❡♠ ❞❛❞❛ ♣❡❧❛

♠❛tr✐③ e′j =
∑
aijei✱ ❞✐③❡♠♦s q✉❡ e′ ∼ e s❡ det(aij) > 0 ✳ ❈❛❞❛ ✉♠❛ ❞❛s ❝❧❛ss❡s

❞❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ∼✱ ❞❡♥♦t❛❞❛s ♣♦r θ(e1, e2, ..., em) ❡ θ(−e1, e2, ..., em) é
❝❤❛♠❛❞❛ ♦r✐❡♥t❛çã♦ ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ r❡❛❧✳

❉❡✜♥✐çã♦ ✶✳✷✳✾✳ ❯♠❛ ♦r✐❡♥t❛çã♦ ❞❡ ✉♠❛ ✈❛r✐❡❞❛❞❡ M é ✉♠❛ ❛♣❧✐❝❛çã♦ q✉❡
❛ss♦❝✐❛ ❛ ❝❛❞❛ p ∈M ✉♠❛ ♦r✐❡♥t❛çã♦ θp ❞♦ ❡s♣❛ç♦ ✈❡t♦r✐❛❧ TpM ❞❡ t❛❧ ♠♦❞♦ q✉❡
♣❛r❛ ❝❛❞❛ p ∈ M ❡①✐st❡♠ m ❝❛♠♣♦s ✐♥❞❡♣❡♥❞❡♥t❡s X1, ..., Xm ❞❡✜♥✐❞♦s ♥✉♠❛
✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ U ❞❡ p ❞❡ ♠♦❞♦ q✉❡ θq = θ(X1

q , ..., X
m
q ) ♣❛r❛ ❝❛❞❛ q ∈ U ✳

❉❡✜♥✐çã♦ ✶✳✷✳✶✵✳ ❯♠❛ ✈❛r✐❡❞❛❞❡ s❡ ❞✐③ ♦r✐❡♥tá✈❡❧ s❡ ❡st❛ ❛❞♠✐t❡ ✉♠❛
♦r✐❡♥t❛çã♦✳

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✶✳ ✭❬✸✷❪✱ ♣✳✾✼✮ ❯♠❛ ✈❛r✐❡❞❛❞❡ ♦r✐❡♥tá✈❡❧ ❡ ❝♦♥❡①❛ ❛❞♠✐t❡ ❞✉❛s
♦r✐❡♥t❛çõ❡s✳



✾

Pr♦♣♦s✐çã♦ ✶✳✷✳✶✷✳ ✭❬✸✷❪✱ ♣✳✾✼✮ ❙❡❥❛ A = {(U, ϕ), (V, ψ)} ✉♠ ❛t❧❛s ❞❡ ✉♠❛
✈❛r✐❡❞❛❞❡ ♦r✐❡♥tá✈❡❧ M ❝♦♠ ❞♦♠í♥✐♦s ❝♦♥❡①♦s✳ ❊♥tã♦✱ det(∂ψi

∂ψi
)(r,s) t❡♠ s✐♥❛❧

❝♦♥st❛♥t❡ ❡♠ U ∩ V ✳

❊①❡♠♣❧♦ ✶✳✷✳✶✸✳ ❉❛s três ✈❛r✐❡❞❛❞❡s ❝♦♠ ❜♦r❞♦s ♥❛ ❋✐❣✉r❛ ✶✳✶✱ s♦♠❡♥t❡ ❛ ❢❛✐①❛
❞❡ ▼ö❡❜✐✉s é ✉♠❛ ✈❛r✐❡❞❛❞❡ ♥ã♦ ♦r✐❡♥t❛❞❛✳ ❉❡ ❢❛t♦✱ ❝♦♥s✐❞❡r❡ ❛ ❢❛✐①❛ ❞❡ ▼ö❡❜✐✉s
❝♦♠♦ ♦ ❡s♣❛ç♦ q✉♦❝✐❡♥t❡ M = R

2/ ∼ ♦♥❞❡ ❛ r❡❧❛çã♦ ✈❡♠ ❞❛❞❛ ♣♦r (r, s) ∼
(r + z, (−1)zs) ❝♦♠ z ✐♥t❡✐r♦✳ ❙❡❥❛ p : R2 → M ❛ ♣r♦❥❡çã♦ ❝❛♥ô♥✐❝❛✳ ❚♦♠❡♠♦s
♦ ❛t❧❛s ❞❡ ❞✉❛s ❝❛rt❛s ϕ = (p | (0, 1)× R)−1 ✱ ψ = (p | (1/2, 3/2)× R))−1 q✉❡
tê♠ ❞♦♠í♥✐♦ ❝♦♥❡①♦✳ ❆ ♠✉❞❛♥ç❛ ❞❡ ❝♦♦r❞❡♥❛❞❛s ✈❡♠ ❞❛❞❛ ♣♦r ψ ◦ ϕ−1(r, s) =
(r + 1,−s)✱ s❡ 0 < r < 1/2, ❡ ψ ◦ ϕ−1(r, s) = (r, s)✱ s❡ 1/2 < r < 1. ❊♥tã♦✱ ♦
❞❡t❡r♠✐♥❛♥t❡ det(∂ψi

∂ψi
)(r,s) ✈❛❧❡ 1✱ ♣❛r❛ 0 < r < 1/2 ❡ ✈❛❧❡ −1✱ ♣❛r❛ 1/2 < r < 1✳

❙❡ s✉♣♦♠♦s q✉❡ M é ♦r✐❡♥tá✈❡❧✱ ❡♥tã♦ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✷✳✶✷ t❡♠♦s q✉❡✱ ♦ s✐♥❛❧
❞❡ det(∂ψi

∂ψi
)(r,s) ❞❡✈❡ s❡r ❝♦♥st❛♥t❡✳ ❊♠ ❝♦♥s❡q✉ê♥❝✐❛ M ♥ã♦ é ♦r✐❡♥tá✈❡❧✳

✶✳✸ ●r❛✉✱ ❤♦♠♦t♦♣✐❛s ❡ ✐s♦t♦♣✐❛s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ ❝♦♥❝❡✐t♦ ❞❡ ❣r❛✉ ❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❛♣❧✐❝❛çõ❡s
❡♥tr❡ ✈❛r✐❡❞❛❞❡s✳ ❆s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ♣♦❞❡✲s❡ ❡♥❝♦♥tr❛r ❡♠ ❬✷✸✱ ✸✶❪✳

❉❡✜♥✐çã♦ ✶✳✸✳✶✳ ❉✉❛s ❛♣❧✐❝❛çõ❡s f, g ∈ C∞(M,N) sã♦ ❞✐t❛s ❤♦♠♦tó♣✐❝❛s✱
s❡ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ H : M × [0, 1] → N t❛❧ q✉❡ H(x, 0) = f(x) ❡
H(x, 1) = g(x)✳ ❚❛❧ ❛♣❧✐❝❛çã♦ H é ❝❤❛♠❛❞❛ ❞❡ ❤♦♠♦t♦♣✐❛ ❡♥tr❡ f ❡ g✳

❖❜s❡r✈❛çã♦ ✶✳✸✳✷✳ ❙❡r ❤♦♠♦tó♣✐❝❛ é ✉♠❛ r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♥♦ ❝♦♥❥✉♥t♦
C∞(M,N) ✭❱❡r ❬✷✸❪✱ ♣✳✸✼✮✳

❉❡✜♥✐çã♦ ✶✳✸✳✸✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s s❡♠ ❜♦r❞♦✱ t❛❧ q✉❡ dimM = dimN ✳
❙✉♣♦♥❤❛ q✉❡ f : M → N é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ ♣ró♣r✐❛ ✭♣r❡✲✐♠❛❣❡♥s ❞❡
❝♦♥❥✉♥t♦s ❝♦♠♣❛❝t♦s sã♦ ❛✐♥❞❛ ❝♦♠♣❛❝t♦s✮ ❡♥tr❡ ❛s ✈❛r✐❡❞❛❞❡sM ❡ N ✳ ❈♦♥s✐❞❡r❡
✉♠ ♣♦♥t♦ y ❡♠ N t❛❧ q✉❡✱ ♣❛r❛ t♦❞♦ x ∈ M ❝♦♠ f(x) = y✱ ❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r
dxf : TxM → TyN ♥ã♦ é s✐♥❣✉❧❛r✱ ✐st♦ é✱ ✉♠ ✐s♦♠♦r✜s♠♦✳ ❙❡ det(dxf) > 0
❡♥tã♦✱ sign dxf = 1 ❡ s❡ det(dxf) < 0✱ sign dxf = −1✳ ❖ ❣r❛✉ ❧♦❝❛❧ ❞❡ f ❡♠ y
♣♦r

degy(f) =
∑

x∈f−1(y)

sign dfx.

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ❞✐③ q✉❡ ♣❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s ❢❡❝❤❛❞❛s
❡ ♦r✐❡♥t❛❞❛s M ❡ N ❝♦♠ ♠❡s♠❛ ❞✐♠❡♥sã♦✱ ♦♥❞❡ N é ❝♦♥❡①❛✱ ♦ ❣r❛✉ ❞❛ ❛♣❧✐❝❛çã♦
✐♥❞❡♣❡♥❞❡ ❞♦ ✈❛❧♦r r❡❣✉❧❛r ❡s❝♦❧❤✐❞♦✳

❚❡♦r❡♠❛ ✶✳✸✳✹✳ ✭❬✷✵❪✮ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s ❝♦♠
♠❡s♠❛ ❞✐♠❡♥sã♦✳ ❙❡ N é ❝♦♥❡①❛✱ ❛ ❝❛❞❛ ❛♣❧✐❝❛çã♦ ♣ró♣r✐❛ f : M → N ✱ ❞❡
❝❧❛ss❡ C2✱ ❝♦rr❡s♣♦♥❞❡ ✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦ d✱ t❛❧ q✉❡ ♣❛r❛ q✉❛❧q✉❡r ✈❛❧♦r r❡❣✉❧❛r
y ∈ N ✱ ❞❡ f ✱ t❡♠✲s❡ q✉❡ degy(f) = d✳

❉❡✜♥✐çã♦ ✶✳✸✳✺✳ ❖ ♥ú♠❡r♦ d = degy(f) ❞♦ ❚❡♦r❡♠❛ ✶✳✸✳✹ é ♦ ❣r❛✉ ❞❛

❛♣❧✐❝❛çã♦ f ✱ ♦✉ s✐♠♣❧❡s♠❡♥t❡✱ deg(f)✳



✶✵

❖✉ s❡❥❛✱ ♦ ❣r❛✉ ✭❣❧♦❜❛❧✮ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s ❢❡❝❤❛❞❛s✱
❝♦♥❡①❛s ❡ ♦r✐❡♥t❛❞❛s M ❡ N ❞❡ ♠❡s♠❛ ❞✐♠❡♥sã♦ é ✐❣✉❛❧ ❛♦ ❣r❛✉ ❧♦❝❛❧✱ q✉❛❧q✉❡r
q✉❡ s❡❥❛ ♦ ✈❛❧♦r r❡❣✉❧❛r✳

❚❡♦r❡♠❛ ✶✳✸✳✻✳ ✭❬✸✶❪✮ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❝♦♠♣❛❝t❛s ❡ ♦r✐❡♥t❛❞❛s ❡ f, g :
M → N ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✳ ❙❡ f ❡ g sã♦ ❤♦♠♦tó♣✐❝❛s ❡♥tã♦ deg(f) = deg(g)✳

❖ ♣ró①✐♠♦ t❡♦r❡♠❛ ♠♦str❛ q✉❡ ❛ r❡❝í♣r♦❝❛ ❞♦ ❚❡♦r❡♠❛ é ✈á❧✐❞❛ ♣❛r❛ N = Sn✱
r❡s✉❧t❛❞♦ q✉❡ r❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ ❚❡♦r❡♠❛ ❞♦ ❣r❛✉ ❞❡ ❍♦♣❢ ✭✈❡r ❬✸✶❪✮✳

❚❡♦r❡♠❛ ✶✳✸✳✼✳ ✭❬✸✶❪✱♣✳✷✼✮ ❙❡❥❛♠ M ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞❡ ❞✐♠❡♥sã♦ n✱ ❝♦♠♣❛❝t❛
❡ ♦r✐❡♥t❛❞❛✱ Sn ❛ n−❡s❢❡r❛ ❡ f, g :M → Sn ❛♣❧✐❝❛çõ❡s ❝♦♥tí♥✉❛s✳ ❊♥tã♦✿

✶✮ deg(f) = deg(g) s❡✱ ❡ s♦♠❡♥t❡ s❡✱ f ❡ g sã♦ ❤♦♠♦tó♣✐❝❛s❀

✷✮ ❙❡ f :M → Sm ♥ã♦ é s♦❜r❡❥❡t✐✈❛✱ ❡♥tã♦ deg(f) = 0❀

✸✮ ❙❡ f : Sm → Sm é ❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✱ ❡♥tã♦ deg(f) = 1.

❈♦r♦❧ár✐♦ ✶✳✸✳✽✳ ❙❡ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f : S2 → S2 é
✈❛③✐♦✱ ❡♥tã♦ degf = 1.

❉❡♠♦♥str❛çã♦✿ ❙❡ Σf = ∅✱ ❡♥tã♦ ❢ é ❤♦♠♦tó♣✐❝❛ ❛ Id : S2 → S2✱ q✉❡ ♣❡❧♦
❚❡♦r❡♠❛ ✶✳✸✳✼ ✭✸✮✱ ♣♦ss✉✐ ❣r❛✉ ✉♠✳ ❊♥tã♦ ♣♦r ✭✶✮✱ s❡❣✉❡ q✉❡ deg(f) = deg(Id) =
1.

❖❜s❡r✈❛çã♦ ✶✳✸✳✾✳ ❉❡ss❡ ❝♦r♦❧ár✐♦✱ t❡♠♦s q✉❡ s❡ f : S2 → S2 é t❛❧ q✉❡
deg(f) > 1✱ ❡♥tã♦ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf 6= ∅✳

❊①❡♠♣❧♦ ✶✳✸✳✶✵✳ ❆ ❋✐❣✉r❛ ✶✳✹ ✐❧✉str❛ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛ q✉❡ ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦
♦ ❜♦r❞♦ ❞❡ ❞✉❛s ❛♣❧✐❝❛çõ❡s p1 ◦ j1 ❡ p2 ◦ j2✱ ❞♦ ❞✐s❝♦ ♥♦ ♣❧❛♥♦✳ ❈♦♠ ✐st♦ ♣♦❞❡♠♦s
❝♦♥str✉✐r ❞✉❛s ❛♣❧✐❝❛çõ❡s J1, J2 ❞❛ ❡s❢❡r❛ ♥♦ ♣❧❛♥♦✱ ♥ã♦ ❤♦♠♦tó♣✐❝❛s✱ ❝♦♠ ♦
♠❡s♠♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✱ ♦♥❞❡ J1 | A = p1 ◦ j1✱ J1 | B = p1 ◦ j2✱ J2 | A = p2 ◦ j2
❡ J2 | B = p2 ◦ j2

❋✐❣✉r❛ ✶✳✹✿ ❉✐s❝♦ ❞❡ ▼✐❧♥♦r✳



✶✶

✶✳✹ ❆♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ ✈❛r✐❡❞❛❞❡s

◆❡st❛ s❡çã♦✱ ❡st✉❞❛r❡♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ❛♣❧✐❝❛çõ❡s s✉❛✈❡s ❡♥tr❡ ❞✉❛s
✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s M ❡ N ✱ ♦ q✉❛❧ ❞❡♥♦t❛r❡♠♦s ♣♦r C∞(M,N)✱ ❝♦♠♦
t❛♠❜é♠ ❛ t♦♣♦❧♦❣✐❛ C∞ ❞❡ ❲❤✐t♥❡② ♥❡ss❡ ❝♦♥❥✉♥t♦✳ ❖s r❡s✉❧t❛❞♦s ❡ ❞❡✜♥✐çõ❡s
♣♦❞❡✲s❡ ❡♥❝♦♥tr❛r ❡♠ ❬✾❪✳

✶✳✹✳✶ ❆♣❧✐❝❛çõ❡s ❡♥tr❡ ✈❛r✐❡❞❛❞❡s

❉❡✜♥✐çã♦ ✶✳✹✳✶✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s ❡ p ✉♠ ♣♦♥t♦ ❞❡ M ✳
❙✉♣♦♥❤❛ q✉❡ f, g :M → N sã♦ ❛♣❧✐❝❛çõ❡s s✉❛✈❡s✳

✶✮ f ❡ g tê♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ ③❡r♦ ❡♠ p s❡ f(p) = g(p) = q✱

✷✮ f ❡ g tê♠ ❝♦♥t❛t♦ ❞❡ ♣r✐♠❡✐r❛ ♦r❞❡♠ ❡♠ p s❡✱ ❡ s♦♠❡♥t❡ s❡✱ dpf = dpg✱
❝♦♠♦ ❛♣❧✐❝❛çõ❡s ❞❡ TpM → TqN ✳

✸✮ f ❡ g tê♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ k✱ ❝♦♠ k ≥ 1 ❡♠ p s❡✱ ❡ s♦♠❡♥t❡ s❡✱
df : TM → TN ❡ dg tê♠ ❝♦♥t❛t♦ ❞❡ ♦r❞❡♠ k − 1 ❡♠ t♦❞♦ ♣♦♥t♦ ❞❡ TpM ✳
◆❡st❡ ❝❛s♦ f ∼k g.

❙❡❥❛ C∞(M,N)(p,q) = {f ∈ C∞(M,N) : f(p) = q}✱ ❛ r❡❧❛çã♦ ✧∼k✧❡♠ p é ✉♠❛
r❡❧❛çã♦ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❡♠ C∞(M,N)(p,q)✳ ❉❡♥♦t❡♠♦s ♦ ❝♦♥❥✉♥t♦ r❡s✉❧t❛♥t❡ ❞❡
❝❧❛ss❡s ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ♣♦r Jk(M,N)(p,q)✳

❉❡✜♥✐çã♦ ✶✳✹✳✷✳ ❯♠ ❡❧❡♠❡♥t♦ σ ❞❡ Jk(M,N)(p,q) é ❝❤❛♠❛❞♦ ✉♠ k−❥❛t♦ ❞❡
❛♣❧✐❝❛çõ❡s ❞❡ M ❡♠ N ✱ ❝♦♠ ❢♦♥t❡ ❡♠ p ❡ ♠❡t❛ q✳ ❙❡ σ ∈ Jk(M,N)(p,q)✱ ❡♥tã♦
❡s❝r❡✈❡♠♦s p = fonte(σ) ❡ q = meta(σ)✳

❉❡✜♥✐çã♦ ✶✳✹✳✸✳ ❖ ❡s♣❛ç♦ ❞❡ ❥❛t♦s é ♦ ❝♦♥❥✉♥t♦ Jk(M,N) =
∪(p,q)∈M×NJ

k(M,N)(p,q)✳ ◆♦t❡ q✉❡ J0(M,N) =M ×N ✳

❉❡✜♥✐çã♦ ✶✳✹✳✹✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❆ ❛♣❧✐❝❛çã♦ ❢♦♥t❡

é α : Jk(M,N) →M q✉❡ ❛ss♦❝✐❛ σ → fonte(σ)✳
❊ ❛ ❛♣❧✐❝❛çã♦ ♠❡t❛ é β : Jk(M,N) → N q✉❡ ❛ss♦❝✐❛ σ → meta(σ)✳

❙❡ ♣r♦✈❛ ❡♠ ❬✾❪ q✉❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ❥❛t♦s r❡s✉❧t❛ s❡r ✉♠❛ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✺✳ ✭❬✾❪✱ ♣✳✹✵✮ ❖ ❝♦♥❥✉♥t♦ Jk(M,N) ♣♦❞❡ s❡r ♠✉♥✐❞♦ ❝♦♠ ❛
❡str✉t✉r❛ ❞❡ ✈❛r✐❡❞❛❞❡ ❞✐❢❡r❡♥❝✐á✈❡❧✳

❉❡✜♥✐çã♦ ✶✳✹✳✻✳ ❉❛❞❛ ❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f ∈ C∞(M,N) ♦ k−❥❛t♦ ❞❡ f
é ✉♠❛ ❛♣❧✐❝❛çã♦

Jkf :M −→ Jk(M,N)

p 7→ Jkf(p) = [f ]kp,

♦♥❞❡ [f ]kp é ❛ ❝❧❛ss❡ ❞❡ ❡q✉✐✈❛❧ê♥❝✐❛ ❞❡ f ❡♠ Jk(M,N)(p,q) ❡ q = f(p)✳



✶✷

❉❡✜♥✐çã♦ ✶✳✹✳✼✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❋✐①❡ ✉♠ ✐♥t❡✐r♦ ♥ã♦
♥❡❣❛t✐✈♦ k✳ ❙❡❥❛ U ✉♠ s✉❜❝♦♥❥✉♥t♦ ❞❡ Jk(M,N)✳ ❉❡♥♦t❡♠♦s ♣♦r Mk(U) ♦
s❡❣✉✐♥t❡ s✉❜❝♦♥❥✉♥t♦ ❞❡ C∞(M,N)✿

Mk(U) = {f ∈ C∞(M,N); Jkf(M) ⊂ U}.

Pr♦♣♦s✐çã♦ ✶✳✹✳✽✳ ✭❬✾❪✮ ❆ ❢❛♠í❧✐❛ ❞❡ ❝♦♥❥✉♥t♦s {Mk(U)}✱ ♦♥❞❡ U é ✉♠
s✉❜❝♦♥❥✉♥t♦ ❛❜❡rt♦ ❞❡ Jk(M,N)✱ ❢♦r♠❛ ✉♠❛ ❜❛s❡ ❞❡ ✉♠❛ t♦♣♦❧♦❣✐❛ ❡♠
C∞(M,N)✳

❉❡✜♥✐çã♦ ✶✳✹✳✾✳ ❆ t♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛ ♥❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✽ é ❝❤❛♠❛❞❛ t♦♣♦❧♦❣✐❛
Ck ❞❡ ❲❤✐t♥❡② ❡ é ❞❡♥♦t❛❞❛ ♣♦r Mk✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✵✳ ❆ t♦♣♦❧♦❣✐❛ C∞ ❞❡ ❲❤✐t♥❡② ❡♠ C∞(M,N) é ❛q✉❡❧❛ ❝✉❥❛
❜❛s❡ é ❞❛❞❛ ♣♦r M = ∪∞

k=0Mk✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✶✳ ❙❡❥❛♠ M ❡ N ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐á✈❡✐s✳ ❯♠❛ ❛♣❧✐❝❛çã♦
❞✐❢❡r❡♥❝✐á✈❡❧ f :M → N é ❞✐t❛ s❡r ❡stá✈❡❧ s❡ ❡①✐st❡ ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ N (f)
❞❡ f ♥❛ t♦♣♦❧♦❣✐❛ ❞❡ ❲❤✐t♥❡② ✭❉❡✜♥✐çã♦ ✶✳✹✳✶✵✮ ❡♠ C∞(M,N) t❛❧ q✉❡ t♦❞❛ g✱
❡♠ N (f)✱ é A−❡q✉✐✈❛❧❡♥t❡ ❛ f ✱ ✐st♦ é✱ ❡①✐st❡♠ ❞✐❢❡♦♠♦r✜s♠♦ ϕ : M → M ❡
ψ : N → N s❛t✐s❢❛③❡♥❞♦ g = ψ ◦ f ◦ ϕ−1✳

✶✳✹✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ s✉♣❡r❢í❝✐❡s✳

❖✉tr❛ ❞❡✜♥✐çã♦ ❡q✉✐✈❛❧❡♥t❡ ❜❛s❡❛❞❛ ♥♦ ❚❡♦r❡♠❛ ❞❡ ❲❤✐t♥❡② ❡♠ ❬✹✹❪✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✷✳ ❙❡❥❛♠ M ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ❝♦♥❡①❛✱ N ✉♠❛ s✉♣❡r❢í❝✐❡
❝♦♥❡①❛ ❡ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡✳ ❉❡✜♥✐♠♦s ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s

s✐♥❣✉❧❛r❡s ❞❡ f ❝♦♠♦

Σf = {p ∈M : Posto dpf < 2}.

❯♠ ♣♦♥t♦ p ∈MrΣf é ❞✐t♦ ♣♦♥t♦ r❡❣✉❧❛r ❞❡ f ❡ ✉♠ ♣♦♥t♦ y ∈ N é ❞✐t♦ ✈❛❧♦r
r❡❣✉❧❛r ❞❡ f s❡ f−1(y) ❝♦♥té♠ s♦♠❡♥t❡ ♣♦♥t♦s r❡❣✉❧❛r❡s✳
❖ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ f(Σf) ❞❡ f ✱ é ❛ ✐♠❛❣❡♠ ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❡ f ❡
❞❡♥♦t❡♠♦s ❡st❡ ♣♦r γ(f)✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✸✳ ❙❡❥❛♠ M ❡ N s✉♣❡r❢í❝✐❡s✱ ❡♥tã♦ ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ f :
M −→ N é ❞✐t❛ s❡r ❡stá✈❡❧ s❡ ❡st❛ s❛t✐s❢❛③ ❛s s❡❣✉✐♥t❡s ♣r♦♣r✐❡❞❛❞❡s✿

• P❛r❛ ❝❛❞❛ p ∈ M ✱ ♦ ❣❡r♠❡ ❞❛ ❛♣❧✐❝❛çã♦ ❡♠ p ∈ M é C∞ A−❡q✉✐✈❛❧❡♥t❡ ❛
✉♠ ❞♦s s❡❣✉✐♥t❡s ❣❡r♠❡s ✭❱❡r ❬✾❪✱ ♣✳✶✶✮ ❡♠ 0 ∈ R

2 :

(1) (a, x) → (a, x) : ✉♠ ♣♦♥t♦ r❡❣✉❧❛r❀

(2) (a, x) → (a, x2) : ✉♠ ♣♦♥t♦ ❞❡ ❞♦❜r❛❀

(3) (a, x) → (a, x3 + ax) : ✉♠ ♣♦♥t♦ ❞❡ ❝ús♣✐❞❡✳



✶✸

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✶✳✺✿ ❈ús♣✐❞❡s ❡ ♣♦♥t♦s ❞❡ ❞♦❜r❛✳

• P❛r❛ ❝❛❞❛ q ∈ γ(ϕ)✱ ♦ ❣❡r♠❡ (ϕ |Σ(ϕ), ϕ
−1(q) ∩ Σ(ϕ)) é A−❡q✉✐✈❛❧❡♥t❡ ❛

✉♠ ❞♦s três ❣❡r♠❡s ❝♦♠♦ ♦s r❡tr❛t❛❞♦s ♥❛ ✜❣✉r❛ ✶✳✻✳

❋✐❣✉r❛ ✶✳✻✿ ●❡r♠❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✳

❖ s✉❜❝♦♥❥✉♥t♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ C∞(M,N) é ❞❡♥♦t❛❞♦ ♣♦r E (M,N)✱
q✉❡ ♣♦r ❬✹✹❪ é ❛❜❡rt♦ ❡ ❞❡♥s♦ ❡♠ C∞(M,N)✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✹✳ ❙❡❥❛♠ f ❡ g ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ ❞✉❛s ✈❛r✐❡❞❛❞❡s
M ❡ N ❡ H : M × I −→ N ✉♠❛ ❤♦♠♦t♦♣✐❛ ❞❡ f ❡ g✱ ❡♥tã♦ s❡ Ht ∈ E (M,N),
∀t ∈ I ❛ ❤♦♠♦t♦♣✐❛ é ❞✐t❛ ✐s♦t♦♣✐❛ ❞❛ ❛♣❧✐❝❛çã♦ f ❛ g✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✺✳ ❙❡❥❛ f ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❡♥tr❡ s✉♣❡r❢í❝✐❡s✳ ❖ ♥ú♠❡r♦
❞❡ ❝ús♣✐❞❡s✱ ♦ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ❞❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ ❡ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s
❞✉♣❧♦s ❞❡ γ(f) sã♦ ❞❡♥♦t❛❞♦s ♣♦r C(f)✱ µ(f) ❡ D(f)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

◆♦ ❝❛s♦✱ ♦♥❞❡ ♥ã♦ ❡①✐st❛ ❛♠❜✐❣✉✐❞❛❞❡ ❛♦ r❡❢❡r✐r♠♦s à ❛♣❧✐❝❛çã♦ f ✱
s✐♠♣❧❡s♠❡♥t❡ ❞❡♥♦t❛r❡♠♦s ♣♦r C, µ ❡ D✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✻✳ ❙❡❥❛ f ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❡♥tr❡ s✉♣❡r❢í❝✐❡s✳ ❖ ❝♦♥❥✉♥t♦

❞❡ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s ❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s ❞❡ ❞♦❜r❛ sã♦ ❞❡♥♦t❛❞♦s ♣♦r
Cusps(f) ❡ Dobras(f) = Σf r Cusps(f)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✼✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f ❡♥tr❡ ❞✉❛s s✉♣❡r❢í❝✐❡s é ❝❤❛♠❛❞❛
❞❡ ❛♣❧✐❝❛çã♦ ❞♦❜r❛ s❡ ❡st❛ ♥ã♦ t❡♠ ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s✱ ♦✉ s❡❥❛✱ ♦ ❝♦♥❥✉♥t♦
Cusps(f) = ∅✳

❉❡✜♥✐çã♦ ✶✳✹✳✶✽✳ ❖ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f ❡♥tr❡ ❞✉❛s
s✉♣❡r❢í❝✐❡s é ❝❤❛♠❛❞♦ ❞❡ ✐rr❡❞✉tí✈❡❧✱ s❡ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❡ f é ❝♦♥❡①♦✳
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-

-

-

--

-

-

+

+

+

+

+

-

❋✐❣✉r❛ ✶✳✼✿ ❆♣❧✐❝❛çõ❡s ❞♦ t♦r♦ ♥❛ ❡s❢❡r❛✳

❊①❡♠♣❧♦ ✶✳✹✳✶✾✳ ❆ ❋✐❣✉r❛ ✶✳✼ ✐❧✉str❛ três ❞✐❢❡r❡♥t❡s ❛♣❧✐❝❛çõ❡s ❞♦ t♦r♦ ♥❛ ❡s❢❡r❛
❝♦♠ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r✿ h é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦❜r❛ ❝♦♠ ❣r❛✉ 1 ❡ 4 ♣♦♥t♦s ❞✉♣❧♦s❀
f t❡♠ ❣r❛✉ 1 ❡ 4 ❝ús♣✐❞❡s❀ ❡ ❣ t❡♠ ❣r❛✉ 2✱ 4 ♣♦♥t♦s ❞✉♣❧♦s ❡ 2 ❝ús♣✐❞❡s✳

Pr♦♣♦s✐çã♦ ✶✳✹✳✷✵✳ ✭❬✶❪✱ ♣✳✷✹✺✮ ❙❡❥❛♠ M ✉♠❛ s✉♣❡r❢í❝✐❡ ❡ f : M → R
2 ✉♠❛

❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ ❖ ❝♦♥❥✉♥t♦ Σf ❝♦♥s✐st❡ ❞❡ ✉♠❛ ❝♦❧❡çã♦ ✜♥✐t❛ ❞❡ ❝ír❝✉❧♦s
♠❡r❣✉❧❤❛❞♦s ❡♠ M ✱ q✉❡ ♥ã♦ s❡ ✐♥t❡rs❡❝t❛♠✳

✶✳✺ ❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ s✉♣❡r❢í❝✐❡s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛✳ ❆ r❡❢❡rê♥❝✐❛ é ❬✷✸❪✳

❉❡✜♥✐çã♦ ✶✳✺✳✶✳ ❯♠❛ tr✐❛♥❣✉❧❛r✐③❛çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ S ❝♦♥s✐st❡ ❞❡ ✉♠❛
❢❛♠í❧✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ❢❡❝❤❛❞♦s {T1, T2, ..., Tn} q✉❡ ❝♦❜r❡ S ❡ ✉♠❛ ❢❛♠í❧✐❛ ❞❡
❤♦♠❡♦♠♦r✜s♠♦s {pi : T

′
i → Ti, i = 1, ..., n, } ♦♥❞❡ ❝❛❞❛ T ′

i é ✉♠ tr✐â♥❣✉❧♦ ♥♦ ♣❧❛♥♦
R

2✱ ✐st♦ é✱ ✉♠ s✉❜❝♦♥❥✉♥t♦ ❝♦♠♣❛❝t♦ ❞❡ R2 ❝✉❥♦ ❜♦r❞♦ é ❢♦r♠❛❞♦ ♣♦r três ❞✐st✐♥t❛s
❧✐♥❤❛s✳ ❖s s✉❜❝♦♥❥✉♥t♦s Ti sã♦ ❝❤❛♠❛❞♦s tr✐â♥❣✉❧♦s✳ ❖s s✉❜❝♦♥❥✉♥t♦s ❞❡ Ti q✉❡
sã♦ ❛s ✐♠❛❣❡♥s ❞♦s ✈ért✐❝❡s ❡ ❧❛❞♦s ❞♦ tr✐â♥❣✉❧♦ T ′

i ❜❛✐①♦ pi sã♦ t❛♠❜é♠ ❝❤❛♠❛❞♦s
✈ért✐❝❡s ❡ ❧❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❋✐♥❛❧♠❡♥t❡✱ é r❡q✉❡r✐❞♦ q✉❡ q✉❛✐sq✉❡r ❞♦✐s
tr✐â♥❣✉❧♦s✱ Ti ❡ Tj✱ ♦✉ sã♦ ❞✐s❥✉♥t♦s✱ ♦✉ t❡♠ ✉♠ ú♥✐❝♦ ✈ért✐❝❡ ❡♠ ❝♦♠✉♠✱ ♦✉ t❡♠
✉♠ ❧❛❞♦ ✐♥t❡✐r♦ ❡♠ ❝♦♠✉♠✳

❊①❡♠♣❧♦ ✶✳✺✳✷✳ ❆♣r❡s❡♥t❛r❡♠♦s ✉♠❛ ♣♦ssí✈❡❧ tr✐❛♥❣✉❧❛r✐③❛çã♦ ❞❛ ❡s❢❡r❛ ❡ ❞♦
t♦r♦

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✶✳✽✿ ❚r✐❛♥❣✉❧❛r✐③❛çõ❡s ❞❛ ❊s❢❡r❛ ❡ ❞♦ ❚♦r♦✳
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❚❡♦r❡♠❛ ✶✳✺✳✸✳ ✭❬✷✸❪ ♣✳✷✻✮ ◗✉❛❧q✉❡r s✉♣❡r❢í❝✐❡✱ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥t❛❞❛ é
❤♦♠❡♦♠♦r❢❛ ❛ ✉♠❛ ❡s❢❡r❛ ♦✉ s♦♠❛s ❝♦♥❡①❛s ❞❡ t♦r♦s✳ ◗✉❛❧q✉❡r s✉♣❡r❢í❝✐❡
❝♦♠♣❛❝t❛ ❡ ♥ã♦ ♦r✐❡♥t❛❞❛ é ❤♦♠❡♦♠♦r❢❛ ❛ s♦♠❛ ❝♦♥❡①❛ ♦✉ ❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦✱
♦✉ ❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ♦r✐❡♥t❛❞❛✳

❉❡✜♥✐çã♦ ✶✳✺✳✹✳ ❙❡❥❛ M ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❝♦♠ tr✐❛♥❣✉❧❛r✐③❛çã♦
{T1, ..., Tn}✳ ❉❡♥♦t❡♠♦s ♣♦r✿

v = ◆ú♠❡r♦ t♦t❛❧ ❞❡ ✈ért✐❝❡s ❞❡ M ✱

e = ◆ú♠❡r♦ t♦t❛❧ ❞❡ ❧❛❞♦s ❞❡ M ✱

t = ◆ú♠❡r♦ t♦t❛❧ ❞❡ tr✐â♥❣✉❧♦s ✭♥❡st❡ ❝❛s♦✱ t = n✮✳

❊♥tã♦✱ ♦ ♥ú♠❡r♦ χ(M) = v−e+ t é ❝❤❛♠❛❞♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ M ✳

❊①❡♠♣❧♦ ✶✳✺✳✺✳ P❛r❛ ❝❛❧❝✉❧❛r ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛ ❡s❢❡r❛✱ ❝♦♥s✐❞❡r❡♠♦s
❛ tr✐❛♥❣✉❧❛r✐③❛çã♦ ❡♠ ❋✐❣✉r❛ ✶✳✽❛✱ ♣❛r❛ ❡st❛ t❡♠♦s q✉❡ v = 55✱ e = 165 ❡
t = 112 ❡ ♣♦rt❛♥t♦ ♦❜t❡♠♦s q✉❡ χ(S2) = v − e + t = 56 − 166 + 112 = 2✳
P❛r❛ ❝❛❧❝✉❧❛r ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞♦ t♦r♦✱ ❝♦♥s✐❞❡r❡♠♦s ❛ tr✐❛♥❣✉❧❛r✐③❛çã♦

❡♠ ❋✐❣✉r❛ ✶✳✽❜✱ ♣❛r❛ ❡st❛ t❡♠♦s q✉❡ v = 28✱ e = 84 ❡ t = 56 ❡ ♣♦rt❛♥t♦ ♦❜t❡♠♦s
q✉❡ χ(T 2) = v − e+ t = 28− 84 + 56 = 0✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✻✳ ✭❬✶✾❪✱♣✳✽✮ ❙❡ M1 ❡ M2 sã♦ ❞✉❛s s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s ❡
❝♦♥❡①❛s✱ ❡♥tã♦

χ(M1 ∪M2) = χ(M1) + χ(M2)− χ(M1 ∩M2)

❈♦r♦❧ár✐♦ ✶✳✺✳✼✳ ❙❡ ✉♠❛ ❝✉r✈❛ α s❡♣❛r❛ ❛ s✉♣❡r✜❝✐❡ ▼ ❡♠ ❞✉❛s r❡❣✐õ❡s M1 ❡
M2✱ ❡♥tã♦ χ(M) = χ(M1) + χ(M2)✳

Pr♦♣♦s✐çã♦ ✶✳✺✳✽✳ ✭❬✷✸❪✮ P❛r❛ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ ❞✉❛s s✉♣❡r❢í❝✐❡s✱ M ❡ N ✱ t❡♠♦s

χ(S1#S2) = χ(S1) + χ(S2)− 2.

❈♦♠ ♦ ✉s♦ ❞❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✻ ❡ ✉s❛♥❞♦ ✐♥❞✉çã♦✱ t❡♠✲s❡ q✉❡✳

❙✉♣❡r❢í❝✐❡ ❈❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r

❊s❢❡r❛ ✷
❙♦♠❛ ❝♦♥❡①❛ ❞❡ n t♦r♦s 2− 2n
❙♦♠❛ ❝♦♥❡①❛ ❞❡ n ♣❧❛♥♦s ♣r♦❥❡t✐✈♦s 2− n
❙♦♠❛ ❝♦♥❡①❛ ❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❡ n t♦r♦s 1− 2n
❙♦♠❛ ❝♦♥❡①❛ ❞❛ ❣❛rr❛❢❛ ❞❡ ❑❧❡✐♥ ❡ n t♦r♦s −2n

◆♦t❡ q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥t❛❞❛ é
s❡♠♣r❡ ✉♠ ♥ú♠❡r♦ ♣❛r✱ ❡♥q✉❛♥t♦ q✉❡ ♣❛r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♥ã♦ ♦r✐❡♥t❛❞❛
♣♦❞❡ s❡r ♣❛r ♦✉ í♠♣❛r✳ P❡❧❛ ✐♥✈❛r✐â♥❝✐❛ ❞❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ✭❱❡r ❬✷✸❪ ♣✳✷✸✻✮
❡ ♦ ❚❡♦r❡♠❛ ✶✳✺✳✸✱ ♦❜té♠✲s❡ ♦ s❡❣✉✐♥t❡ t❡♦r❡♠❛✿
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❚❡♦r❡♠❛ ✶✳✺✳✾✳ ✭❬✷✸❪✮ ❙❡❥❛♠ S1 ❡ S2 s✉♣❡r❢í❝✐❡s ❝♦♠♣❛❝t❛s✳ ❊♥tã♦✱ S1 ❡ S2 sã♦
❤♦♠❡♦♠♦r❢♦s s❡✱ ❡ s♦♠❡♥t❡ s❡✱ s✉❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡ ❊✉❧❡r sã♦ ✐❣✉❛✐s ❡ ❛♠❜❛s
sã♦ ♦r✐❡♥t❛❞❛s ♦✉ ❛♠❜❛s sã♦ ♥ã♦ ♦r✐❡♥t❛❞❛s✳

❉❡✜♥✐çã♦ ✶✳✺✳✶✵✳ ❙❡❥❛♠ M ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ χ(M) ❛ ❝❛r❛❝t❡ríst✐❝❛
❞❡ ❊✉❧❡r ❞❡ M ✱ ♦ ❣ê♥❡r♦ ❞❡ M é ♦ ♥ú♠❡r♦

g(M) =

{
1
2
(2− χ(M)) s❡ ▼ é ♦r✐❡♥tá✈❡❧ ✱

2− χ(M) s❡ ▼ ♥ã♦ é ♦r✐❡♥tá✈❡❧✳

❯♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g✱ ❛ q✉❛❧ é s♦♠❛ ❝♦♥❡①❛ ❞❡ g
❝ó♣✐❛s ❞♦ t♦r♦ ✷✲❞✐♠❡♥s✐♦♥❛❧ T 2 é ❞❡♥♦t❛❞♦ ♣♦r Mg✳ ❊ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡
♥ã♦ ♦r✐❡♥tá✈❡❧ ❞❡ ❣ê♥❡r♦ g✱ ❛ q✉❛❧ é s♦♠❛ ❝♦♥❡①❛ ❞❡ g ❝ó♣✐❛s ❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦
✷✲❞✐♠❡♥s✐♦♥❛❧ RP 2 é ❞❡♥♦t❛❞♦ ♣♦r Fg✳

✶✳✻ ◆ú♠❡r♦ ❞❡ r♦t❛çã♦ ❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛

◆❡st❛ s❡çã♦✱ ✈❡r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❞❡ ❝✉r✈❛s ♣❧❛♥❛s ❢❡❝❤❛❞❛s✱ ❡st❡s
❝♦♥❝❡✐t♦s s❡rã♦ ♥❡❝❡ss❛r✐♦s ♣❛r❛ ♦ ❡st✉❞♦ ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ❛♣❧✐❝❛çõ❡s
❡stá✈❡✐s ❡♥tr❡ s✉♣❡r✜❝✐❡s✱ q✉❡ ✈❡r❡♠♦s ♥♦ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✳ ❘❡❢❡rê♥❝✐❛ ❬✶❪✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✳ ❯♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ♣❧❛♥❛ é ✉♠❛ ❛♣❧✐❝❛çã♦ α : S1 −→ R
2 ❞❡

❝❧❛ss❡ C1✳

❊①❡♠♣❧♦ ✶✳✻✳✷✳ ❆ ❋✐❣✉r❛✶✳✾ ✐❧✉str❛ ❛ ▲❡♠♥✐s❝❛t❛✱ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ♣❧❛♥❛ q✉❡
♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❛ ♦r✐❣❡♠✳

❋✐❣✉r❛ ✶✳✾✿ ❈✉r✈❛ ❢❡❝❤❛❞❛

❉❡✜♥✐çã♦ ✶✳✻✳✸✳ ✭❬✶❪✱ ♣✳✹✽✾✮ P❛r❛ q✉❛❧q✉❡r ❝✉r✈❛ ❢❡❝❤❛❞❛ α : S1 → R
2 ❞❡ ❝❧❛ss❡

C1✱ q✉❡ ♣♦ss✉✐ ✉♠❛ ❞❡r✐✈❛❞❛ q✉❡ ♥✉♥❝❛ s❡ ❛♥✉❧❛ α′ : S1 → R
2
r {0}✱ s❡ ❞❡✜♥❡ ♦

♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ❞❡ α✱ ❞❡♥♦t❛❞♦ R(α)✱ ♣♦r

R(α) =
1

2π

[
❖ â♥❣✉❧♦ t♦t❛❧ ❛tr❛✈❡ss❛❞♦ ♣♦r α′(s) ❝♦♠♦ s ✈❛r✐❛
✉♠❛ ✈❡③ ❛♦ r❡❞♦r ❞♦ ❞♦♠í♥✐♦ S1 ♣♦s✐t✐✈❛♠❡♥t❡✳

]
.

Pr♦♣♦s✐çã♦ ✶✳✻✳✹✳ ✭❬✶❪✮ ❙❡❥❛ α ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ♣❧❛♥❛✳ ❊♥tã♦✱ R(α) é s❡♠♣r❡
✉♠ ♥ú♠❡r♦ ✐♥t❡✐r♦✳ ❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ h é ✉♠❛ ❝✉r✈❛ s✐♠♣❧❡s ❢❡❝❤❛❞❛✱ R(α) = ±1✳



✶✼

❖✉tr❛ ♠❛♥❡✐r❛ ❞❡ ♣❡♥s❛r s♦❜r❡ ✐ss♦ é✱ ❝♦♥s✐❞❡r❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦
(

α′(s)

‖ α′(s) ‖

)
: S1 → S1,

❡♥tã♦ ♦ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ R(α) ❞❡ α é ♦ ♥ú♠❡r♦ ❞❡ ✈❡③❡s q✉❡ ❛ ❛♣❧✐❝❛çã♦ α′(s)
‖α′(s)‖

❝♦❜r❡ ♦ ❝ír❝✉❧♦✳ ❖ ✐♥t❡✐r♦ R(α) é ♦ ❣r❛✉ ❣❧♦❜❛❧ ❞❡ ( α′(s)
‖α′(s)‖

) ✭✈❡r ❉❡✜♥✐çã♦ ✶✳✸✳✸✮✳

❊♠ ❬✶❪✱ s❡ ❡st❡♥❞❡ ♦ ❝♦♥❝❡✐t♦ ❞❡ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ♣❛r❛ ❝❡rt❛s ❝✉r✈❛s ❢❡❝❤❛❞❛s✱
q✉❡ ♣♦❞❡♠ ♥ã♦ t❡r t❛♥❣❡♥t❡s ❜❡♠ ❞❡✜♥✐❞❛s ❡♠ ✉♠ ❝♦♥❥✉♥t♦ ✜♥✐t♦ ❞❡ ♣♦♥t♦s✳

❊①❡♠♣❧♦ ✶✳✻✳✺✳ ◆♦ ❊①❡♠♣❧♦ ✶✳✹✳✶✾ ♦s ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❛s ❛♣❧✐❝❛çõ❡s f ❡ g
❞❛ ❋✐❣✉r❛ ✶✳✼ tê♠ q✉❛tr♦ ❡ ❞♦✐s ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♥♦s q✉❛✐s
❛ t❛♥❣❡♥t❡ ♥ã♦ ❡stá ❜❡♠ ❞❡✜❞❛✳

❉❡✜♥✐çã♦ ✶✳✻✳✻✳ ❙❡❥❛♠ I ✉♠ ✐♥t❡r✈❛❧♦ ❞❛ r❡t❛ ♦✉ ❞♦ ❝ír❝✉❧♦ ❡ α : I → R
2 ✉♠❛

❝✉r✈❛ ❢❡❝❤❛❞❛ ❞❡ ❝❧❛ss❡ C1 q✉❡ ♣♦ss✉✐ ✉♠❛ ❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛ α′ q✉❡ ♥✉♥❝❛ s❡
❛♥✉❧❛ ❡♠ I✳ ❖ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ❞❡ α✱ ❞❡♥♦t❛❞♦ R(α)✱ é ❞❛❞♦ ♣♦r

R(α) =
1

2π

[
❖ â♥❣✉❧♦ t♦t❛❧ ❛tr❛✈❡ss❛❞♦ ♣♦r α′(s) ❝♦♠♦ s ✈❛r✐❛

✉♠❛ ✈❡③ ❛♦ r❡❞♦r ❞♦ ❞♦♠í♥✐♦ I ♣♦s✐t✐✈❛♠❡♥t❡✳

]
,

Pr♦♣♦s✐çã♦ ✶✳✻✳✼✳ ✭❬✷✸❪✮ ❙❡❥❛ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ α : I → R
2✱ q✉❡ ♣♦ss✉✐

✉♠❛ ❞❡r✐✈❛❞❛ ❝♦♥tí♥✉❛ α′ q✉❡ ♥✉♥❝❛ s❡ ❛♥✉❧❛ ❡♠ (a, b)✱ s❡ ❝♦♥s✐❞❡r❛♠♦s ❛
❛♣❧✐❝❛çã♦ α′

‖α′‖
: I → S1✱ q✉❡ ❛ss♦❝✐❛ ❛ ❝❛❞❛ t ♦ ✈❡t♦r ú♥✐t❛r✐♦ t❛♥❣❡♥t❡ ❡♠

α(t) ❞❛❞❛ ♣♦r α′

‖α′‖
(t) = α′(t)/ | α′(t) |✱ ❡ ❛ ❛♣❧✐❝❛çã♦ g : I → S1✱ ❞❛❞❛ ♣♦r

g(t) = (cos(t), sen(t))✳ ❊♥tã♦✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ θ : I → R✱ t❛❧ q✉❡ ♦ ❞✐❛❣r❛♠❛
é ❝♦♠✉t❛t✐✈♦✳

R

g
��

I

θ

??

α′

‖α′‖

// S1

.

❉❡✜♥✐çã♦ ✶✳✻✳✽✳ ❊♠ t❡r♠♦s ❞❡ θ : I → R ✭Pr♦♣♦s✐çã♦ ✶✳✻✳✼✮✱ ♦ ♥ú♠❡r♦ ❞❡

r♦t❛çã♦ é ❞❛❞♦ ♣♦r✿

R(α) =
1

2π
( lim
s→b−

θ(s)− lim
s→a+

θ(s)).

❙❡❥❛♠ s1 < s2 < ... < sk < s1 ♣♦♥t♦s✱ ❡♠ ♦r❞❡♠✱ ❡♠ S1✳ ❊ Ij = (sj, sj+1), ♦
❛r❝♦ ❛❜❡rt♦ ♦r✐❡♥t❛❞♦ ♣♦s✐t✐✈❛♠❡♥t❡ ❡♠ S1 ❝♦♠ ♦s ♣♦♥t♦s ✜♥❛✐s ✐♥✐❝✐❛❧ ❡ ✜♥❛❧ sj
❡ sj+1✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♦♥❞❡ j = 1, ..., k ❡ sk+1 = s1.

❉❡✜♥✐çã♦ ✶✳✻✳✾✳ ❙❡❥❛ α ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❞❡ ❝❧❛ss❡ C1✱ ♦♥❞❡ α′ = 0✱
♣r❡❝✐s❛♠❡♥t❡ ♥♦s ♣♦♥t♦s sj✱ j = 1, ..., k✳ ❉❡✜♥❛ αj = α ↾Ij ❛ r❡str✐çã♦ ❞❡ α
❛♦s ❛r❝♦s (sj, sj+1)✳ ❖ ♥ú♠❡r♦ ❞❡ r♦t❛çã♦ ❞❡ α✱ ❞❡♥♦t❛❞♦ R(α)✱ é ❞❡✜♥✐❞♦
♣♦r✿

R(α) =
k∑

i=1

R(αj).
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Pr♦♣♦s✐çã♦ ✶✳✻✳✶✵✳ ✭❬✶❪✱ ♣✳✹✾✶✮ ❙❡❥❛♠M ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛✱ f :M → R
2

✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❡ α ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf, ❛ q✉❛❧ é ✉♠❛
❝✉r✈❛ ❢❡❝❤❛❞❛ ❡♠ M ✳ ❙❡ α t❡♠ k ❝ús♣✐❞❡s✱ ❡♥tã♦ ♣❛r❛ q✉❛❧q✉❡r ♦r✐❡♥t❛çã♦ ❞❡ α✱
❛ q✉❛♥t✐❞❛❞❡ 2R(fα) é ✉♠ ✐♥t❡✐r♦ ❝✉❥❛ ♣❛r✐❞❛❞❡ é ✐❣✉❛❧ à ❞❡ k✳

❉❡✜♥✐çã♦ ✶✳✻✳✶✶✳ ❙❡❥❛♠ f ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♥♦ ♣❧❛♥♦
❡ α ✉♠❛ ❝✉r✈❛ ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf ✳ ❉❡♥♦t❛♥❞♦ ❛ r❡str✐çã♦ ❞❡ f ❛ α ♣♦r
fα✳ ❖ ♥ú♠❡r♦ ❞❡ ❣✐r♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ ❞❡ f r❡str✐t♦ à ❝✉r✈❛ α✱ ❞❡♥♦t❛❞♦ ♣♦r
τ(f(α))✱ s❡rá τ(f(α)) = 2R(fα)✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✶✳✶✵✿ ◆ú♠❡r♦ ❞❡ ❣✐r♦ t❛♥❣❡♥t❡ ❞✉♣❧♦✳

❊①❡♠♣❧♦ ✶✳✻✳✶✷✳ ❆ ❋✐❣✉r❛ ✶✳✶✵ ✐❧✉str❛ ❡①❡♠♣❧♦s ❞❡ ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❞✉❛s
❛♣❧✐❝❛çõ❡s f, h ♥♦ ♣❧❛♥♦✱ ❝♦♠ ❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ ❝❛❞❛ ✉♠❛✱ s❡♠ ♣♦♥t♦s ❞❡
❝ús♣✐❞❡s✳ ◆❛ ❋✐❣✉r❛ ✶✳✶✵❛✱ ♦ ♥ú♠❡r♦ ❞❡ ❣✐r♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ ♣❛r❛ ❛s ❝✉r✈❛s fα1

❡ fα2
sã♦ τ(f(α1)) = 2 ❡ τ(f(α2)) = −2 ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ◆❛ ❋✐❣✉r❛ ✶✳✶✵❜

τ(h(β1)) = 2 ❡ τ(h(β2)) = −2✳

✶✳✼ ❋✉♥çõ❡s ❞❡ ▼♦rs❡

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s ❝♦♥❝❡✐t♦s ❞❡ ❢✉♥çõ❡s r❡❛✐s ❞❡✜♥✐❞❛s ❡♠
s✉♣❡r❢í❝✐❡s ❝✉❥❛s ❞❡r✐✈❛❞❛s ♣♦ss✉❡♠ ❝❡rt❛s ♣r♦♣r✐❡❞❛❞❡s✳ ❆s r❡❢❡rê♥❝✐❛s ❬✺❪✳

❉❡✜♥✐çã♦ ✶✳✼✳✶✳ ❙❡❥❛ π ✉♠❛ ❛♣❧✐❝❛çã♦ r❡❛❧ s✉❛✈❡ ❞❡✜♥✐❞❛ ♥❛ s✉♣❡r❢í❝✐❡ M ✳ ❆
❍❡ss✐❛♥❛ ❞❡ π ♥✉♠ ♣♦♥t♦ ❝rít✐❝♦ p ∈ M ❞❡ π é ❛ ❢♦r♠❛ ❜✐❧✐♥❡❛r s✐♠étr✐❝❛
♥♦ ❡s♣❛ç♦ t❛♥❣❡♥t❡ ❞❡ M ❡♠ p✱ Hessp(π) : TpM × TpM → R ❞❡✜♥✐❞❛ ♣♦r

Hessp(π)(v;w) =
∑2

i,j=1 viwj
∂2f

∂xi∂xj
(p), ♦♥❞❡ x = (x1, x2) é ✉♠❛ ❝❛rt❛ ❛♦ r❡❞♦r

❞♦ ♣♦♥t♦ ❝rít✐❝♦ p ∈M ✳

❊♠ ❝❛rt❛s ❧♦❝❛✐s ❛ ❍❡ss✐❛♥❛ s❡ r❡♣r❡s❡♥t❛ ♣❡❧❛ ♠❛tr✐③ s✐♠étr✐❝❛
(

∂2π

∂xi∂xj
(p)

)

i,j
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❉❡✜♥✐çã♦ ✶✳✼✳✷✳ ❙❡❥❛ π ✉♠❛ ❢✉♥çã♦ r❡❛❧ s✉❛✈❡ ❞❡✜♥✐❞❛ ♥❛ s✉♣❡r❢í❝✐❡ M ✱ ❡♥tã♦
✉♠ ♣♦♥t♦ ❝rít✐❝♦ p ∈ M ❞❡ π é ❝❤❛♠❛❞♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛
❍❡ss✐❛♥❛ ✭♠❛tr✐③ ❞❛s s❡❣✉♥❞❛s ❞❡r✐✈❛❞❛s ♣❛r❝✐❛✐s✮ ♥ã♦ é s✐♥❣✉❧❛r✳

❉❡✜♥✐çã♦ ✶✳✼✳✸✳ ❯♠❛ ❢✉♥çã♦ r❡❛❧ π s✉❛✈❡ ❞❡✜♥✐❞❛ ♥❛ ✈❛r✐❡❞❛❞❡ M é ✉♠❛
❢✉♥❝ã♦ ❞❡ ▼♦rs❡ s❡✱ ❡ s♦♠❡♥t❡ s❡✱ t♦❞♦s s❡✉s ♣♦♥t♦s ❝rít✐❝♦s sã♦ ♥ã♦
❞❡❣❡♥❡r❛❞♦s✳

❉❡✜♥✐çã♦ ✶✳✼✳✹✳ ❖ í♥❞✐❝❡ ❞❡ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦ p é ♦ ♥ú♠❡r♦ ❞❡

❛✉t♦✈❛❧♦r❡s ♥❡❣❛t✐✈♦s ❞❛ ♠❛tr✐③ s✐♠étr✐❝❛
(

∂2π
∂xi∂xj

(p)
)
i,j
, ♦♥❞❡ x = (x1, x2) é ✉♠❛

❝❛rt❛ ❛♦ r❡❞♦r ❞♦ ♣♦♥t♦ ❝rít✐❝♦ p ∈M ✳

❉❡✜♥✐çã♦ ✶✳✼✳✺✳ P❛r❛ ✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡ π ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ M ✱ ❞❡♥♦t❛♠♦s
♣♦r ηi(π)✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ♥ã♦ ❞❡❣❡♥❡r❛❞♦s ❞❡ í♥❞✐❝❡ i✳

❚❡♦r❡♠❛ ✶✳✼✳✻✳ ✭❬✺❪✱ ♣✳✸✺✸✮ ❙❡❥❛ π ✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡ ♥✉♠❛ s✉♣❡r❢í❝✐❡
❝♦♠♣❛❝t❛ M ✳ ❊♥tã♦✱ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r é ✐❣✉❛❧ à s♦♠❛ ❛❧t❡r♥❛❞❛ ❞❡
♥ú♠❡r♦s ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ í♥❞✐❝❡ i ❝♦♠ i = 0, ..., 2✱

χ(M) =
2∑

i=0

(−1)iηi(π).

❆ s❡❣✉✐♥t❡ ♣r♦♣♦s✐çã♦ ♥♦s ❣❛r❛♥t❡ q✉❡ ♣❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛
s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♥♦ ♣❧❛♥♦✱ s❡♠♣r❡ é ♣♦ssí✈❡❧ ❡♥❝♦♥tr❛r ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r✱
t❛❧ q✉❡ ❛ ❝♦♠♣♦s✐çã♦ ❞❡st❛s ❛♣❧✐❝❛çõ❡s r❡s✉❧t❛ s❡r ✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡✳

Pr♦♣♦s✐çã♦ ✶✳✼✳✼✳ ✭❬✶✽❪✱ ♣✳✼✾✮ ❙❡❥❛♠ M ✉♠❛ s✉♣❡r❢í❝✐❡ ❡ f : M → R
2 ✉♠❛

❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ P❛r❛ q✉❛s❡ t♦❞❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r L : R2 → R t❡♠♦s q✉❡ L ◦ f
é ✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡ ❡ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ L ◦ f ❡stã♦ ❝♦♥t✐❞♦s ♥♦ ❝♦♥❥✉♥t♦
Dobras(f)✳

❋✐❣✉r❛ ✶✳✶✶✿ ❋✉♥çã♦ ❞❡ ▼♦rs❡

❊①❡♠♣❧♦ ✶✳✼✳✽✳ ❆ ❋✐❣✉r❛✶✳✶✶ ✐❧✉str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f ❞♦ ❜✐t♦r♦ ♥♦ ♣❧❛♥♦✱
❝✉❥♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf ❡stá ❢♦r♠❛❞♦ ✉♥✐❝❛♠❡♥t❡ ♣♦r ♣♦♥t♦s ❞❡ ❞♦❜r❛✱ ✐st♦ é✱
Σf = Dobras(f)✳ ❆ ♣r♦♣♦s✐çã♦ ✶✳✼✳✼ ❣❛r❛♥t❡ ❛ ❡①✐stê♥❝✐❛ ❞❡ ✉♠ ❝♦♥❥✉♥t♦ ❞❡♥s♦
♥♦ ❡s♣❛ç♦ ❞❡ ❢✉♥❝✐♦♥❛✐s ❧✐♥❡❛r❡s ❞❡ R

2 q✉❡ s❛t✐s❢❛③❡♠ ❛ ♣r♦♣r✐❡❞❛❞❡ ❞❡ q✉❡ ❛



✷✵

❝♦♠♣♦s✐çã♦ ❝♦♠ f é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ ▼♦rs❡✳ P♦r ❡①❡♠♣❧♦✱ ❛ ❢✉♥çã♦ π r❡s✉❧t❛♥t❡
❞❡ ❝♦♠♣♦r f ❝♦♠ ❛ ♣r♦❥❡çã♦ L ❞♦ ♣❧❛♥♦ xy ♥♦ ❡✐①♦ y é ✉♠❛ ❢✉♥çã♦ ❞❡ ▼♦rs❡✳ ❆
❡①♣r❡ssã♦ ❞❛ ❢✉♥çã♦ π ❡♠ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s ❛♦ r❡❞♦r ❞❡ ✉♠ ♣♦♥t♦ ❝rít✐❝♦ ❞❡ π
❡♠ M é ❞❛❞❛ ♣♦r✿

P♦♥t♦s ❈rít✐❝♦s ❋✉♥çã♦ π ❡♠ ❝♦♦r❞❡♥❛❞❛s ❧♦❝❛✐s
p1 π = c+ x2 + y2

p2, p4 π = c− x2 + y2

p3, p5 π = c− x2 + y2

p6 π = c− x2 − y2

P❛r❛ ❞❡t❡r♠✐♥❛r ♦ í♥❞✐❝❡ ❡♠ ❝❛❞❛ ✉♠ ❞❡st❡s ♣♦♥t♦s ❞♦ ❜✐t♦r♦✱ ♥♦t❡ q✉❡ ❛ ❍❡ss✐❛♥❛
❞❡ π ❡♠ p6 t❡♠ ❞♦✐s ❛✉t♦✈❛❧♦r❡s ♥❡❣❛t✐✈♦s✱ ❛ss✐♠ ♦ í♥❞✐❝❡ ♥♦ ♣♦♥t♦ p6 é ✐❣✉❛❧
❛ ❞♦✐s✱ ❡♥q✉❛♥t♦ ❡♠ p2✱ p3✱ p4 ❡ p5 tê♠ ✉♠ ❛✉t♦✈❛❧♦r ♥❡❣❛t✐✈♦✱ ❧♦❣♦ ♦s í♥❞✐❝❡s
♥❡st❡s ♣♦♥t♦s sã♦ ✐❣✉❛❧ ❛ ✉♠✳ ❆ss✐♠✱ s❡ ❞❡t❡r♠✐♥❛ q✉❡ η0(π) = 1✱ η1(π) = 4 ❡
η2(π) = 1✳ ❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✼✳✻ t❡♠♦s

χ(M) = η0(π)− η1(π) + η2(π) = 1− 4 + 1.

❆ss✐♠✱
χ(M) = −2.

◆❛ ❚❛❜❡❧❛ ✶✳✺ ♣♦❞❡♠♦s ✈❡r✐✜❝❛r q✉❡ χ(M) = 2− 2 · 2 = −2✳



❈❛♣ít✉❧♦ ✷

❆♣❧✐❝❛çõ❡s ❡♥tr❡ s✉♣❡r❢í❝✐❡s

❢❡❝❤❛❞❛s✳

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡
s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s✱ ❝♦♠ r❡s✉❧t❛❞♦s ♣❛rt✐❝✉❧❛r❡s s♦❜r❡ ❛♣❧✐❝❛çõ❡s
♥❛ ❡s❢❡r❛✳ ❆s ♣r✐♥❝✐♣❛✐s r❡❢❡rê♥❝✐❛s sã♦ ❬✻✱ ✷✺✱ ✸✵✱ ✸✾✱ ✸✻❪

✷✳✶ ❈♦♥str✉çã♦ ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ s✉♣❡r❢í❝✐❡s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♠❛s té❝♥✐❝❛s ♣❛r❛ ❝♦♥str✉✐r ❛♣❧✐❝❛çõ❡s ❡♥tr❡
s✉♣❡r❢í❝✐❡s✳ Pr✐♠❡✐r♦ ✈❡r❡♠♦s ❛s tr❛♥s✐çõ❡s q✉❡ ❛❧t❡r❛♠ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r✱
❞❡♣♦✐s ❝✐r✉r❣✐❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❡ ❛♦ ✜♥❛❧ ✈❡r❡♠♦s ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s q✉❡ ♣♦❞❡♠
s❡r ✉t✐❧✐③❛❞❛s ❝♦♠♦ ❛♣❧✐❝❛çõ❡s ❜ás✐❝❛s ♣❛r❛ ❛ ❝♦♥str✉çã♦ ❞❡ ♥♦✈❛s ❛♣❧✐❝❛çõ❡s
❡stá✈❡✐s✳

✷✳✶✳✶ ❈✐r✉r❣✐❛s ❡ tr❛♥s✐çã♦ ❞❡ ❝♦❞✐♠❡♥sã♦ ✶

❙❡❥❛♠ f, g : M → N ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ♥❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛
❡♠ C∞(M,N)✱ s❡ ❡①✐st❡ ✉♠ ❝❛♠✐♥❤♦ ❞❡ g ❛ f q✉❡ ♣❛ss❛ ♣❡❧♦ ❝♦♠♣❧❡♠❡♥t♦
C∞(M,N)\ E (M,N)✱ ♦✉ s❡❥❛✱ ♣❛ss❛ ♣♦r ✉♠❛ ❛♣❧✐❝❛çã♦ ♥ã♦ ❡stá✈❡❧✳ ❆s
❞❡❢♦r♠❛çõ❡s ❧♦❝❛✐s ♥♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✱ q✉❡ ♦❝♦rr❡♠ q✉❛♥❞♦ ✉♠ ❝❛♠✐♥❤♦
❛tr❛✈❡ss❛ ❡st❡ ❝♦♠♣❧❡♠❡♥t♦✱ sã♦ ❝❤❛♠❛❞❛s ❞❡ tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ 1✳ ❯♠❛
❧✐st❛ ❝♦♠ ❡ss❛s ❞❡❢♦r♠❛çõ❡s ❢♦✐ ❞❛❞❛ ♣♦r ❖❤♠♦t♦ ❡ ❆✐❝❛r❞✐ ❡ ❬✸✻❪✳ ❆s tr❛♥s✐çõ❡s ❞❡
❝♦❞✐♠❡♥sã♦ 1 q✉❡ ❛❧t❡r❛♠ ❛ t♦♣♦❧♦❣✐❛ ❞♦ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r ❡ ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r
❞❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s✱ sã♦ ❛s tr❛♥s✐çõ❡s ❜✐❝♦s ❡ ❧á❜✐♦s✱ ❛s q✉❛✐s ❡stã♦ ✐❧✉str❛❞❛s ♥❛
❋✐❣✉r❛ ✷✳✶✱ ♦♥❞❡ ❛s s❡t❛s ✐♥❞✐❝❛♠ ♦ s❡♥t✐❞♦ ♣♦s✐t✐✈♦✱ ♦✉ s❡❥❛✱ ❡♠ q✉❡ ♦ ♥ú♠❡r♦ ❞❡
❝ús♣✐❞❡s ❛✉♠❡♥t❛ ♣♦r ❞♦✐s✳ ❯♠❛ ♦✉tr❛ tr❛♥s✐çã♦ q✉❡ ❛❧t❡r❛ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s
é ❛ r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛ (S)✱ ❝♦♥❢♦r♠❡ ❋✐❣✉r❛ ✷✳✷ ✐t❡♠ ✭❜✮✱ ♠❛s ❡ss❛ tr❛♥s✐çã♦ ♥ã♦
❛❧t❡r❛ ❛ t♦♣♦❧♦❣✐❛ ❞♦ ❝♦♥❥✉♥t♦ r❡❣✉❧❛r✳

✷✶



✷✷

❋✐❣✉r❛ ✷✳✶✿ ❚r❛♥s✐çõ❡s ❇✐❝♦s ❡ ▲á❜✐♦s ❡♠ C∞(M,N)✳

❊①❡♠♣❧♦ ✷✳✶✳✶✳ ❖❜s❡r✈❡ q✉❡ ❛tr❛✈és ❞❛s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ ✶✱ ♣♦❞❡♠♦s
♦❜t❡r ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❛ ♣❛rt✐r ❞❡ ♦✉tr❛ ✐♥✐❝✐❛❧♠❡♥t❡ ❝♦♥❤❡❝✐❞❛ ❡ ♥❛ ♠❡s♠❛
❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛✳ ❆ ❋✐❣✉r❛ ✷✳✷ ✐❧✉str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❛ ❡s❢❡r❛ ♥♦
♣❧❛♥♦✱ ♦❜t✐❞❛ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ g✳ ❆tr❛✈és ❞❡ ✉♠❛ tr❛♥s✐çã♦ r❛❜♦ ❞❡ ❛♥❞♦r✐♥❤❛
(S)✱ ❡ ❞❡ ✉♠❛ tr❛♥s✐çã♦ ❜✐❝♦s ♥♦ s❡♥t✐❞♦ ♥❡❣❛t✐✈♦ (−B) ✭❡♠ q✉❡ ♦ ♥ú♠❡r♦ ❞❡
❝ús♣✐❞❡s ❞✐♠✐♥✉✐ ♣♦r ❞♦✐s✮✳

❋✐❣✉r❛ ✷✳✷✿ ❊①❡♠♣❧♦ tr❛♥s✐çõ❡s✳

❯♠ ✐♥✈❛r✐❛♥t❡ ❞❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s
❡ ♦r✐❡♥t❛❞❛s é ♦ ❣r❛✉ ❞❛ ❛♣❧✐❝❛çã♦✳ ❆s tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥s❛♦ ✶ ♥ã♦ ❛❧t❡r❛
♦ ❣r❛✉ ❞❛s ❛♣❧✐❝❛çõ❡s✱ ♣♦r ✐st♦✱ ♥ã♦ é ♣♦ssí✈❡❧ ♦❜t❡r ❛♣❧✐❝❛çõ❡s ❝♦♠ ❞✐❢❡r❡♥t❡s
❣r❛✉s✱ ✉♠❛ ❛ ♣❛rt✐r ❞❛ ♦✉tr❛ s♦♠❡♥t❡ ♣♦r ❡st❛s tr❛♥s✐çõ❡s✳ ❯♠❛ ❢♦r♠❛ ❞❡ ♦❜t❡r
♥♦✈❛s ❛♣❧✐❝❛çõ❡s ❡♠ ❞✐❢❡r❡♥t❡s ❝❧❛ss❡s ❞❡ ❤♦♠♦t♦♣✐❛ é ❛tr❛✈❡s ❞❡ ❝✐r✉r❣✐❛s ❞❡
❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ✐♥tr♦❞✉③✐❞❛s ❡♠ ❬✷✺❪✱ ❝❤♠❛❞❛s ❞❡ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ ❡ ❝✐r✉r❣✐❛
✈❡rt✐❝❛❧✱ ✐❧✉str❛❞❛s ♥❛ ❋✐❣✉r❛ ✷✳✸ ✐t❡♥s ✭❛✮ ❡ ✭❜✮✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ ❊♠ ❛♠❜❛s ❛s
❝✐r✉r❣✐❛s✱ r❡♠♦✈❡✲s❡ ✉♠ ♣❛r ❞❡ ❞✐s❝♦s ❞✐s❥✉♥t♦s ♥❛ s✉♣❡r❢í❝✐❡ ❞❡ ❞♦♠í♥✐♦✱ ♦s q✉❛✐s
sã♦ s✉❜st✐t✉í❞♦s ♣♦r ✉♠ t✉❜♦ ❧✐♠✐t❛❞♦ ✭❝♦♥❡❝t❛♥❞♦ ♦s ❜♦r❞♦s ❞❛ s✉♣❡r❢í❝✐❡✮ ❛♦
❧♦♥❣♦ ❞♦ q✉❛❧ ❛s ❛♣❧✐❝❛çõ❡s ❡♥✈♦❧✈✐❞❛s sã♦ ❡st❡♥❞✐❞❛s ❡st❛✈❡❧♠❡♥t❡✱ ❝♦♠♦ ✈❡r❡♠♦s
❛ s❡❣✉✐r✿



✷✸

❋✐❣✉r❛ ✷✳✸✿ ❈✐r✉r❣✐❛ ❍♦r✐③♦♥t❛❧ ❡ ❱❡rt✐❝❛❧✳

❈✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧

❆ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ H é ❞❡s❝r✐t❛ ❞❛ s❡❣✉✐♥t❡ ❢♦r♠❛✿ ❞❛❞❛ ✉♠❛ ❛♣❧✐❝❛çã♦
❡stá✈❡❧ h ❡♥tr❡ ❞✉❛s s✉♣❡r❢í❝✐❡s M ❡ N ✱ ✉♠❛ ♣♦♥t❡ é ✉♠ r❡tâ♥❣✉❧♦ ❝♦♠ ♦ ✐♥t❡r✐♦r
♠❡r❣✉❧❤❛❞♦ ♥♦ ❝♦♠♣❧❡♠❡♥t❛r ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ γ(h) ❡♠ N ❡ ❝♦♠ ❞♦✐s ❧❛❞♦s
♦♣♦st♦s s♦❜r❡ ✐♥t❡r✈❛❧♦s h(I) ❡ h(J)✱ ❞❡ ❢♦r♠❛ ❝♦♠♣❛tí✈❡❧ ❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ❞❡
γ(h) ✭✈❡r ❋✐❣✉r❛ ✷✳✸❛✮✳ ❆ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ hβ ✭q✉❡ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦ ❧✉❣❛r
❞❛ ♣♦♥t❡ β é ❝♦♥str✉í❞❛ ❝♦♠♦ s❡❣✉❡✿ ✉♠❛ ♣♦♥t❡ ❡♥❝♦♥tr❛ h(W ) ❡♠ ❞♦✐s ✐♥t❡r✈❛❧♦s
h(I) ❡ h(J) ❝♦♥t✐❞♦s ❡♠ γ(h)✳ ❊s❝♦❧❤❛ ♣❡q✉❡♥♦s ❞✐s❝♦s ❡♠ W ✱ ✉♠ ❝♦♥❡❝t❛♥❞♦ I
❡ ♦✉tr♦ J ✳ ❘❡♣❛ss❡ ❛ s❡✉s ✐♥t❡r✐♦r❡s ♣♦r ✉♠ t✉❜♦ r❡s♣❡✐t❛♥❞♦ ❛ ♦r✐❡♥t❛çã♦ ❞❡ W
❞❡ ❢♦r♠❛ ❛ ♦❜t❡r ✉♠❛ ♦r✐❡♥t❛çã♦ ♥❛ s✉♣❡r❢í❝✐❡ M ✳ ❆ ❛♣❧✐❝❛çã♦ h✱ ❝♦♠♦ ✐❧✉str❛❞❛
♥❛ ❋✐❣✉r❛ ✷✳✸✭❛✮✱ ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ s♦❜r❡ ♦ t✉❜♦ ❞❡ ❢♦r♠❛ ❛ ♦❜t❡r ❛ ❛♣❧✐❝❛çã♦
❡stá✈❡❧ hβ✳

❊♠ ♣❛rt✐❝✉❧❛r✱ s❡ W é ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❛s s✉♣❡r❢í❝✐❡s P ❡ Q✱ s❡ ❞❡♥♦t❛ ♣♦r
W = P ∪Q✱ ♦♥❞❡ p ❡ q ❞❡♥♦t❛ ❛ r❡str✐çã♦ ❞❛ ❛♣❧✐❝❛çã♦ h ❛ P ❡ ❛ Q❀ ❝♦♠ I ❡♠ P
❡ J ❡♠ Q✳ ◆❡st❡ ❝❛s♦✱ ♦❜t❡♠♦s ❛ s♦♠❛ ❤♦r✐③♦♥t❛❧ p +H q : M → N ✳ ❊♠ ♦✉tr❛s
♣❛❧❛✈r❛s h = p ∪ q ❡ (f ∪ l)β = p+H q.

❊①❡♠♣❧♦ ✷✳✶✳✷✳ ◆❛ ❋✐❣✉r❛ ✷✳✹ ♣♦❞❡♠♦s ✈❡r ❛ s♦♠❛ ❤♦r✐③♦♥t❛❧ ❡♥tr❡ ❞✉❛s
❛♣❧✐❝❛çõ❡s✱ ❡♥tr❡ ❞✉❛s ❡s❢❡r❛s f1 ❡ f2✱ ❛♠❜❛s ♦❜t✐❞❛s ♣❡❧❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✱
♣❛ss❛♥❞♦ ♣❡❧❛ tr❛♥s✐çã♦ ❞♦ t✐♣♦ ❧á❜✐♦s✱ ♦❜t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ f : S2 → S2✱ ❝♦♠
❣r❛✉ ❞♦✐s ❡ t❛❧ q✉❡ ♦ s❡✉ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r é ❝♦♥❡①♦✱ s❡♠ ♣♦♥t♦s ❞✉♣❧♦s ❡ ❝♦♠
q✉❛tr♦ ❝ús♣✐❞❡s✳

❋✐❣✉r❛ ✷✳✹✿ ❆♣❧✐❝❛çã♦ ❞❛ ❡s❢❡r❛ ♥❛ ❡s❢❡r❛ ❝♦♠ ❣r❛✉ ❞♦✐s✳



✷✹

❈✐r✉r❣✐❛ ✈❡rt✐❝❛❧

◆❛ ❝✐r✉r❣✐❛ ✈❡rt✐❝❛❧ V ✱ ❢❛③❡♠♦s ❛ s♦♠❛ ❝♦♥❡①❛ ♣❡❧❛ ✐❞❡♥t✐✜❝❛çã♦ ❞❡ ❞♦✐s
♣❡q✉❡♥♦s ❞✐s❝♦s ♥♦ ❞♦♠í♥✐♦ s❡♠ ♣♦♥t♦s s✐♥❣✉❧❛r❡s✱ ✉♠ ❝♦♥t✐❞♦ ♥✉♠❛ ❝♦♠♣♦♥❡♥t❡
r❡❣✉❧❛r ♣♦s✐t✐✈❛ ❡ ♦✉tr♦ ♥✉♠❛ ❝♦♠♣♦♥❡♥t❡ r❡❣✉❧❛r ♥❡❣❛t✐✈❛ ✭✈❡r ❋✐❣✉r❛ ✷✳✸✮ ❝✉❥❛
✐♠❛❣❡♠ ❡♠ N ❝♦✐♥❝✐❞❡✳

❖s ❞✐s❝♦s sã♦ s✉❜st✐t✉í❞♦s ♣♦r ✉♠ t✉❜♦ q✉❡ é ❛♣❧✐❝❛❞♦ ❡♠ N ✱ ❝♦♠ ✉♠❛
❝✉r✈❛ s✐♥❣✉❧❛r ♥♦ ♠❡✐♦ ❞♦ t✉❜♦✳ ❆ss✐♠ ❛ ❝✐r✉r❣✐❛ ❛❞✐❝✐♦♥❛ ✉♠❛ ❝✉r✈❛ ❞✐s❥✉♥t❛
♠❡r❣✉❧❤❛❞❛ ♥♦ ❝♦♥❥✉♥t♦ ❞❡ r❛♠✐✜❝❛çã♦✳ ❙❡ ❞❡♥♦t❛ ❡st❛ s♦♠❛ ❝♦♠♦ p+V q✳

❊①❡♠♣❧♦ ✷✳✶✳✸✳ ◆❛ ❋✐❣✉r❛ ✷✳✺ ✈❡♠♦s ❛ r❡❛❧✐③❛çã♦ ❞❛ ❝✐r✉r❣✐❛ ✈❡rt✐❝❛❧ ❡♠ ✉♠❛
❛♣❧✐❝❛çã♦ ❞❛ ❡s❢❡r❛ ♥♦ ♣❧❛♥♦ ❝♦♠ ✉♠❛ ❝✉r✈❛ s✐♥❣✉❧❛r✱ q✉❡ ♣❛ss❛ ❛ t❡r ❞✉❛s ❝✉r✈❛s
s✐♥❣✉❧❛r❡s ❡ ❛ s✉♣❡r❢í❝✐❡s ❞❡ ❞♦♠í♥✐♦ ♣❛ss❛ ❛ s❡r ❤♦♠❡♦♠♦r❢❛ ❛ ✉♠ t♦r♦✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✷✳✺✿ ❆♣❧✐❝❛çã♦ ❞♦ t♦r♦ ♥♦ ♣❧❛♥♦✳

✷✳✶✳✷ ❊①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ♥♦ ♣❧❛♥♦

❱ár✐❛s ❢❛♠í❧✐❛s ❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ s✉♣❡r❢í❝✐❡s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ♣♦r ❝✐r✉r❣✐❛
♦✉ tr❛♥s✐çõ❡s ❛ ♣❛rt✐r ❞❡ ❛♣❧✐❝❛çõ❡s ♠❛✐s ❝♦♥❤❡❝✐❞❛s✳

❊①❡♠♣❧♦ ✷✳✶✳✹✳ ❍❛❝♦♥✲▼❡♥❞❡s✲❘♦♠❡r♦✲▼❛t✐♥❡③ ❛♣r❡s❡♥t❛♠ ✭✈❡r ❬✶✶✱ ✷✷❪✮
❛❧❣✉♠❛s t❛❜❡❧❛s ❝♦♠ ❢❛♠í❧✐❛s ❞❡ ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❞❛ ❡s❢❡r❛ ❡
❞♦ t♦r♦ ♥♦ ♣❧❛♥♦✳

✶✮ ❆ ❋✐❣✉r❛ ✷✳✻ ✐❧✉str❛ ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛s ❞❛ ❡s❢❡r❛ ♥♦
♣❧❛♥♦ ❝♦♠ ♥♦ ♠❛①✐♠♦✿ três ❝♦♠♣♦♥❡♥t❡s s✐♥❣✉❧❛r❡s ❡ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s
✭C = 0✱ µ ≤ 3 ❡ D ≤ 4✮✳



✷✺

❋✐❣✉r❛ ✷✳✻✿ ❈♦♥t♦r♥♦s ❛♣❛r❡♥t❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡ ❞♦❜r❛ ❞❛ ❡s❢❡r❛ ♥♦ ♣❧❛♥♦✳

✷✮ ❆ ❋✐❣✉r❛ ✷✳✼ ✐❧✉str❛ ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛s ❞❛ t♦r♦ ♥♦
♣❧❛♥♦ ❝♦♠ ♥♦ ♠á①✐♠♦✿ três ❝♦♠♣♦♥❡♥t❡s s✐♥❣✉❧❛r❡s ❡ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s
✭C = 0✱ µ ≤ 3 ❡ D ≤ 4✮✳

❋✐❣✉r❛ ✷✳✼✿ ❈♦♥t♦r♥♦s ❛♣❛r❡♥t❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡ ❞♦❜r❛ ❞♦ t♦r♦ ♥♦ ♣❧❛♥♦✳

✸✮ ❆ ❋✐❣✉r❛ ✷✳✽ ✐❧✉str❛ ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❛ ❡s❢❡r❛
❡ ❞♦ t♦r♦ ♥♦ ♣❧❛♥♦ ❝♦♠ ♥♦ ♠á①✐♠♦✿ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s s✐♥❣✉❧❛r❡s✱ q✉❛tr♦
♣♦♥t♦s ❞✉♣❧♦s ❡ ❞✉❛s ❝ús♣✐❞❡s ✭C ≤ 2✱ µ ≤ 3 ❡ D ≤ 4✮✳
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❋✐❣✉r❛ ✷✳✽✿ ❈♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❛ ❡s❢❡r❛ ❡ ❞♦ t♦r♦ ♥♦
♣❧❛♥♦✳

❆♣r❡s❡♥t❛♠♦s ❛❧❣✉♥s ❡①❡♠♣❧♦s ❞❡ ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡
s✉♣❡r❢í❝✐❡s ♦r✐❡♥t❛❞❛s ♦✉ ♥ã♦ ♦r✐❡♥t❛❞❛s ♥♦ ♣❧❛♥♦ ✭✈❡r ❬✷✼❪✮✳

❊①❡♠♣❧♦ ✷✳✶✳✺✳ ❆s ❋✐❣✉r❛s ✷✳✾✱ ✷✳✶✵✭❛✮ ❡ ✭❜✮ ✐❧✉str❛♠ ❡①❡♠♣❧♦s ❞❡ ❛♣❧✐❝❛çõ❡s
❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ♥♦ ♣❧❛♥♦✳ ❆ ❋✐❣✉r❛ ✷✳✶✵✭❝✮ ❡ ✭❞✮ ✐❧✉str❛♠ ❛♣❧✐❝❛çõ❡s ❞❛ ❣❛rr❛❢❛
❞❡ ❑❧❡✐♥✳

❋✐❣✉r❛ ✷✳✾✿ ❊①❡♠♣❧♦ ❞❡ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ♥♦ ♣❧❛♥♦ ❝♦♠ ✉♠❛
❝ús♣✐❞❡✳

❋✐❣✉r❛ ✷✳✶✵✿ ❈♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ s✉♣❡r❢í❝✐❡s ♥ã♦
♦r✐❡♥t❛❞❛s ♥♦ ♣❧❛♥♦✳

❊①❡♠♣❧♦ ✷✳✶✳✻✳ ❆ ❋✐❣✉r❛ ✷✳✶✶ ✐❧✉str❛ ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s✿ ✭❛✮ ❝✐r✉r❣✐❛ s♦❜r❡
✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ❡s❢❡r❛✱ ♦❜t❡♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦ t♦r♦ ❝♦♠ ❞✉❛s ❝✉r✈❛s
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s✐♥❣✉❧❛r❡s✱ ✭❝✮ ❡ ✭❞✮ ❝✐r✉r❣✐❛ s♦❜r❡ ❛ ❛♣❧✐❝❛çã♦ ❞♦ t♦r♦ ♦❜t❡♥❞♦ ❛♣❧✐❝❛çõ❡s ❞♦
❜✐t♦r♦✱ ❝♦♠ ✉♠❛ ❝✉r✈❛ s✐♥❣✉❧❛r ❡ ❝♦♠ três ❝✉r✈❛s s✐♥❣✉❧❛r❡s✱ r❡s♣❡t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✷✳✶✶✿ ❊①❡♠♣❧♦ ❞❡ ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s✳

❊①❡♠♣❧♦ ✷✳✶✳✼✳ ❆ ❋✐❣✉r❛ ✷✳✶✷ ✐❧✉str❛ ❝✐r✉r❣✐❛s ✈❡rt✐❝❛✐s✿ ✭❛✮ ❡ ✭❝✮ ❝✐r✉r❣✐❛s
s♦❜r❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❛ ❡s❢❡r❛✱ ♦❜t❡♥❞♦ ❞✉❛s ❞✐❢❡r❡♥t❡s ❛♣❧✐❝❛çõ❡s ❞♦ t♦r♦ ❝♦♠
❞✉❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s ❡ ✭❞✮ ❝✐r✉r❣✐❛ s♦❜r❡ ❛ ❛♣❧✐❝❛çã♦ ❞♦ t♦r♦ ♦❜t❡♥❞♦ ♥♦✈❛
❛♣❧✐❝❛çã♦ ❞♦ t♦r♦ ❝♦♠ q✉❛tr♦ ❝✉r✈❛s s✐♥❣✉❧❛r❡s✳

❋✐❣✉r❛ ✷✳✶✷✿ ❊①❡♠♣❧♦ ❞❡ ❝✐r✉r❣✐❛s ✈❡rt✐❝❛✐s✳

✷✳✷ ❚❡♦r❡♠❛ ❞❡ ◗✉✐♥❡

❊♠ 1978✱ ◗✉✐♥❡ ❬✸✾❪ ❛♣r❡s❡♥t♦✉ ✉♠ t❡♦r❡♠❛ ❣❧♦❜❛❧ ♣❛r❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s
❡♥tr❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s✱ ❡ ♦ ❞❡♠♦♥str♦✉ ✉s❛♥❞♦ r❡s✉❧t❛❞♦s ❞❛
❚❡♦r✐❛ ❞❡ ❱❛r✐❡❞❛❞❡s ❉✐❢❡r❡♥❝✐á✈❡✐s✳ ❊st❡ t❡♦r❡♠❛ r❡❧❛❝✐♦♥❛ ❛ s♦♠❛ ❞♦ ❣r❛✉ ❞❛s
❝ús♣✐❞❡s ❝♦♠ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞♦ ❝♦♥tr❛❞♦♠í♥✐♦ ❡ ❞❡ ❞♦✐s ❝♦♥❥✉♥t♦s ❞❛
❛♣❧✐❝❛çã♦✿ M+ ❢♦r♠❛❞♦ ♣❡❧♦ ❢❡❝❤♦ ❞❛s r❡❣✐õ❡s r❡❣✉❧❛r❡s q✉❡ t❡♠ ❛ ♦r✐❡♥t❛çã♦
♣r❡s❡r✈❛❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ❡✱ M− ❢♦r♠❛❞♦ ♣❡❧♦ ❢❡❝❤♦ ❞❛s r❡❣✐õ❡s r❡❣✉❧❛r❡s q✉❡
t❡♠ ❛ ♦r✐❡♥t❛çã♦ ✐♥✈❡rt✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦✳

❉❡✜♥✐çã♦ ✷✳✷✳✶✳ ❙❡❥❛ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❡♥tr❡ ❞✉❛s s✉♣❡r❢í❝✐❡s
s✉❛✈❡s ❝♦♠ ❝ús♣✐❞❡s✳ ❙❡ ❛ ❝ús♣✐❞❡ q ❛♣♦♥t❛ ♣❛r❛ ❛ r❡❣✐ã♦ ♣♦s✐t✐✈❛ ❞❛ ❛♣❧✐❝❛çã♦
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❡stá✈❡❧ f ✱ ❞✐③❡♠♦s q✉❡ ♦ s✐♥❛❧ ❞❛ ❝ús♣✐❞❡ é sign(q) = +1✱ ❝❛s♦ ❝♦♥trár✐♦✱ s❡ ❛
❝ús♣✐❞❡ ❛♣♦♥t❛ ♣❛r❛ ❛ r❡❣✐ã♦ ♥❡❣❛t✐✈❛ ❞❡ f ✱ ❞✐③❡♠♦s q✉❡ ♦ s✐♥❛❧ ❞❛ ❝ús♣✐❞❡ é
sign(q) = −1✳

+ -

❋✐❣✉r❛ ✷✳✶✸✿ ❙✐♥❛❧ ❞❡ ❝ús♣✐❞❡✳

❚❡♦r❡♠❛ ✷✳✷✳✷✳ ✭❚❡♦r❡♠❛ ❞❡ ◗✉✐♥❡✱ ❬✸✾❪✮ ❙❡❥❛♠M ❡ N ❞✉❛s s✉♣❡r❢í❝✐❡s s✉❛✈❡s✱
❝♦♠♣❛❝t❛s✱ ♦r✐❡♥t❛❞❛s ❡ ❝♦♥❡①❛s✱ f : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ M+ ♦
❢❡❝❤♦ ❞♦ ❝♦♥❥✉♥t♦ ❞♦s ♣♦♥t♦s r❡❣✉❧❛r❡s ♥♦s q✉❛✐s f ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦✱ M− ♦
❢❡❝❤♦ ❞♦s ♣♦♥t♦s r❡❣✉❧❛r❡s ♥♦s q✉❛✐s f ✐♥✈❡rt❡ ❛ ♦r✐❡♥t❛çã♦ ❡ q1, ..., qn ♣♦♥t♦s ❞❡
❝ús♣✐❞❡s✳ ❊♥tã♦✱

χ(M)− 2χ(M−) +
∑

qk:cusp

sign(qk) = deg(f) · (χ(N)),

♦♥❞❡ χ ❞❡♥♦t❛ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✱ sign(qk) ♦ s✐♥❛❧ ❞❛ ❝ús♣✐❞❡ qk ❡ deg(f)
♦ ❣r❛✉ ❞❛ ❛♣❧✐❝❛çã♦ f ✳

❈♦r♦❧ár✐♦ ✷✳✷✳✸✳ ✭❬✸❪ ❙❡❥❛♠ M ✉♠❛ s✉♣❡r❢í❝✐❡ ❞✐❢❡r❡♥❝✐á✈❡❧✱ ❝♦♠♣❛❝t❛✱
♦r✐❡♥t❛❞❛ ❡ ❝♦♥❡①❛✱ f :M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ M+ ♦ ❢❡❝❤♦ ❞♦ ❝♦♥❥✉♥t♦
❞♦s ♣♦♥t♦s r❡❣✉❧❛r❡s ♥♦s q✉❛✐s f ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çâ♦✱ M− ♦ ❢❡❝❤♦ ❞♦s ♣♦♥t♦s
r❡❣✉❧❛r❡s ♥♦s q✉❛✐s f ✐♥✈❡rt❡ ❛ ♦r✐❡♥t❛çã♦ ❡ q1, ..., qn ♣♦♥t♦s ❞❡ ❝ús♣✐❞❡s✳ ❊♥tã♦✱

χ(M)− 2χ(M−) +
∑

qk:cusp

sign(qk) = 2deg(f),

♦♥❞❡ χ ❞❡♥♦t❛ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✱ sign(qk) ♦ s✐♥❛❧ ❞❛ ❝ús♣✐❞❡ qk ❡ deg(f)
♦ ❣r❛✉ ❞❛ ❛♣❧✐❝❛çã♦ f ✳

❙❡❥❛♠ M ❡ N ❞✉❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s ❡ f ✱ h : M → N ❞✉❛s
❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ♥❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛✱ ♦✉ s❡❥❛✱ f ♣♦❞❡ s❡r ♦❜t✐❞❛ ❞❡ h
♣❛ss❛♥❞♦ ❛♣❡♥❛s ♣♦r tr❛♥s✐çõ❡s ❞❡ ❝♦❞✐♠❡♥sã♦ 1✳ ❖ r❡s✉❧t❛❞♦ ❛ s❡❣✉✐r r❡❧❛❝✐♦♥❛✱
❞♦ ♣♦♥t♦ ❞❡ ✈✐st❛ ❣❧♦❜❛❧✱ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❝♦♠ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛s
❝♦♠♣♦♥❡♥t❡s r❡❣✉❧❛r❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ♥✉♠❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛✳

▲❡♠❛ ✷✳✷✳✹✳ ✭❬✸✵❪✮ ❙❡❥❛♠ f ❡ h ❞✉❛s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ♥❛ ♠❡s♠❛ ❝❧❛ss❡ ❞❡
❤♦♠♦t♦♣✐❛ ❡♠ C∞(M,N)✳ ❙❡ h é ✉♠❛ ❛♣❧✐❝❛çã♦ ❞♦❜r❛✱ ❡♥tã♦

C+(f)− C−(f) = [χ(M+
h )− χ(M−

h )]− [χ(M+
f )− χ(M−

f )],

♦♥❞❡ C+ ❡ C− ✐♥❞✐❝❛♠ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❝♦♠ s✐♥❛❧ ♣♦s✐t✐✈♦ ❡ ♥❡❣❛t✐✈♦
r❡s♣❡t✐✈❛♠❡♥t❡✳

❆♣❧✐❝❛♥❞♦ ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❡ ✈❡rt✐❝❛✐s s♦❜r❡ ❛♣❧✐❝❛çõ❡s ❞♦❜r❛ ❝♦♠ ❣r❛✉
③❡r♦ ❡ ❛♣❧✐❝❛çõ❡s s❡♠ s✐♥❣✉❧❛r✐❞❛❞❡s ❝♦♠ ❣r❛✉ d✱ ♦❜tê♠✲s❡ ♦ ♣ró①✐♠♦ r❡s✉❧t❛❞♦✳
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▲❡♠❛ ✷✳✷✳✺✳ ✭❬✸✵❪✮ ❙❡ h : M → N é ✉♠ ❛♣❧✐❝❛çã♦ ❞♦❜r❛ ❝♦♠ ❣r❛✉ d✱ ❡♥tr❡
❞✉❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s M ❡ N ✱ ♦❜t✐❞❛ ♣♦r ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s ❡
✈❡rt✐❝❛✐s✱ ❡♥tã♦

χ(M+
h )− χ(M−

h ) = deg(h) · χ(N).

❖ ♣ró①✐♠♦ r❡s✉❧t❛❞♦ é ❡q✉✐✈❛❧❡♥t❡ ❛♦ ❚❡♦r❡♠❛ ✷✳✷✳✷ ❡ ✉♠❛ ❝♦♥s❡q✉ê♥❝✐❛
✐♠❡❞✐❛❞❛ ❞♦s ▲❡♠❛s ✷✳✷✳✹ ❡ ✷✳✷✳✺✳ ❆s ❞❡♠♦♥str❛çõ❡s ❞❡t❛❧❤❛❞❛s ❞❡st❡s r❡s✉❧t❛❞♦s
s❡ ❡♥❝♦♥tr❛♠ ❡♠ ❬✷✶❪✳

❚❡♦r❡♠❛ ✷✳✷✳✻✳ ✭❬✸✵❪✮ ❙❡❥❛ f :M → N ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❝♦♠ ❣r❛✉ deg(f)✱
❡♥tr❡ ❞✉❛s s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s M ❡ N ✳ ❊♥tã♦

[χ(M+
f )− χ(M−

f )] + [C+(f)− C−(f)] = deg(h) · χ(N),

♦♥❞❡ χ ❞❡♥♦t❛ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r✳

❈♦r♦❧ár✐♦ ✷✳✷✳✼✳ ✭❬✻❪✮ ❙❡❥❛ f :M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ ❡ ♦r✐❡♥t❛❞❛ M ❞❡ ❣r❛✉ deg(f)✳ ❙❡ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf é ♥ã♦ ✈❛③✐♦ ❡
❝♦♥❡①♦✱ ❡♥tã♦

|
∑

qk:cusp

sign(qk)− 2deg(f) |≤ 2− χ(M),

♦♥❞❡ ♦ s✐♥❛❧ ❞❛s ❝ús♣✐❞❡s qk s❛t✐s❢❛③ sign(qk) = ±1✳

❉❡♠♦♥str❛çã♦✳ ❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ♦♥❞❡ M é ❢❡❝❤❛❞❛
❡ ♦r✐❡♥t❛❞❛✱ t❛❧ q✉❡ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf é ♥ã♦ ✈❛③✐♦ ❡ ❝♦♥❡①♦✱ ❡♥tã♦ ♦
❝♦♥❥✉♥t♦ r❡❣✉❧❛r é ❝♦♠♣♦st♦ ❞❡ ❞✉❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✱ q✉❡ ❞❡♥♦t❛r❡♠♦s
♣♦r M+✱ ❛ r❡❣✐ã♦ q✉❡ f ♣r❡s❡r✈❛ ❛ ♦r✐❡♥t❛çã♦✱ ❡ ♣♦r M−✱ ❛ r❡❣✐ã♦ q✉❡ f ✐♥✈❡rt❡
❛ ♦r✐❡♥t❛çã♦✳ ❈♦♠♦ ❛s ❞✉❛s s✉♣❡r❢í❝✐❡s t❡♠ ú♥✐❝♦ ❜♦r❞♦✱ ♣❡❧♦ ❈♦r♦❧ár✐♦ ✶✳✺✳✼✱
χ(M) = χ(M+) + χ(M−)✱ χ(M+) ≤ 1 ❡ χ(M−) ≤ 1. ❆ss✐♠✱ χ(M−) =
χ(M)− χ(M+) ≥ χ(M)− 1, ❡ ♣❡❧♦ ❢❛t♦ ❞❡ q✉❡ χ(M−) ≤ 1, t❡♠♦s

χ(M)− 1 ≤ χ(M−) ≤ 1. ✭✷✳✶✮

❈♦♠♦ χ(S2) = 2✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✷✳✶ ❡ P❡❧♦ ❚❡♦r❡♠❛ ✷✳✷✳✷✱t❡♠♦s ❛s ❞✉❛s
❞❡s✐❣✉❛❧❞❛❞❡s ∑

qk:cusp

sign(qk)− 2deg(f) ≤ 2− χ(M)

❡

∑

qk:cusp

sign(qk)− 2deg(f) ≥ χ(M)− 2.

P♦rt❛♥t♦
|
∑

qk:cusp

sign(qk)− 2deg(f) |≤ 2− χ(M).



❈❛♣ít✉❧♦ ✸

❆♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s

♦r✐❡♥t❛❞❛s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❡st✉❞❛r❡♠♦s ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♥♦ ♣❧❛♥♦✱ ♣r✐♥❝✐♣❛❧♠❡♥t❡ ❛ r❡❧❛çã♦ q✉❡ t❡♠
❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❛ ❛♣❧✐❝❛çã♦ ❝♦♠ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❛ s✉♣❡r❢í❝✐❡✳
❋✐♥❛❧✐③❛♠♦s ♦ ❝❛♣ít✉❧♦✱ ❝♦♠ ♦ ❡st✉❞♦ ❞♦ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦
❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♥❛ ❡s❢❡r❛✱ ❡♥❝♦♥tr❛♥❞♦ ❛ r❡❧❛çã♦ ❞♦ ❣ê♥❡r♦ ❞❛
s✉♣❡r❢í❝✐❡ ❝♦♠ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❛ ❛♣❧✐❝❛çã♦✳ ❆s r❡❢❡rê♥❝✐❛s ❞❡st❡ ❝❛♣ít✉❧♦ sã♦
❬✻✱ ✶✼✱ ✸✼✱ ✸✹✱ ✸✺✱ ✹✺❪✳

✸✳✶ ❈♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❡ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r

◆❡st❛ s❡çã♦✱ ❡st✉❞❛r❡♠♦s ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡✜♥✐❞❛s
♥✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♥♦ ♣❧❛♥♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❞♦✐s t❡♦r❡♠❛s ❞❡ ▲❡✈✐♥❡
❬✸✹✱ ✸✺❪✳ ❙❡❥❛ f : M → R

2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ♥♦
♣❧❛♥♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✼✳✼ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❧✐♥❡❛r L : R2 → R✱ t❛❧ q✉❡
L ◦ f t❡♠ s♦♠❡♥t❡ ♣♦♥t♦s ❝rít✐❝♦s ♥ã♦ ❞❡❣❡♥❡r❛❞♦s ❞♦s q✉❛✐s ❡stã♦ ♥♦ ❝♦♥❥✉♥t♦
Dobras(f) ❞❡ ♣♦♥t♦s ❞❡ ❞♦❜r❛✳ ❙❡❥❛ v ✉♠ ✈❡t♦r ✉♥✐tár✐♦ ❡♠ R

2 ♥♦ ♥ú❝❧❡♦ ❞❡ L✱
t❛❧ q✉❡ L✱ ❝r❡s❝❡ à ❡sq✉❡r❞❛ ❞❡ v✳

❉❡✜♥✐çã♦ ✸✳✶✳✶✳ ❙❡❥❛ f : M → R
2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡

❝♦♠♣❛❝t❛✱ ❝♦♥s✐❞❡r❡ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf ❞❡ f ❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ✉s✉❛❧ ❞❡s❝r✐t❛
❡♠ ❙❡çã♦ ✸✳✷✳✷✳ P❛r❛ q✉❛❧q✉❡r ❝♦♠♣♦♥❡♥t❡ c ❞❡ Dobras(f)✱

✶✮ ❉❡♥♦t❛♠♦s ❛ r❡str✐çã♦ ❞❡ f à ❝♦♠♣♦♥❡♥t❡ c ♣♦r fc✱

✷✮ ❉❡♥♦t❛♠♦s ❛ ❛♣❧✐❝❛çã♦ (fc)′

‖(fc)′‖
♣♦r gc✱

✸✮ P❛r❛ τ ∈ {0, 1, 2} ❡ c ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❝♦♥❥✉♥t♦ Dobras(f)✱ ❞❡♥♦t❡♠♦s
♣♦r η±c (τ) ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s p ∈ c ♥♦s q✉❛✐s L ◦ f é s✐♥❣✉❧❛r ❝♦♠ í♥❞✐❝❡
τ ❡ gc(p) = ±v✳

▲❡♠❛ ✸✳✶✳✷✳ ❙❡❥❛♠ f :M → R
2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛

M ❡ c ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ♦r✐❡♥t❛❞❛ ❞♦ ❝♦♥❥✉♥t♦ Dobras(f)✳ ❊♥tã♦✿

✸✵



✸✶

✶✮ ❖s ♣♦♥t♦s ±v sã♦ ✈❛❧♦r❡s r❡❣✉❧❛r❡s ❞❡ gc✱

✷✮ deg+v(gc) = η+c (0)− η+c (1)✱

✸✮ deg−v(gc) = η−c (2)− η−c (1)✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞❛ ❛ ❛♣❧✐❝❛çã♦ f : M → R
2✱ ❝♦♥s✐❞❡r❡ c ✉♠❛ ❝♦♠♣♦♥❡♥t❡

❞❡ Dobras(f)✳ ❱❡r❡♠♦s ❝❛❞❛ ✉♠ ❞♦s ❝❛s♦s s❡♣❛r❛❞❛♠❡♥t❡✳

✶✮ Pr✐♠❡✐r♦ ♥♦t❡ q✉❡ ♣❛r❛ ✉♠ ♣♦♥t♦ p ❡♠ c✱ t❡♠♦s q✉❡ gc(p) = ±v ⇔ (fc)
′(p) é

✉♠ ♠ú❧t✐♣❧♦ ❞❡ v✱ ❝♦♠♦ v ❡stá ♥♦ ♥ú❝❧❡♦ ❞❡ L✱ q✉❛❧q✉❡r ♠ú❧t✐♣❧♦ ❞❡ v t❛♠❜é♠
❡stá✱ ❛ss✐♠ (fc)

′(p) é ✉♠ ♠ú❧t✐♣❧♦ ❞❡ v ⇔ L ◦ (fc)
′(p) = 0. ❯s❛♥❞♦ ❛ r❡❣r❛ ❞❛

❝❛❞❡✐❛ ♦❜t❡♠♦s q✉❡

L ◦ (fc)
′(p) = 0 ⇔ [(L ◦ f)c]

′(p) = 0.

❆ss✐♠✱ gc(p) = ±v ⇔ p é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ (L◦f)c✳ P❛r❛ ✈❡r✐✜❝❛r q✉❡ ±v sã♦
✈❛❧♦r❡s r❡❣✉❧❛r❡s ❞❡ gc✱ ❞❡✈❡♠♦s ✈❡r✐✜❝❛r q✉❡ (gc)

′(p) 6= 0✳ ❏á q✉❡✱ ‖ gc(p) ‖≡ 1
♣❛r❛ t♦❞♦ p ∈ c✱ s❛❜❡♠♦s q✉❡ s❡ gc(p) = ±v✱ ❧♦❣♦

(gc)
′(p) 6= 0 ⇔ L ◦ (gc)

′(p) 6= 0 ⇔ (L ◦ gc)
′(p) 6= 0.

▼❛s✱ ♣❡❧❛ r❡❣r❛ ❞❛ ❝❛❞❡✐❛ ❡ ✉s❛♥❞♦ ❛ ❢ór♠✉❧❛ ❞❡ gc

(L ◦ gc)
′(p) 6= 0 ⇔ [(L ◦ fc)

′]′(p) 6= 0 ⇔ [(L ◦ f)c]”(p) 6= 0.

❆ss✐♠✱ ✈❡♠♦s q✉❡ ±v sã♦ ✈❛❧♦r❡s r❡❣✉❧❛r❡s ❞❡ gc ⇔ (L ◦ f)c t❡♠ ❛♣❡♥❛s
s✐♥❣✉❧❛r✐❞❛❞❡s ♥ã♦ ❞❡❣❡♥❡r❛❞❛s✱ ♦ q✉❡ é ♥❛t✉r❛❧ ❡♠ ✈✐rt✉❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ L
✭Pr♦♣♦s✐çã♦ ✶✳✼✳✼✮✳

✷✮ ❙✉♣♦♥❤❛ q✉❡ gc(p) = ±v✳ P❡❧♦ ✐t❡♠ ✶✮✱ ✐st♦ ❡q✉✐✈❛❧❡ ❛ ❞✐③❡r q✉❡ p é ✉♠❛
s✐♥❣✉❧❛r✐❞❛❞❡ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❞❡ (L ◦ f)c✳ ❏á q✉❡ p ∈ c ⊂ Dobras(f) ❡ t♦❞❛s ❛s
s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ L ◦ f ❡stã♦ ❝♦♥t✐❞❛s ♥♦ ❝♦♥❥✉♥t♦ Dobras(f)✱ s❡❣✉❡ q✉❡ p é ✉♠❛
s✐♥❣✉❧❛r✐❞❛❞❡ ♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❞❡ (L ◦ f)c s❡✱ ❡ s♦♠❡♥t❡ s❡✱ p é ✉♠❛ s✐♥❣✉❧❛r✐❞❛❞❡
♥ã♦ ❞❡❣❡♥❡r❛❞❛ ❞❡ L◦f ✳ ❆ss✐♠ só r❡st❛ ❞❡t❡r♠✐♥❛r ♦ í♥❞✐❝❡ ❞❡ L◦f ❡♠ t❛❧ ♣♦♥t♦
p✳ ❚r❛❜❛❧❤❛♥❞♦ ❡♠ ❝❛rt❛s ❧♦❝❛✐s {u, x}, {U,X} ❝❡♥tr❛❞❛s ❡♠ p ❡ f(p) q✉❡ ❝♦❧♦❝❛♠
f ♥❛ ❢♦r♠❛ ♥♦r♠❛❧ ✭✷✮✭❉❡✜♥✐çã♦ ✶✳✹✳✶✸✮✱ t❡♠♦s gc(0, 0) = (1, 0)✳ ❙✉♣♦♥❤❛ q✉❡

L(U,X) = aX + bU + eU2 + h(U,X),

♦♥❞❡ h ❡♥✈♦❧✈❡ UX,X2 ❡ t❡r♠♦s ❞❡ ♦r❞❡♠ ♠❛✐♦r ❞♦ q✉❡ ❞♦✐s✱ ❡♥tã♦

L ◦ f(u, x) = L(u, x2) = ax2 + bu+ eu2 + h(u, x2).

❆ ♦r❞❡♠ ❞❡ h ◦ f(u, x) é ♠❛✐♦r q✉❡ ❞♦✐s ❡♠ u ❡ x✳ ❈♦♠♦ ❛ss✉♠✐♠♦s q✉❡ (0, 0)
é ✉♠ ♣♦♥t♦ s✐♥❣✉❧❛r ❞❡ L ◦ f ♥❡ss❛s ❝♦♦r❞❡♥❛❞❛s✱ s❛❜❡♠♦s q✉❡ b = 0✳ ❏á q✉❡ ♦s
♣♦♥t♦s ❝rít✐❝♦s ❞❡ L ◦ f sã♦ ♥ã♦ ❞❡❣❡♥❡r❛❞♦s✱ t❡♠♦s q✉❡ ae 6= 0✳ ❏á q✉❡ L ◦ f ❡
L◦f/ ‖ a ‖ tê♠ ♦s ♠❡s♠♦s ♣♦♥t♦s ❝rít✐❝♦s ❝♦♠ ♦s ♠❡s♠♦s í♥❞✐❝❡s✱ ❡♥tã♦ ♣♦❞❡♠♦s
❛ss✉♠✐r q✉❡ a = ±1 ❡ ❛ss✐♠✱

L ◦ f(u, x) = L(u, x2) = ±x2 + eu2 + h(u, x2), ❡ v = (±1, 0).
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◆❛s ❝❛rt❛s {u, x}, {U,X} ❛ ❡q✉❛çã♦ ❞❡ Σf é x = 0 ❡ ♣♦rt❛♥t♦✱ t❡♠♦s L◦f(u, 0) =
eu2 + h(u, 0)✱ ❡♥tã♦ L ◦ fc t❡♠ ✉♠ ♠í♥✐♠♦ s❡ e > 0 ❡ ✉♠ ♠á①✐♠♦ s❡ e < 0✳
P♦rt❛♥t♦✱ ♦s ♣♦♥t♦s ♣❛r❛ ♦s q✉❛✐s gc(0, 0) = v sã♦ ❛q✉❡❧❡s ♣❛r❛ ♦s q✉❛✐s
L◦f(u, x) = x2+ eu2+h(u, x2) ❡ gc ♣r❡s❡r✈❛ à ♦r✐❡♥t❛çã♦ ✭r❡s♣✳✱ ✐♥✈❡rt❡✮ q✉❛♥❞♦
e > 0 ✭r❡s♣✳✱ e < 0✮✳ ❆ss✐♠✱ ♦s ♣♦♥t♦s ❞♦ í♥❞✐❝❡ 0 sã♦ ❝♦♥t❛❞♦s ♣♦s✐t✐✈❛♠❡♥t❡ ❡
♦s ❞♦ í♥❞✐❝❡ 1✱ ♥❡❣❛t✐✈❛♠❡♥t❡✱ ❝♦♥s❡q✉❡♥t❡♠❡♥t❡

deg+v(gc) = η+c (0)− η+c (1).

✸✮ ❉❛ ♠❡s♠❛ ❢♦r♠❛ ❝♦♠♦ ♥♦ ✐t❡♠ ✷✮✱ ♦s ♣♦♥t♦s ♣❛r❛ ♦s q✉❛✐s gc(0, 0) = −v sã♦
❛q✉❡❧❡s ♣❛r❛ ♦s q✉❛✐s L◦f(u, x) = −x2+eu2+h(u, x2) ❡ gc ♣r❡s❡r✈❛♠ à ♦r✐❡♥t❛çã♦
✭r❡s♣✳✱ ✐♥✈❡rt❡✮ q✉❛♥❞♦ e < 0 ✭r❡s♣✳✱ e > 0✮✳ ❆ss✐♠✱ ♦s ♣♦♥t♦s ❞❡ í♥❞✐❝❡ 2 sã♦
❝♦♥t❛❞♦s ♣♦s✐t✐✈❛♠❡♥t❡ ❡ ♦s ❞♦ í♥❞✐❝❡ 1✱ ♥❡❣❛t✐✈❛♠❡♥t❡✱ r❡s✉❧t❛ ❡♠

deg−v(gc) = η−c (2)− η−c (1).

❖ q✉❡ ✜♥❛❧✐③❛ ❝♦♠ ❛ ❞❡♠♦♥str❛çã♦✳

❖s ♣♦♥t♦s ❞❡ í♥❞✐❝❡ 0 ♦✉ 2 ❛❝♦♥t❡❝❡♠ só q✉❛♥❞♦ gc = v ♦✉−v r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❆ss✐♠ ♣♦❞❡♠♦s ❡s❝r❡✈❡r s✐♠♣❧❡s♠❡♥t❡ ηc(0) ❡ ηc(2) s❡♠ ❛♠❜✐❣✉✐❞❛❞❡ ♥❛ ♥♦t❛çã♦✳

❚❡♦r❡♠❛ ✸✳✶✳✸✳ ✭❬✸✹❪✮ ❙❡❥❛♠ M ✉♠❛ s✉♣❡r❢í❝✐❡ s❡♠ ❜♦r❞♦ ❡ f : M → R
2 ✉♠❛

❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ ❙❡ ♦ ❝♦♥❥✉♥t♦ Σf ❡stá ♦r✐❡♥t❛❞♦ ❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✸✳✷✳✷✱
❡♥tã♦

χ(M) =
∑

α

τ(f(α)),

♦♥❞❡ ❛ s♦♠❛ é t♦♠❛❞❛ s♦❜r❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s f(α) ❞❡ f(Σf) ❡ τ(f(α))
r❡♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ ❞❡ ❣✐r♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ ❞❡ fα✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞❛ ❛ ❛♣❧✐❝❛çã♦ f : M → R
2✱ s❡❥❛ α ✉♠❛ ❝✉r✈❛ ❞♦ ❝♦♥❥✉♥t♦

s✐♥❣✉❧❛r Σf ✳ P❡❧❛ ❉❡✜♥✐çã♦ ✶✳✻✳✶✶✱ ♦ ♥ú♠❡r♦ ❞❡ ❣✐r♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ ❞❡ fα é ❞❛❞♦
♣♦r✿

τ(f(α)) =
∑

c

(deg+ǫ(gc) + deg−ǫ(gc)),

♦♥❞❡ ❛ s♦♠❛ ♣❡r❝♦rr❡ s♦❜r❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s c ❞❡ αrCusps(f)✳ ❉❡✜♥✐♥❞♦
ηc(1) = η+c (1) + η−c (1)✱ ♣❡❧♦ ▲❡♠❛ ✸✳✶✳✷ t❡♠♦s

τ(f(α)) =
∑

c

(ηc(0)− ηc(1) + ηc(2)), ✭✸✳✶✮

♦♥❞❡ ❛ s♦♠❛ ♣❡r❝♦rr❡ s♦❜r❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s c ❞❡ α r Cusps(f)✳ ❙❡❥❛ L
❝♦♠♦ ♥♦ ❧❡♠❛ ✸✳✶✳✷✱ ❞❡♥♦t❡ ητ (L ◦ f) ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❝rít✐❝♦s ❞❡ L ◦ f ❞❡
í♥❞✐❝❡ τ ✱ ♦♥❞❡ τ ∈ {0, 1, 2}✳ ❈♦♠♦ ♦s ♣♦♥t♦s ❝rít✐❝♦s ❞❡ L ◦ f ❡stã♦ ♥♦ ❝♦♥❥✉♥t♦
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Dobras(f)✱ ❡♥tã♦✿

η0(L ◦ f) =
∑

α

∑

c

ηc(0);

η1(L ◦ f) =
∑

α

∑

c

ηc(1);

η2(L ◦ f) =
∑

α

∑

c

ηc(2),

♦♥❞❡ c ♣❡r❝♦rr❡ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ α−Cusps(f)✱ ♣❛r❛ ❝❛❞❛ ❝✉r✈❛ α ♥♦ ❝♦♥❥✉♥t♦
s✐♥❣✉❧❛r Σf. ❙♦♠❛♥❞♦ s♦❜r❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s α ❞❡ Σf ✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✼✳✻✱
❛♣❧✐❝❛❞♦ à ❛♣❧✐❝❛çã♦ L ◦ f t❡♠♦s

χ(M) = η0(L ◦ f)− η1(L ◦ f) + η2(L ◦ f)

❙✉❜st✐t✉✐♥❞♦ ❝❛❞❛ ητ (L ◦ f)

χ(M) =
∑

α

∑

c

ηc(0)−
∑

α

∑

c

ηc(1) +
∑

α

∑

c

ηc(2).

▲♦❣♦✱
=

∑

α

∑

c

[ηc(0)− ηc(1) + ηc(2)]. ✭✸✳✷✮

❖ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦
χ(M) =

∑

α

τ(f(α)),

s❡❣✉❡ ❞❛s ❊q✉❛çõ❡s ✸✳✶ ❡ ✸✳✷✳

❉❡✜♥✐çã♦ ✸✳✶✳✹✳ ❈♦♥s✐❞❡r❡ P ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠ ❜♦r❞♦✱ ♦ ❞♦❜r♦ ❞❡ P ❞❡♥♦t❛❞♦
♣♦r 2P é ♦ ❡s♣❛ç♦ r❡s✉❧t❛♥t❡ ❞❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛

P1 ∪ (∂P1 × [−1, 1]) ∪ P2,

♦♥❞❡ P1 = P ❡ P2 = P ❛♦ ✐❞❡♥t✐✜❝❛r x ∈ ∂P1 ❡ x ∈ ∂P2 ❝♦♠ ♦s ♣♦♥t♦s (x,−1) ❡
(x, 1)✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡♠ ∂P1 × [−1, 1]✳

❖✉tr❛ ❢♦r♠❛ ❛❧t❡r♥❛t✐✈❛ ❞❡ ❝♦♥str✉✐r 2P é t♦♠❛♥❞♦ ♦ q✉♦❝✐❡♥t❡ ❞❡ P×{−1, 1}
♣❡❧❛ r❡❧❛çã♦ (x, t) ≡ (x′, t′) s❡✱ ❡ s♦♠❡♥t❡✱ s❡ x = x′ ❡ t❛♠❜é♠ t = t′ ♦✉ x ∈ ∂P ✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✺✳ ❙❡❥❛ P ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❡ ❝♦♠ ❜♦r❞♦✳ ❖ ❡s♣❛ç♦
q✉♦❝✐❡♥t❡ 2P é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ P ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❝♦♠ ❜♦r❞♦✳ ❈♦♥s✐❞❡r❡ 2P ♦
❡s♣❛ç♦ ❞✉♣❧♦ ❞❡ P ✭❉❡✜♥✐çã♦ ✸✳✶✳✺✮✳ ❙❡❥❛♠ ❛s ❛♣❧✐❝❛çõ❡s f± ❞❛❞❛s ♣♦r✿

f± : P × {−1, 1} → P

(x,±1) 7→ x,

♣❡❧♦ ❚❡♦r❡♠❛ ✶✳✶✳✶✹✱ P t❡♠ ✉♠ ❝♦❧❛r✱ ✐st♦ é✱ ❡①✐st❡ ✉♠ ❞✐❢❡♦♠♦r✜s♠♦

k : ∂P × [0, 1) → V,
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♦♥❞❡ V é ✉♠❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞❡ ∂P ❡♠ P ❝♦♠ k(x, 0) = x ✭❆ q✉❛❧ é ❛
✐♥❝❧✉sã♦ ❡♠ ∂P ✮✳ ❈♦♥s✐❞❡r❡ ♦ ❡s♣❛ç♦ 2V ✱ q✉❡ é ♦ ❞✉♣❧♦ ❞❡ V ✱ ❡ ❞❡✜♥❛ ❛ ❜✐❥❡çã♦
fk : ∂P × (−1, 1) → 2V ♣♦r

fk(x, s) =

{
[k(x, | s |), s

|s|
] s❡ s 6= 0✱

[x,±1] s❡ s = 0✳

❆ss✐♠✱ ♣❡❧♦ ▲❡♠❛ ✶✳✶✳✾✱ ❛s ❜✐❥❡çõ❡s f+✱ f− ❡ fk ❢♦r♠❛♠ ✉♠❛ ❡str✉t✉r❛
❞✐❢❡r❡♥❝✐á✈❡❧ ❡♠ 2P ✳ P♦rt❛♥t♦ 2P é s✉♣❡r❢í❝✐❡ s❡♠ ❜♦r❞♦✳ ❈♦♠♦ 2P é ♦ ❡s♣❛ç♦
q✉♦❝✐❡♥t❡✱ ❞♦ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❛❝t♦ P × {−1, 1}/ ∼ ✭✈❡r ❉❡✜♥✐çã♦ ✸✳✶✳✺✮✱
t❡♠♦s q✉❡ 2P é ✉♠ ❡s♣❛ç♦ t♦♣♦❧ó❣✐❝♦ ❝♦♠♣❛❝t♦ ❡ ❞❡ ❞✐♠❡♥sã♦✳ ▲♦❣♦✱ 2P é ✉♠❛
s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳

Pr♦♣♦s✐çã♦ ✸✳✶✳✻✳ ✭❬✸✺❪✮ ❙❡❥❛♠ P ✉♠❛ s✉♣❡r❢í❝✐❡ ❝♦♠♣❛❝t❛ ❝♦♠ ❜♦r❞♦ ∂P ❡
✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : P → R

2✱ ❝♦♠ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf = ∪αi✱ ♦♥❞❡
αi sã♦ ❝ír❝✉❧♦s ♠❡r❣✉❧❤❛❞♦s ❡♠ M ❞✐s❥✉♥t♦s ✉♠ ❞♦ ♦✉tr♦✳ ❙❡❥❛ ∂P ❛ ✉♥✐ã♦ ❞❡
❝♦♠♣♦♥❡♥t❡s ❞❡ ❝ír❝✉❧♦ βj ❝❛❞❛ ✉♠ ❞♦s q✉❛✐s é ✐♠❡rs♦ ♣♦r f ✳ ❊♥tã♦

χ(P ) =
k∑

i=1

τ(f(αi)) +
1

2

l∑

j=1

τ(f(βj)),

♦♥❞❡ αi ❡ βj ❞❡♥♦t❛♠ ❛s ❝♦♠♣♦♥❡♥t❡s ✐rr❡❞✉tí✈❡✐s ❞❡ Σf ❡ ❛s ❝♦♠♣♦♥❡♥t❡s
✐rr❡❞✉tí✈❡✐s ❞❡ ∂P ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊ τ(f(αi)) ❡ τ(f(βj)) ❞❡♥♦t❛♠ ♦ ♥ú♠❡r♦
❞❡ ❣✐r♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ ❞❛s ❝✉r✈❛s fαi

: αi → R
2 ❡ fβj : βj → R

2✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ 2P ♦ ❞♦❜r♦ ❞❛ s✉♣❡r❢í❝✐❡ P ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✺ t❡♠♦s
q✉❡ 2P é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛✳ ❚♦♠❡♠♦s ❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f̂ ❞❡✜♥✐❞❛ ❞❛
s❡❣✉✐♥t❡ ❢♦r♠❛✿ s❡❥❛ h : (−1, 1) → [0, 1] ✉♠❛ ❢✉♥çã♦ ♣❛r ❞✐❢❡r❡♥❝✐á✈❡❧ s❛t✐s❢❛③❡♥❞♦✿

h(s) =





s2, 0 ≤| s |< ǫ < 1/2,

| s |, 1− ǫ <| s |,

sh′(s) > 0, s 6= 0.

❉❡✜♥❛ ❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f̂ : 2P → R
2 ♣❛r❛ ♦s ♣♦♥t♦s ❢♦r❛ ❞❛ ✈✐③✐♥❤❛♥ç❛

❝♦❧❛r ❞❡ ∂P ♣♦r✿

f̂([x, t]) = f(x), ♣❛r❛ x 6∈ k(∂P × [0, 1− ǫ))

❡ ♣❛r❛ ♦s ♣♦♥t♦s ❞❡♥tr♦ ❞❛ ✈✐③✐♥❤❛♥ç❛ ❝♦❧❛r ❞❡ ∂P ♣♦r✿

f̂([k(x, s), t]) = f(k(x, h(s))), ♣❛r❛ (x, s) ∈ ∂P × [0, 1− ǫ/2).

P❛r❛ ♦ ❝♦♥❥✉♥t♦ ∂P × (−ǫ, ǫ)✱ t❡♠♦s

f̂(fk(x, s)) = f(k(x, s2)).

❆ ♠❡♥♦s ❞❡ ✉♠❛ ❧❡✈❡ ♣❡rt✉r❜❛çã♦✱ ❛ ❛♣❧✐❝❛çã♦ f̂ é ❡stá✈❡❧✳ P❡❧♦ ❚❡♦r❡♠❛ ✸✳✶✳✸✱
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t❡♠♦s
χ(2P ) = 2

∑

j

τ(f(αi)) +
∑

j

τ(f(βj)), ✭✸✳✸✮

♦♥❞❡ i ❡ j ♣❡r❝♦rr❡♠ ✭♥ú♠❡r♦ ✜♥✐t♦✮ ❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ Σf ❡ ∂P ✱
r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❆ r❛③ã♦ q✉❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ τ(f(αi)) ❛♣❛r❡❝❡ ❞✉❛s ✈❡③❡s
é q✉❡ ❡♠ P ✱ ♥❛ ♥♦t❛çã♦ r❡♣r❡s❡♥t❛♥❞♦ 2P ❝♦♠♦ ✉♠ q✉♦❝✐❡♥t❡ ❞❡ P × {1,−1}✱ ❛
❝✉r✈❛ αi ❛♣❛r❡❝❡ ❝♦♠♦ αi×−1 ❡ αi× 1✳ ❆♠❜❛s ❝ó♣✐❛s ❞❡ αi ❡stã♦ ♦r✐❡♥t❛❞❛s ❞❛
♠❡s♠❛ ♠❛♥❡✐r❛✱ ❧♦❣♦ ❞á ❝♦♥tr✐❜✉✐çõ❡s ✐❣✉❛✐s ♣❛r❛ χ(2P )✳ P♦r ♦✉tr♦ ❧❛❞♦✱

χ(2P ) = 2χ(P )− χ(∂P ).

▼❛s χ(∂P ) = 0 ✭❏á q✉❡ ∂P é ❞✐❢❡♦♠♦r❢♦ ❛ S1✮✳ P♦rt❛♥t♦ χ(2P ) = 2χ(P ).
❙✉❜st✐t✉✐♥❞♦ ♥❛ ❊q✉❛çã♦ ✸✳✸✱ ♦❜t❡♠♦s

χ(P ) =
∑

i

τ(f(αi)) +
1

2

∑

j

τ(f(βj)),

q✉❡ é ❛ ✐❣✉❛❧❞❛❞❡ ❞❡s❡❥❛❞❛✳

✸✳✷ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❡ ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s

◆❡st❛ s❡çã♦✱ ✐♥tr♦❞✉③✐r❡♠♦s ❛❧❣✉♠❛s ♥♦çõ❡s ❝♦♥❝❡r♥❡♥t❡s ❛♦ ❝♦♥t♦r♥♦
❛♣❛r❡♥t❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : M → S2 ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ M ✱
♣♦❞❡✲s❡ ❡♥❝♦♥tr❛r ❛s ❞❡✜♥✐çõ❡s ❡ r❡s✉❧t❛❞♦s ❡♠ ❬✶✼❪✳

❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♥❛
❡s❢❡r❛✱ ❝✉❥♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ♥ã♦ é ✈❛③✐♦✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✹✳✷✵✱ ♦ ❝♦♥❥✉♥t♦
Σf s❡ ❞❡❝♦♠♣õ❡ ❡♠ ❝✉r✈❛s ❢❡❝❤❛❞❛s ❡ ❞✐s❥✉♥t❛s✱ ♠❡r❣✉❧❤❛❞❛s ❡♠ M ✳ ▲♦❣♦✱
Σf = α1 ∪ α2... ∪ αl✳ ❉❡♥♦t❡ γi = f(αi) (i = 1, ..., l)✳ ❆ss✐♠✱ t❡♠♦s ♦ ❝♦♥t♦r♥♦
❛♣❛r❡♥t❡ γ(f) = γ1 ∪ ... ∪ γl✳

❉❡✜♥✐çã♦ ✸✳✷✳✶✳ ❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ M ♥❛ ❡s❢❡r❛✱ ❝✉❥♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ♥ã♦ é ✈❛③✐♦✱ ❡♥tã♦

✶✳ m(f) é ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ❡❧❡♠❡♥t♦s ♥♦ ❝♦♥❥✉♥t♦ f−1(y)✱ ♦♥❞❡ y ∈ S2

✈❛r✐❛ s♦❜r❡ t♦❞♦s ♦s ✈❛❧♦r❡s r❡❣✉❧❛r❡s ❞❡ f ✳

✷✳ ❯♠ ✈❛❧♦r r❡❣✉❧❛r ❞❡ f ❡♠ S2 t❛❧ q✉❡ f−1(∞) ❝♦♥s✐st❡ ❞❡ m(f) ♣♦♥t♦s✱ s❡rá
❞❡♥♦t❛❞♦ ♣♦r ∞✳

✸✳ P❛r❛ ❝❛❞❛ γi✱ ❞❡♥♦t❡ ♣♦r Ui ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ S2
r γi ❛ q✉❛❧ ❝♦♥té♠ ∞✳

✹✳ ❯♠❛ ♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛ ❛❜❡rt❛ ❞♦ ♣♦♥t♦ ∞✱ s❡rá ❞❡♥♦t❛❞❛ ♣♦r D∞✳

❉❡✜♥✐çã♦ ✸✳✷✳✷✳ ❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛M ♥❛ ❡s❢❡r❛✱ ❡♥tã♦ ❛ ♦r✐❡♥t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ γi(f) é t❛❧ q✉❡ ♥❛ ✐♠❛❣❡♠
❞❡ ❝❛❞❛ ♣♦♥t♦ ❞❡ ❞♦❜r❛✱ ❛ s✉♣❡r❢í❝✐❡ é ✧❞♦❜r❛❞❛ ❛ ❡sq✉❡r❞❛✧✱ ✐st♦ é✱ ♣❛r❛ ❝❛❞❛
♣♦♥t♦ y ∈ γi ♦ q✉❛❧ ♥ã♦ é ✉♠❛ ❝ús♣✐❞❡ ♥❡♠ ♣♦♥t♦ ❞✉♣❧♦✱ ❡s❝♦❧❤❛ ✉♠ ✈❡t♦r ♥♦r♠❛❧
v ❞❡ γi ❡♠ y t❛❧ q✉❡ f−1(y′) ❝♦♥té♠ ♠❛✐s ❡❧❡♠❡♥t♦s q✉❡ f−1(y)✱ ♦♥❞❡ y′ é ✉♠
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✈❛❧♦r r❡❣✉❧❛r ❞❡ f ♣ró①✐♠♦ ❛ y ♥❛ ❞✐r❡çã♦ ❞❡ v✳ ❙❡❥❛ τ ✉♠ ✈❡t♦r t❛♥❣❡♥t❡ ❞❡ γi
❡♠ y ❝♦♠ r❡s♣❡✐t♦ ❛ ♦r✐❡♥t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡ γi✳ ❊♥tã♦✱ s❡ ♦r✐❡♥t❛ S2 ♣❡❧♦ ♣❛r
(τ, v)✳

❊①❡♠♣❧♦ ✸✳✷✳✸✳ ❆ ❋✐❣✉r❛ ✸✳✶ ✐❧✉str❛ ❛s ♦r✐❡♥t❛çõ❡s ❝❛♥ô♥✐❝❛s ❞❡ ❝♦♥t♦r♥♦s
❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ♥❛ ❡s❢❡r❛✳

✭❛✮ ✭❜✮

❋✐❣✉r❛ ✸✳✶✿ ❖r✐❡♥t❛çã♦ ❝❛♥ô♥✐❝❛✳

❉❡✜♥✐çã♦ ✸✳✷✳✹✳ ❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ M ♥❛ ❡s❢❡r❛✱ ❡♥tã♦✿

✶✳ ❯♠ ♣♦♥t♦ y ∈ ∂Ui r {Cusps(f) ∪ Duplos(f)} é ❞✐t♦ s❡r ♣♦s✐t✐✈♦ s❡ ❛
♦r✐❡♥t❛çã♦ ♥♦r♠❛❧ v ❡♠ y ❛♣♦♥t❛ ❡♠ ❞✐r❡çã♦ ❛ Ui❀ ❝❛s♦ ❝♦♥trár✐♦✱ ❡st❡ s❡
❞✐③ s❡r ♥❡❣❛t✐✈♦✳

✷✳ ❯♠❛ ❝♦♠♣♦♥❡♥t❡ γi s❡ ❞✐③ s❡r ♣♦s✐t✐✈❛ s❡ t♦❞♦ ♣♦♥t♦ ❞❡ ∂Uir{Cusps(f)∪
Duplos(f)} sã♦ ♣♦s✐t✐✈♦s❀ ❝❛s♦ ❝♦♥trár✐♦✱ γi s❡ ❞✐③ s❡r ♥❡❣❛t✐✈❛✳

✸✳ ❖ ♥ú♠❡r♦ ❞❡ ❝♦♠♣♦♥❡♥t❡s ♣♦s✐t✐✈❛s ❡ ♥❡❣❛t✐✈❛s sã♦ ❞❡♥♦t❛❞❛s ♣♦r
µ+ ❡ µ− r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡✜♥✐çã♦ ✸✳✷✳✺✳ ❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ M ♥❛ ❡s❢❡r❛✱ ❡♥tã♦ ✉♠ ♣♦♥t♦ y ∈ ∂Ui r {Cusps(f) ∪ Duplos(f)} é
❝❤❛♠❛❞♦ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❛❞♠✐ssí✈❡❧ s❡✿

✶✮ y é ✉♠ ♣♦♥t♦ ♣♦s✐t✐✈♦ ❞❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ♣♦s✐t✐✈❛ γi✱ ♦✉

✷✮ y é ✉♠ ♣♦♥t♦ ♥❡❣❛t✐✈♦ ❞❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ♥❡❣❛t✐✈❛ γi✳

❉❡✜♥✐çã♦ ✸✳✷✳✻✳ ❙❡❥❛♠ y ∈ γi ✉♠ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❛❞♠✐ssí✈❡❧ ❡ Q ∈ γi ✉♠ ♣♦♥t♦
❞✉♣❧♦✳ ❙❡❥❛ β : [0, 1] → γi ✉♠❛ ♣❛r❛♠❡tr✐③❛çã♦ ❝♦♥s✐st❡♥t❡ ❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ❛
q✉❛❧ é s✐♥❣✉❧❛r só q✉❛♥❞♦ ❛ ✐♠❛❣❡♠ é ✉♠❛ ❝ús♣✐❞❡ t❛❧ q✉❡ β−1(y) = {0, 1}✳
❊♥tã♦✿
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✶✮ ❊①✐st❡♠ ❞♦✐s ♥ú♠❡r♦s 0 < τ1 < τ2 < 1 s❛t✐s❢❛③❡♥❞♦ β(τ1) = β(τ2) = Q✳
❉✐③❡♠♦s q✉❡ Q é ♣♦s✐t✐✈♦ s❡ ❛ ♦r✐❡♥t❛çã♦ ❞❡ S2 ❡♠ Q ❞❡✜♥✐❞❛ ♣❡❧♦ ♣❛r
♦r❞❡♥❛❞♦ (β

′
(τ1), β

′
(τ2)) ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ❞❡ S2 ❡♠ Q❀ ♥❡❣❛t✐✈♦✱ ❡♠ ❝❛s♦

❝♦♥trár✐♦✱

✷✮ ❖ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦s ❡ ♥❡❣❛t✐✈♦s ❡♠ γi sã♦ ❞❡♥♦t❛❞♦s
♣♦r D+

i ❡ D−
i ✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❋✐❣✉r❛ ✸✳✷✿ ❙✐♥❛❧ ♥♦s ♣♦♥t♦s ❉✉♣❧♦s✳

❆ ❞❡✜♥✐çã♦ ❞❡ ♣♦♥t♦ ❞✉♣❧♦ ♣♦s✐t✐✈♦ ✭♦✉ ♥❡❣❛t✐✈♦✮ ❡♠ γi ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞♦
♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❛❞♠✐ssí✈❡❧ y✳ ❊♥tr❡t❛♥t♦✱ é ❝♦♥❤❡❝✐❞♦ q✉❡ ♦ ♥ú♠❡r♦ ❛❧❣é❜r✐❝♦
D+
i − D−

i ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ y ✭✈❡r ❬✹✺❪✮✳ ❆ss✐♠✱ ♦ ♥ú♠❡r♦ ❛❧❣é❜r✐❝♦∑k

i=1D
+
i −D−

i ❡st❛ ❜❡♠ ❞❡✜♥✐❞♦✳ ❉❛q✉✐ ❡♠ ❞✐❛♥t❡✱ ♣❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
f : M → S2 ❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ α ❞❡ Σ(f)✱ ♥ós r❡❢❡r✐♠♦s à ❝✉r✈❛ fα : α → S2

♣♦r s✉❛ ✐♠❛❣❡♠ f(α) ∈ γ(f)✳

▲❡♠❛ ✸✳✷✳✼✳ ❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ M ♥❛
❡s❢❡r❛✱ ❡♥tã♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ M é ❞❛❞❛ ♣♦r✿

χ(M) =
k∑

i=1

τ(γi) +
1

2

l∑

j=1

τ(ej) +m(f),

♦♥❞❡ γi ❡ ej sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ f(Σ(f)) ❡ ❛ ✐♠❛❣❡♠ ❞♦
❜♦r❞♦ ❞❛ s✉♣❡r❢í❝✐❡ M r f−1(D∞), r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞❛ ❛ ❛♣❧✐❝❛çã♦ f : M → S2✱ ❝♦♥s✐❞❡r❡ ✉♠ ♣♦♥t♦ ∞ ❡♠ S2

❝♦♠♦ ♥❛ ❉❡✜♥✐çã♦ ✸✳✷✳✶ ❡ t♦♠❡ D∞ ✉♠ ♣❡q✉❡♥❛ ✈✐③✐♥❤❛♥ç❛ ❞❡ ∞✳ ❖ ♥ú♠❡r♦ ❞❡
❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ f−1(D∞) é m(f)✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✺✳✻✱ t❡♠♦s

χ(M) = χ(M r f−1(D∞)) + χ(f−1(D∞))− χ((M r f−1(D∞)) ∩ f−1(D∞)), ✭✸✳✹✮

❝♦♠♦ χ(f−1(D∞)) = m(f)✱ ♣♦✐s é ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛
❞❡ m(f) ❞✐s❝♦s✱ ❡

χ((M r f−1(D∞)) ∩ f−1(D∞)) = χ(∂(M r f−1(D∞))) = 0,
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♣♦✐s é ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ✉♠❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ m(f) ❝ír❝✉❧♦s β1∪β2∪ ...∪βm(f)✱
❝❛❞❛ ✉♠ ❝♦♠ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ③❡r♦✱ ❡♥tã♦ ❞❛ ❊q✉❛çã♦ ✸✳✹✱ t❡♠♦s

χ(M) = χ(M r f−1(D∞)) +m(f) ✭✸✳✺✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♥s✐❞❡r❡ ✉♠ ♠❡r❣✉❧❤♦ ρ : (S2
rD∞) → R

2✳ ❈♦♥s✐❞❡r❡ ❛ r❡str✐çã♦
❞❡ f ❛♦ s✉❜❝♦♥❥✉♥t♦Mrf−1(D∞) ❞❡M ✳ P❡❧❛ ❝♦♠♣♦s✐çã♦ ❞❡st❛s ❞✉❛s ❛♣❧✐❝❛çõ❡s
♦❜t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ ρ◦(f |(Mrf−1(D∞))) q✉❡ ❡stá ❞❡✜♥✐❞❛ ♥❛ s✉♣❡r❢í❝✐❡ ❝♦♠ ❜♦r❞♦
M r f−1(D∞) ♥♦ ♣❧❛♥♦✳ P❡rt✉r❜❛♥❞♦ ρ ◦ (f |(Mr(f−1(D∞))) ❧❡✈❡♠❡♥t❡ ♣♦❞❡♠♦s
♦❜t❡r ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧

f :M r f−1(D∞) → R
2,

s❛t✐s❢❛③❡♥❞♦ f(βi)∩f(βj) = ∅ s❡ i 6= j ❡ Σf ∩∂(Mrf−1(D∞)) = ∅✳ ■❞❡♥t✐✜❝❛♥❞♦
♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ γ(f) ❝♦♠ ♦ ❝♦♥t♦r♥♦ γ(f) ❡ ❛♣❧✐❝❛♥❞♦ ❛ Pr♦♣♦s✐çã♦ ✸✳✶✳✻✱
t❡♠♦s q✉❡ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r ❞❡ M r f−1(D∞) é ❞❛❞❛ ♣♦r

χ(M r f−1(D∞)) =
k∑

i=1

τ(γi) +
1

2

l∑

j=1

τ(ej), ✭✸✳✻✮

♦♥❞❡ γi ❡ ej sã♦ ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ f(Σ(f)) ❡ ❛ ✐♠❛❣❡♠ ❞♦
❜♦r❞♦ ❞❛ s✉♣❡r❢í❝✐❡ M r f−1(D∞), r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❖ r❡s✉❧t❛❞♦ ❞❡s❡❥❛❞♦

χ(M) =
k∑

i=1

τ(γi)) +
1

2

l∑

j=1

τ(ej) +m(f)

s❡❣✉❡ ❞❛s ❊q✉❛çõ❡s ✸✳✺ ❡ ✸✳✻✳

▲❡♠❛ ✸✳✷✳✽✳ ❖s ♥ú♠❡r♦s ❞❡ ❣✐r♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ ❞❛s ❝✉r✈❛s fαi
✱ ❞❡ f(Σ(f))✱

❡ ❞❛s ❝♦♠♣♦♥❡♥t❡s f(βi)✱ ❞❛ ✐♠❛❣❡♠ ❞♦ ❜♦r❞♦ ❞❛ s✉♣❡r❢í❝✐❡ M r f−1(D∞)✱ ❞♦
▲❡♠❛ ✸✳✷✳✼ sã♦ ❞❛❞♦s ♣♦r✿

τ(γi) = 2η(γi) + 2D−
i − 2D+

i + C+
i − C−

i ❡ τ(ej) = 2,

♦♥❞❡ η(γi) = ±1 é ❞❡✜♥✐❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ❞❡ γi✱ C
+
i ✭♦✉ C−

i ✮ ❞❡♥♦t❛
♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ♣♦s✐t✐✈❛s ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥❡❣❛t✐✈❛s✮ ❞❡ γi ❡ D

+
i ✭♦✉ D+

i ✮
♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦s ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥❡❣❛t✐✈♦s✮ ❞❡ γi

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ❝♦♠♦ ♥♦ ▲❡♠❛ ✸✳✷✳✼ ❡♥tã♦✱ ♦r✐❡♥t❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ γi
❞❡ Σ(f)✱ t❛❧ q✉❡ γi = f(αi) ♣♦ss✉✐ ❛ ♦r✐❡♥t❛çã♦ ❝❛♥ô♥✐❝❛ ❡ ❝❛❞❛ ❝♦♠♣♦♥❡♥t❡ ej ❞♦
❜♦r❞♦ ❞❛ s✉♣❡r❢í❝✐❡✱ ❞❡ ❢♦r♠❛ q✉❡ ❛♦ ♣❡r❝♦rr❡✲❧❛✱ ❛ s✉♣❡r❢í❝✐❡ ❡st❡❥❛ à ❡sq✉❡r❞❛✱
♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✵✳✶✹✱ ♣❛r❛ ❛ ❝✉r✈❛ γi✱ ♦ ♥ú♠❡r♦ ❞❡ ❣✐r♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ é ❞❛❞♦
♣♦r

τ(γi) = 2η(γi) + 2D−
i − 2D+

i + C+
i − C−

i , ✭✸✳✼✮

♦♥❞❡ η(γi) = ±1 é ❞❡✜♥✐❞❛ ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ❞❛ ❝✉r✈❛ γi✱ C
+
i ✭♦✉ C−

i ✮
❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ♣♦s✐t✐✈❛s ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥❡❣❛t✐✈❛s✮ ❞❡ γi ❡ D

+
i

✭♦✉ D+
i ✮ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦s ✭r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥❡❣❛t✐✈♦s✮ ❞❡ γi.
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❈♦♠ ❛ ♦r✐❡♥t❛çã♦ ❞❛❞❛ ❛ γi✱ ❝❛❞❛ ❝ús♣✐❞❡ é ♥❡❣❛t✐✈❛✱ ❧♦❣♦

τ(γi) = 2η(γi) + 2D−
i − 2D+

i − Ci,

♦♥❞❡ Ci ❞❡♥♦t❛ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❞❡ γi✳ P♦r ♦✉tr♦ ❧❛❞♦✱ s❛❜❡♠♦s q✉❡
❝❛❞❛ ❝✉r✈❛ fβj ✱ q✉❡ é r❡str✐çã♦ ❞❡ f às ❝♦♠♣♦♥❡♥t❡s ❞♦ ❜♦r❞♦ βj✱ é ✉♠❛ ❝✉r✈❛
❢❡❝❤❛❞❛ s✐♠♣❧❡s✱ ❡♥tã♦ ♣❡❧♦ ❚❡♦r❡♠❛ ❆✳✵✳✶✷✱ τ(ej) = 2. ❖❜t❡♥❞♦ ❛ss✐♠ ♦ r❡s✉❧t❛❞♦
❞❡s❡❥❛❞♦✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✾✳ ✭❬✶✼❪✮ P❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : M → S2 ❞❡ ✉♠❛
s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❞❡ ❣ê♥❡r♦ g(M)✱ t❡♠♦s

g(M) = ǫ(M)[(D+ −D−) +
C(f)

2
+ (1 + µ+ − µ−)−m(f)],

♦♥❞❡ ǫ(M) = 1 s❡ M ❢♦r ♦r✐❡♥tá✈❡❧ ♦✉ ǫ(M) = 2 ❝❛s♦ ❝♦♥trár✐♦✱ m(f) ❞❡♥♦t❛
♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❛s ♣ré✲✐♠❛❣❡♥s ❞❡ ✈❛❧♦r❡s r❡❣✉❧❛r❡s✱ µ+ ❡ µ− ❞❡♥♦t❛♠ ❛s
❝♦♠♣♦♥❡♥t❡s ♣♦s✐t✐✈❛s ❡ ♥❡❣❛t✐✈❛s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡
❞❡ ❣ê♥❡r♦ g(M) ❡ αi ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r Σf ✳ ❈♦♥s✐❞❡r❛♥❞♦ ❛
❛♣❧✐❝❛çã♦ f ❝♦♠♦ ♥♦ ▲❡♠❛ ✸✳✷✳✼ ❡ ❛♣❧✐❝❛♥❞♦ ♦ ▲❡♠❛ ✸✳✷✳✽ t❡♠♦s q✉❡ ♦ ♥ú♠❡r♦
❞❡ ❣✐r♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ ❞❛ ❝✉r✈❛ γi = f(αi) é ❞❛❞♦ ♣♦r

τ(γi) = 2η(γi) + 2D−
i − 2D+

i + C+
i − C−

i ,

♣❡❧❛ ♦r✐❡♥t❛çã♦ ❞❛❞❛ à ❝✉r✈❛✱ t❡♠♦s η(γ) = +1 s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ❛ ❝♦♠♣♦♥❡♥t❡ ❞♦
❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ γi é ♥❡❣❛t✐✈❛✱ ❡♥tã♦ ❢❛③❡♥❞♦ ❛ s♦♠❛ s♦❜r❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s
❞♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r

k∑

i=1

τ(γi) = 2µ− − 2µ+ + 2D− − 2D+ − C(f). ✭✸✳✽✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✽ ♣❛r❛ ✉♠❛ ❝♦♠♣♦♥❡♥t❡ ❞♦ ❜♦r❞♦ βi ❞❡ M r

f−1(D∞)✱ t❡♠♦s τ(f(βj)) = 2. ❋❛③❡♥❞♦ ❛ s♦♠❛ s♦❜r❡ t♦❞❛s ❛s ❝♦♠♣♦♥❡♥t❡s ❞♦
❜♦r❞♦ ❞❛ s✉♣❡r❢í❝✐❡ M r f−1(D∞)✱ t❡♠♦s

k∑

i=1

τ(f(βi)) =

m(f)∑

j=1

2. ✭✸✳✾✮

❙✉❜st✐t✉✐♥❞♦ ❛s ❊q✉❛çõ❡s ✸✳✽ ❡ ✸✳✾ ♥♦ ▲❡♠❛ ✸✳✷✳✼✱ t❡♠♦s

χ(M) = 2µ− − 2µ+ + 2D− − 2D+ − C(f) + 2m(f).



✹✵

P❛r❛ M ♦r✐❡♥tá✈❡❧✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✺✳✶✵✱ g(M) = 1
2
(2− χ(M)), ❧♦❣♦

g(M) =
1

2
(2− χ(M)) =

1

2
(2− (2µ− − 2µ+ + 2D− − 2D+ − C + 2m(f)))

= 1− µ− + µ+ −D− +D+ +
C(f)

2
−m(f)

= 1[(D+ −D−) +
C(f)

2
+ (1 + µ+ − µ−)−m(f)].

P❛r❛ M ♥ã♦ ♦r✐❡♥tá✈❡❧✱ ♣❡❧❛ ❉❡✜♥✐çã♦ ✶✳✺✳✶✵✱ ♦ r❡s✉❧t❛❞♦ s❡❣✉❡ ❞❛ s❡❣✉✐♥t❡
✐❣✉❛❧❞❛❞❡ χ(M) = 2− g(M). ❈♦♠♣❧❡t❛♥❞♦ ❛ss✐♠ ❛ ♣r♦✈❛✳

❆ ❢ór♠✉❧❛ ♥❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✾ ♥ã♦ ❞❡♣❡♥❞❡ ❞❛ ❡s❝♦❧❤❛ ❞❡ ∞✳ ❆ s❡❣✉✐r✱
❡st✉❞❛r❡♠♦s ❛ ❢♦r♠❛ ❞❡ ✉♠ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❝✉❥♦
❝♦♥t♦r♥♦ é ✐rr❡❞✉tí✈❡❧✳

▲❡♠❛ ✸✳✷✳✶✵✳ ❙❡❥❛ f :M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ♦♥❞❡ M é ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ ❡ ♦r✐❡♥t❛❞❛✳ ❙❡ ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ γ(f) ❞❡ f ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦✱
❡♥tã♦ γ(f) ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✳

❉❡♠♦♥str❛çã♦✿ ❉❛❞♦ ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ γ(f) ❞❡ f ✱ ❡s❝♦❧❤❛ ✉♠ ♣♦♥t♦
❛❞♠✐ssí✈❡❧ y ❡♠ γ(f)✳ P❡r❝♦rr❡♥❞♦ γ(f) ❛ ♣❛rt✐r ❞❡ y ❡ s❡❣✉✐♥❞♦ ❛ ♦r✐❡♥t❛çã♦
❝❛♥ô♥✐❝❛ ❞❡ γ(f) t❡♠♦s q✉❡✱ q✉❛♥❞♦ s❡ ♣❛ss❛ ♣♦r ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♣♦s✐t✐✈♦ ❡♠ γ(f)
♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✱ ♦ ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ♥❛ ✐♠❛❣❡♠ ✐♥✈❡rs❛ ❞✐♠✐♥✉✐ ❡♠ ❞♦✐s ✭✈❡r
❋✐❣✉r❛ ✸✳✷✮✳ ■ss♦ é ✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ❛ s✉♣❡r❢í❝✐❡ ❡stá ❞♦❜r❛❞❛ ❛ ❡sq✉❡r❞❛✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✶✳ ❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ♦♥❞❡ M é ✉♠❛
s✉♣❡r❢í❝✐❡ ♦r✐❡♥t❛❞❛✱ t❛❧ q✉❡ ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ γ(f) ❞❡ f é ✐rr❡❞✉tí✈❡❧ ❡ ♣♦ss✉✐
❛♣❡♥❛s ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦ p0✳ ❋✐①❛♥❞♦ ✉♠ ♣♦♥t♦ ❞❡ ♣❛rt✐❞❛ ❛❞♠✐ssí✈❡❧
y ∈ γ(f) ❡ ❞❡♥♦t❛♥❞♦ ♣♦r U ❛ ❝♦♠♣♦♥❡♥t❡ ❞❡ S2

r γ(f) q✉❡ ❝♦♥té♠ ∞✱ t❡♠✲s❡✿

✶✮ ❖ ❝♦♥t♦r♥♦ γ(f) ❝♦♥s✐st❡ ❡♠ ❞♦✐s ❧❛ç♦s ❝♦♠❡ç❛♥❞♦ ❡ t❡r♠✐♥❛♥❞♦ ❡♠ p0✳

✷✮ ❖s ❞♦✐s ❧❛ç♦s ♥ã♦ s❡ ✐♥t❡rs❡❝t❛♠ ❡①❝❡t♦ ❡♠ p0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ p0 ∈ γ(f) ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ ❡♥tã♦ ❡s❝♦❧❤❡♥❞♦ ✉♠
♣♦♥t♦ ❛❞♠✐ssí✈❡❧ y ∈ γ(f)✱ ♣❡❧❛ ❞❡♠♦♥str❛çã♦ ♥♦ ▲❡♠❛ ✸✳✷✳✶✵✱ ♦ ♣♦♥t♦ ❞✉♣❧♦
p0 ∈ ∂U ✱ ♦✉ s❡❥❛✱ p0 é ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦ ❞✉♣❧♦ q✉❡ ❛♣❛r❡❝❡ ❛♦ ♣❡r❝♦rr❡r γ(f) ❛
♣❛rt✐r ❞❡ y ❝♦♠ ❛ ♦r✐❡♥t❛çã♦ ❝❛♥ó♥✐❝❛✳ ▼♦str❡♠♦s q✉❡ p0 é ♦ ú♥✐❝♦ ♣♦♥t♦ ❞✉♣❧♦
❡♠ ∂U ✳ ❉❡ ❢❛t♦✱ s✉♣♦♥❤❛ q✉❡ ∂U ❝♦♥t❡♥❤❛ ♠❛✐s ❞❡ ✉♠ ♣♦♥t♦ ❞✉♣❧♦✳ ❉❡♥♦t❡
♣♦r q ∈ ∂U ♦ ♣r✐♠❡✐r♦ ♣♦♥t♦ ❞✉♣❧♦ q✉❡ s❡ ❡♥❝♦♥tr❛✱ ♣❡r❝♦rr❡♥❞♦ ❛♦ ❧♦♥❣♦ ❞❡
γ(f) ❛ ♣❛rt✐r ❞❡ y ❡ ♣❛ss❛♥❞♦ p0✱ ♦❜s❡r✈❡ q✉❡ q é ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♣♦s✐t✐✈♦✱ ♣♦✐s
❝❛s♦ ❝♦♥trár✐♦✱ ❞❡♣♦✐s ❞❡ ♣❛ss❛r ♣❡❧♦ ♣♦♥t♦ ❞✉♣❧♦ q✱ ❛ ♥♦ss❛ ❡sq✉❡r❞❛ t❡rí❛♠♦s
m(f)+6 ♣ré✲✐♠❛❣❡♥s ❡ à ❞✐r❡✐t❛ m(f)✱ ♦ q✉❡ é ❝♦♥tr❛❞✐çã♦✳ ❉❛ s✉♣♦s✐çã♦ ❞❡ q✉❡
γ(f) é ✐rr❡❞✉tí✈❡❧✱ ❞❡✈❡ ❤❛✈❡r ♦✉tr♦ ♣♦♥t♦ ❞✉♣❧♦ q̃ ❡♠ ∂U ✳ ❖ ♣♦♥t♦ ❞✉♣❧♦ q̃ é ✉♠
♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ ♣♦✐s ❝❛s♦ ❝♦♥trár✐♦ ❞♦ ❧❛❞♦ ❞✐r❡✐t♦✱ ♦✉ s❡❥❛✱ ♣♦♥t♦s ❡♠ ∂U ✱
t❡r✐❛♠ m(f)− 2 ♣ré✲✐♠❛❣❡♥s✱ ♦ q✉❡ é ❝♦♥tr❛❞✐çã♦ ♣❡❧❛ ❞❡✜♥✐çã♦ ❞❡ m(f)✳ ❆ss✐♠
♦ ♣♦♥t♦ q̃ é ❞✐❢❡r❡♥t❡ ❞❡ p0 ❡ q✳ ➱ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s ♣♦r ❤✐♣ót❡s❡ ❡①✐st❡ ✉♠ ú♥✐❝♦
♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✳



✹✶

❉❡✜♥✐çã♦ ✸✳✷✳✶✷✳ ❯♠ ❧❛ç♦ ♥❛ ❡s❢❡r❛ é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ l : [0, 1] → S2 t❛❧
q✉❡ l(0) = p ❡ l(1) = p✳ ❖ ♣♦♥t♦ p é ❝❤❛♠❛❞♦ ❞❡ ♣♦♥t♦ ❜❛s❡✳

❉❡✜♥✐çã♦ ✸✳✷✳✶✸✳ ❙❡❥❛♠ γ(f) ♦ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f
❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡s ♥❛ ❡s❢❡r❛✳ ❉❡♥♦t❛r❡♠♦s ♣♦r lp ♦ ❧❛ç♦ ❝♦♠ ❜❛s❡ ♥♦ ♣♦♥t♦ ❞✉♣❧♦
♣♦s✐t✐✈♦ p ∈ γ✱ ♣❡r❝♦rr❡♥❞♦ ❛ ❝✉r✈❛ γ(f) ❛ ♣❛rt✐r ❞❡ ✉♠ ♣♦♥t♦ ✐♥✐❝✐❛❧ y ∈ γ(f)✱
s❡❣✉✐♥❞♦ ❛ ♦r✐❡♥t❛çã♦ ❝❛♥ô♥✐❝❛ ❞❡st❛ ❝✉r✈❛✳

◆♦t❡ q✉❡ ♣❛r❛ ❝❛❞❛ p✱ t❛❧ ❧❛ç♦ é ú♥✐❝♦ ♣♦rq✉❡ γ(f) é ✐rr❡❞✉tí✈❡❧✳

❊①❡♠♣❧♦ ✸✳✷✳✶✹✳ ❆ ❋✐❣✉r❛ ✸✳✸ ✐❧✉str❛ ✉♠ ❧❛ç♦ lp ❞♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✱ γ(f)✱
❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞♦ t♦r♦ ♥❛ ❡s❢❡r❛✳

❋✐❣✉r❛ ✸✳✸✿ ▲❛ç♦ lp ❞♦ ♣♦♥t♦ ❞✉♣❧♦ p✳

Pr♦♣♦s✐çã♦ ✸✳✷✳✶✺✳ ❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ♦♥❞❡ M é ✉♠❛
s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥t❛❞❛✱ ❡ p ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♣♦s✐t✐✈♦ ❞♦ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧
γ(f)✳ ❖ ❧❛ç♦ lp ❝♦♥té♠ ✉♠ ú♥✐❝♦ ♣♦♥t♦ ❞✉♣❧♦✱ s❡♥❞♦ ❡st❡ p✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ ❊s❝♦❧❤❛ ✉♠
♣♦♥t♦ ❛❞♠✐ssí✈❡❧ y ∈ S2 ❡ ❞❡♥♦t❡ p0, p1, ..., pk ∈ γ(f) ♦s ♣♦♥t♦s ❞✉♣❧♦s ❞♦
❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡✱ ✐♥❞❡①❛❞♦s ❞❡ ❛❝♦r❞♦ ❝♦♠ ❛ ♦r❞❡♠ ♥♦ q✉❛❧ ❛♣❛r❡❝❡♠ ❡♥q✉❛♥t♦
♣❡r❝♦rr❡♠♦s ❛♦ ❧♦♥❣♦ ❞❡ γ(f) ❛ ♣❛rt✐r ❞♦ ♣♦♥t♦ y✳ P❡❧♦ ▲❡♠❛ ✸✳✷✳✶✵✱ ♦ ♣♦♥t♦ p0
é ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ ❛ss✐♠ ♦s ♦✉tr♦s ♣♦♥t♦s ❞✉♣❧♦s sã♦ ♣♦s✐t✐✈♦s✱ ♣♦✐s ♣♦r
❤✐♣ót❡s❡ γ(f) só ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✳ ❉❡♥♦t❡ ♣♦r l1, ..., lk ♦s ❧❛ç♦s
❛ss♦❝✐❛❞♦s ❛ p0, p1, ..., pk✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❙❡ ❝r✉③❛r♠♦s p1 ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✱ s❡
r❡❞✉③ ♣♦r ❞♦✐s ♣♦♥t♦s ♥❛ ✐♠❛❣❡♠ ✐♥✈❡rs❛ ❞❡ f ✳ ■ss♦ s✐❣♥✐✜❝❛ q✉❡✱ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦
❞❛ r❡❣✐ã♦ q✉❡ ❡stá ✧à ❡sq✉❡r❞❛✧❡♥q✉❛♥t♦ ♣❡r❝♦rr❡♠♦s ❛♦ ❧♦♥❣♦ ❞❡ l1✱ ♦ ♥ú♠❡r♦
❞❛ ✐♠❛❣❡♠ ✐♥✈❡rs❛ ❞❡ f é ✐❣✉❛❧ ❛ s♦♠❛r ✷ ❛♦ ♠❡♥♦r ♥✉♠❡r♦ ❞❛ ♣ré✲✐♠❛❣❡♠✱ ✐st♦
é✱ m(f) + 2✱ ♣❡❧♦ ♠❡♥♦s ❛té ❡♥❝♦♥tr❛r♠♦s ♦ ♣ró①✐♠♦ ♣♦♥t♦ ❞✉♣❧♦✳ ❙❡❥❛ q ∈ l1
♦ ♣ró①✐♠♦ ♣♦♥t♦ ❞✉♣❧♦ q✉❡ s❡ ❡♥❝♦♥tr❛ ❛♣ós ❝r✉③❛r♠♦s p1 ♣❡❧❛ ♣r✐♠❡✐r❛ ✈❡③✳ ❖
♣♦♥t♦ q 6= p0✱ ♣♦✐s ❛♥t❡s ❞❛ s❡❣✉♥❞❛ ✈❡③ q✉❡ s❡ ❡♥❝♦♥tr❛ ❝♦♠ p0✱ t❡♠♦s q✉❡
♣❛ss❛r ♣♦r y✱ ♠❛s y 6∈ l1 ♣♦✐s✱ ❛♥t❡s ❞❛ s❡❣✉♥❞❛ ✈❡③ q✉❡ s❡ ❝r✉③❛ p0✱ ♦ ♥ú♠❡r♦
❞❡ ♣♦♥t♦s ♥❛ ♣ré✲✐♠❛❣❡♠ ❞❡ ✉♠ ♣♦♥t♦ ✐♠❡❞✐❛t❛♠❡♥t❡ ❛ ♥♦ss❛ ❡sq✉❡r❞❛ ❞❡✈❡ s❡r
m(f) + 4✳ ❙✉♣♦♥❤❛ q 6= p1✱ ❡♥tã♦ q = p2 ♦✉ ... ♦✉ pk✳ ❆ss✐♠ ❡①✐st❡ ✉♠❛ r❡❣✐ã♦
❛❞❥❛❝❡♥t❡ ❛ q t❛❧ q✉❡ ♣❛r❛ ❝❛❞❛ ♣♦♥t♦ ❞❛ r❡❣✐ã♦✱ ♦ ♥ú♠❡r♦ ❞❡ ♣ré✲✐♠❛❣❡♠ é ✐❣✉❛❧
❛ m(f)− 2✱ ♦ q✉❡ é ❝♦♥tr❛❞✐çã♦ ♣♦✐s m(f) é ♦ ♠❡♥♦r ♥ú♠❡r♦ ♥❛s ♣ré✲✐♠❛❣❡♠ ❞❡
♣♦♥t♦s r❡❣✉❧❛r❡s✳ ❆ss✐♠✱ q = p1✳ P♦rt❛♥t♦✱ ♦ ú♥✐❝♦ ♣♦♥t♦ ❞✉♣❧♦ ♥♦ ❧❛ç♦ l1 é p1✳
❆♥❛❧♦❣❛♠❡♥t❡ ♣♦❞❡♠♦s ♣r♦✈❛r q✉❡ ♣❛r❛ ❝❛❞❛ p ♣♦♥t♦ ❞✉♣❧♦ ♣♦s✐t✐✈♦✱ ♦ ❧❛ç♦ lp
❝♦♥t❡♠ ✉♥✐❝❛♠❡♥t❡ ✉♠ ♣♦♥t♦ ❞✉♣❧♦✱ s❡♥❞♦ ❡st❡ p✳



❈❛♣ít✉❧♦ ✹

❈♦♥t♦r♥♦s ♠✐♥✐♠❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s

❡♥tr❡ s✉♣❡r❢í❝✐❡s

◆❡st❡ ❝❛♣ít✉❧♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❡♥tr❡ s✉♣❡r❢í❝✐❡s ❝♦♠
❝♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡✐s ❡ ❛❧❣✉♥s r❡s✉❧t❛❞♦s s♦❜r❡ ❛❧❣✉♠❛s ❢❛♠í❧✐❛s ♣❛rt✐❝✉❧❛r❡s
❞❡st❡s ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s✱ ❝❤❛♠❛❞❛s ❞❡ ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s✱ ❜❛s❡❛❞♦ ❡♠
❬✻✱ ✶✼✱ ✸✼✱ ❄✱ ❄✱ ✹✻❪✳

✹✳✶ ❈♦♥str✉çã♦ ❞❡ ❝♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡✐s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s r❡s✉❧t❛❞♦s s♦❜r❡ ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s ❞❡
s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛ ♥❛ ❡s❢❡r❛✳ ❆♥t❡s ♣♦r❡♠ ✈❡r❡♠♦s ❛ ❝♦♥str✉çã♦ ❞❡
❛❧❣✉♥s ❝♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡✐s✱ ♦✉ s❡❥❛✱ ❛♣❧✐❝❛çõ❡s ❝♦♠ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❝♦♥❡①♦✳

❉❡✜♥✐çã♦ ✹✳✶✳✶✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : Mg → S2 ❞❡ ❣r❛✉ deg(f) = d✱ ♦♥❞❡
Mg é ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥t❛❞❛ ❞❡ ❣ê♥❡r♦ g✱ s❡rá ❞❡♥♦t❛❞❛ ♣♦r fd,g.

❉❡✜♥✐çã♦ ✹✳✶✳✷✳ ❙❡❥❛ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ♦♥❞❡ M é ✉♠❛
s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥t❛❞❛ ❞❡ ❣ê♥❡r♦ g✳ ❉✐r❡♠♦s q✉❡ ✉♠❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧
❛❞✐❝✐♦♥❛ ✉♠❛ ❛❧ç❛ q✉❛♥❞♦ s❡ r❡❛❧✐③❛ ✉♠❛ ❝✐r✉r❣✐❛ à ❛♣❧✐❝❛çã♦ ♦❜t✐❞❛ ❞❛ ❛♣❧✐❝❛çã♦
f ❞❡♣♦✐s ❞❡ ❞✉❛s tr❛♥s✐çõ❡s t✐♣♦s ❧á❜✐♦s✳

❊①❡♠♣❧♦ ✹✳✶✳✸✳ ❆ ❋✐❣✉r❛ ✹✳✶ ✐❧✉str❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f ❞♦ t♦r♦ ♥❛
❡s❢❡r❛✱ ❝♦♠ ❣r❛✉ ✉♠ ❡ q✉❛tr♦ ❝ús♣✐❞❡s✳ ❊st❛ ❛♣❧✐❝❛çã♦ ❢♦✐ ♦❜t✐❞❛ ♣♦r ✉♠❛
❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧ s♦❜r❡ ✉♠❛ ♠❡s♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f2 ❞❛ ❡s❢❡r❛ ♥❛ ❡s❢❡r❛ ❝♦♠
❞✉❛s ❝♦♠♣♦♥❡♥t❡s s✐♥❣✉❧❛r❡s ❡ q✉❛tr♦ ❝ús♣✐❞❡s✱ ♦❜t✐❞❛ ❞❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡
✭Id : S2 → S2✮ ♣♦r ❞✉❛s tr❛♥s✐çõ❡s t✐♣♦s ❧á❜✐♦s✳

✹✷



✹✸

❋✐❣✉r❛ ✹✳✶✿ ❆❞✐çã♦ ❞❡ ❛❧ç❛ ♥❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡ ❞❛ ❡s❢❡r❛

❖ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❛ ❛♣❧✐❝❛çã♦ ♥♦ ❊①❡♠♣❧♦ ✹✳✶✳✸ ❡stá ✐❧✉str❛❞❛ ♥❛
❋✐❣✉r❛ ✹✳✷❜✳ ❖✉tr♦s ❝♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❞♦ t♦r♦ ♥❛ ❡s❢❡r❛ ❞❡ ❣r❛✉
✉♠ ♣♦❞❡ s❡r ✈✐st♦ ♥❛ ❋✐❣✉r❛ ✹✳✷✳

✭❛✮ ✭❜✮ ✭❝✮ ✭❞✮

❋✐❣✉r❛ ✹✳✷✿ ❈♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡ t♦r♦ ♥❛ ❡s❢❡r❛ ❞❡ ❣r❛✉ ✉♠✳

▲❡♠❛ ✹✳✶✳✹✳ P❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ d ≥ 2✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ fd,0 : S
2 → S2

❞❡ ❣r❛✉ d✱ ❝✉❥♦ ❝♦♥t♦r♥♦ ♣♦ss✉✐ 2d ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✳

❉❡♠♦♥str❛çã♦✿ ❋❛r❡♠♦s ❛ ❝♦♥str✉çã♦ ♣♦r ✐♥❞✉çã♦ s♦❜r❡ d = deg(f)✳ ❆
❛♣❧✐❝❛çã♦ f1 : S2 → S2✱ ♦❜t✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✱ ♣❛ss❛♥❞♦ ♣❡❧❛ tr❛♥s✐çã♦
❞♦ t✐♣♦ ❧á❜✐♦s✱ ♣♦ss✉✐ ❣r❛✉ ✉♠ ❡ é t❛❧ q✉❡ ♦ s❡✉ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r é ❝♦♥❡①♦✱ s❡♠
♣♦♥t♦s ❞✉♣❧♦s ❡ ❝♦♠ ❞✉❛s ❝ús♣✐❞❡s ✭✈❡r ❋✐❣✉r❛ ✷✳✹✮✳ ❋❛③❡♥❞♦ ❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧
❞❛s ❛♣❧✐❝❛çõ❡s ❡♥tr❡ ❞✉❛s ❡s❢❡r❛s f1 ❡ f2✱ ❛♠❜❛s ♦❜t✐❞❛s ♣❡❧❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✱
♣❛ss❛♥❞♦ ♣❡❧❛ tr❛♥s✐çã♦ ❞♦ t✐♣♦ ❧á❜✐♦s✱ ♦❜t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ f : S2 → S2✱ ❝♦♠
❣r❛✉ ❞♦✐s ❡ t❛❧ q✉❡ ♦ s❡✉ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r é ❝♦♥❡①♦✱ s❡♠ ♣♦♥t♦s ❞✉♣❧♦s ❡ ❝♦♠
q✉❛tr♦ ❝ús♣✐❞❡s✱ ❝♦♠♦ ✐❧✉str❛❞♦ ♥❛ ❋✐❣✉r❛ ✷✳✹✳ ❆❣♦r❛ ❛ss✉♠✐♠♦s q✉❡ ♦ ❝♦♥❥✉♥t♦
s✐♥❣✉❧❛r ❞❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ g : S2 → S2 ♣♦ss✉✐ ✉♠❛ ❝✉r✈❛ ❝♦♥❡①❛✱ ❡ ❛❧é♠ ❞✐ss♦✱
g ❝♦♥té♠ ❡①❛t❛♠❡♥t❡ 2deg(g) ❝ús♣✐❞❡s✱ ♣❛r❛ d ≤ m✳ ❱❛♠♦s ♠♦str❛r q✉❡ ❡①✐st❡
✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ g′ : S2 → S2✱ ❝♦♠ deg(g′) = m+ 1✱ t❛❧ q✉❡ Σg′ é ❝♦♥❡①♦ ❡
♣♦ss✉✐ 2deg(g′) ❝ús♣✐❞❡s✳

❋✐❣✉r❛ ✹✳✸✿ ❆❧t❡r❛♥❞♦ ♦ ❣r❛✉ ❡ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s✳

❈♦♥s✐❞❡r❛♠♦s g′ = g +H f2 ❞❡✜♥✐❞❛ ♥❛ ❙✉❜s❡çã♦ ✷✳✶✳✶✱ ♦♥❞❡ g : S2 → S2 é t❛❧
q✉❡ deg(g) = m ❡ f2✱ ❛ q✉❛❧ ♣♦ss✉✐ ❞✉❛s ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✳ ❆ss✐♠✱



✹✹

deg(g′) = deg(g)+deg(f2) = m+1✳ P❡❧❛ ❤✐♣ót❡s❡ ❞❡ ✐♥❞✉çã♦✱ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r
Σg ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ 2deg(g) ❝ús♣✐❞❡s ❡ é ❝♦♥❡①♦✳ ❈♦♠ ❛ ❝✐r✉r❣✐❛ ❤♦r✐③♦♥t❛❧✱
❛s ❝✉r✈❛s s✐♥❣✉❧❛r❡s ❞❡ g ❡ f2 s❡ ❝♦♥❡❝t❛♠✱ ❢♦r♠❛♥❞♦ ✉♠❛ ú♥✐❝❛ ❝✉r✈❛ s✐♥❣✉❧❛r
✭✈❡r ❋✐❣✉r❛ ✹✳✸✮✳ P♦r ❝♦♥str✉çã♦✱ ❡st❛ é ❛ ❝✉r✈❛ s✐♥❣✉❧❛r ❞❡ g′✱ ❡ ❝♦♠ ✐ss♦✱ ♦
❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ g′ ♣♦ss✉✐ 2deg(g) + 2 = 2m + 2 = 2(m + 1) = 2deg(g′)
❝ús♣✐❞❡s ❡ é ❝♦♥❡①♦✳ ❉❛í✱ ♣♦❞❡♠♦s ❝♦♥str✉✐r ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s fd,0 : S2 → S2

❝♦♠ deg(fd,0) > 0 ❛r❜✐trár✐♦✱ t❛❧ q✉❡ ♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❞❡ f ✱ Σf é ❝♦♥❡①♦✱
♣♦ss✉✐ 2d ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✳

❋✐❣✉r❛ ✹✳✹✿ ❈♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ fd,g :Mg → S2, ♦♥❞❡ d ≤ g ❡ d ≡ g (♠♦❞ 2).

❋✐❣✉r❛ ✹✳✺✿ ❆ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞♦ t♦r♦ ♥❛ ❡s❢❡r❛ ♥❛
❋✐❣✉r❛ ✹✳✷❛✳

▲❡♠❛ ✹✳✶✳✺✳ P❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ d ≥ 1✱ ❡①✐st❡ fd,d : Md → S2 ✉♠❛ ❛♣❧✐❝❛çã♦
❡stá✈❡❧ ❞❡ ❣r❛✉ d ❝✉❥♦ ❝♦♥t♦r♥♦ ❡stá ♥❛ ❋✐❣✉r❛ ✹✳✹ ❝♦♠ l = 2d+ 2✳

❉❡♠♦♥str❛çã♦✿ ❆ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f1,1 : T 2 → S2 ❝✉❥♦ ❝♦♥t♦r♥♦ ❡stá ♥❛
❋✐❣✉r❛ ✹✳✷❛ é ♦❜t✐❞❛ ♣❡❧♦ s❡❣✉✐♥t❡ ❝❛♠✐♥❤♦ ✭❋✐❣✉r❛ ✹✳✺✮✿ P♦♥❞♦ S2

i = S2, (i =
1, 2, 3)✳ ❆ ❛♣❧✐❝❛çã♦ t1 : S2

1 ∪ S2
2 ∪ S2

2 → S2 é ❞❡✜♥✐❞❛ ♣♦r t1 |S2
1
= t1 |S2

2
= idS2

❡ t1 |S2
3

é ❛ ❛♣❧✐❝❛çã♦ ❛♥t✐♣♦❞❛❧ ❞❡ S2✳ ❚♦♠❛♥❞♦ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❛s três
❡s❢❡r❛s✱ ♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ t

′

1 : S2 → S2✳ ❆❞✐❝✐♦♥❛♥❞♦ ✉♠❛
❛❧ç❛ ❛ t

′

1 ♦❜t❡♠♦s ❛ ❞❡s❡❥❛❞❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f1,1 : T 2 → S2✳ ❆ ❛♣❧✐❝❛çã♦
f2,2 : M2 → S2 é ❝♦♥str✉í❞❛ ❞❛ s❡❣✉✐♥t❡ ♠❛♥❡✐r❛ ✭❋✐❣✉r❛ ✹✳✻✮✳ ❈♦♥s✐❞❡r❡ ❛
❛♣❧✐❝❛çã♦ t2 : T 2 ∪ S2 → S2 ❞❡✜♥✐❞❛ ♣♦r t2 |T 2= f1,1 ❡ t2 |S2= id |S2 ✳ ❆ ❛♣❧✐❝❛çã♦
t2 é ❡stá✈❡❧ ❡ ❞❡ ❣r❛✉ ❞♦✐s✱ ❛ss✐♠ t♦♠❛♥❞♦ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❡ T 2 ❡ S2✱ ♦❜t❡♠♦s
✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ❣r❛✉ ❞♦✐s t

′

2 : T 2 → S2✳ ❆❞✐❝✐♦♥❛♥❞♦ ✉♠❛ ❛❧ç❛ ❛ t
′

2✱
♦❜t❡♠♦s ❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡s❡❥❛❞❛ f2,2 :M2 → S2✳



✹✺

❋✐❣✉r❛ ✹✳✻✿ ❆ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f2,2 :M2 → S2✳

❋❛③❡♥❞♦ ♦ ♠❡s♠♦ ♣r♦❝❡ss♦ r❡❛❧✐③❛❞♦ ♣❛r❛ ❝♦♥str✉✐r f2,2 : M2 → S2✱ ♣♦❞❡♠♦s
✐♥❞✉t✐✈❛♠❡♥t❡ ❝♦♥str✉✐r ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ fd,d :Md → S2✳

◆❛s ❋✐❣✉r❛s ✷✳✹ ❡ ✶✳✼ t❡♠♦s ❛s ❞✉❛s ❛♣❧✐❝❛çõ❡s f1 +H f2 ❡ g✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✳
❊st❛s ❛♣❧✐❝❛çõ❡s ♣♦❞❡♠ s❡r ♦❜t✐❞❛s ❛♦ ❢❛③❡r ❝✐r✉r❣✐❛s ❤♦r✐③♦♥t❛✐s às ❛♣❧✐❝❛çõ❡s
f1, f2 : S2 → S2✱ ♦❜t✐❞❛s ♣❡❧❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✱ ♣❛ss❛♥❞♦ ♣❡❧❛ tr❛♥s✐çã♦ ❞♦
t✐♣♦ ❧á❜✐♦s ❡ ♥❛s ❛♣❧✐❝❛çõ❡s f1 ❡ h✭❋✐❣✉r❛ ✶✳✼✮✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✻✳ P❛r❛ ❝❛❞❛ g ≥ 1 ❡ ❝❛❞❛ d ≥ g✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
f :Mg → S2 ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ t❛❧ q✉❡ ♦ ♣❛r (C,D) = (2(d− g), 2g + 2)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ♦ ♣❛r (d, g) s❛t✐s❢❛③❡♥❞♦ g ≥ 1 ❡ d ≥ g✳ ❋❛③❡♥❞♦ ❛
s♦♠❛ ❝♦♥❡①❛ ✐♥❞✉t✐✈❛♠❡♥t❡ ❞❡ f1 ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ fg,g ❞♦ ▲❡♠❛ ✹✳✶✳✺✱ ♦❜t❡♠♦s
♣❛r❛ d ≥ g ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ fd,g : Mg → S2 ❞❡ ❣r❛✉ d ❝♦♠ m(fd,g) = d
✭❋✐❣✉r❛ ✹✳✼✮✳ ❊♠ ❝❛❞❛ s♦♠❛ ❝♦♥❡①❛✱ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❛✉♠❡♥t❛ ❡♠ ❞♦✐s✳
❋❛③❡♥❞♦ ♦ ♣r♦❝❡ss♦✱ d−g ✈❡③❡s t❡♠♦s q✉❡ ♦ ❝♦♥t♦r♥♦ γ(fd,g) é ✐rr❡❞✉tí✈❡❧ ❡ ♣♦ss✉✐
2(d − g) ❝ús♣✐❞❡s✱ ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦ ❡ 2g + 1 ♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦✱ ♦✉
s❡❥❛✱ (C,D) = (2(d− g), 2g + 2)✳

❋✐❣✉r❛ ✹✳✼✿ ❆ ❝♦♥str✉çã♦ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ fg+1,g :Mg → S2✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✼✳ P❛r❛ ❝❛❞❛ d 6= 0 ❡ g = 1✱ ❡①✐st❡ f :Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦
❡stá✈❡❧ ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ t❛❧ q✉❡ ♦ ♣❛r (C,D) é (2(d−1), 4) ♦✉ (2d+2, 0)✳



✹✻

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ♦ ♣❛r (d, g) t❛❧ q✉❡ d 6= 0 ❡ g = 1✳ P❡❧❛
Pr♦♣♦s✐çã♦ ✹✳✶✳✻✱ ✜①❛♥❞♦ g = 1 ❡♥tã♦✱ ❡①✐t❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ❣r❛✉ d✱
❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ t❛❧ q✉❡ ♦ ♣❛r (C,D) = (2(d − 1), 4)✳ P♦r ♦✉tr♦ ❧❛❞♦✱
❢❛③❡♥❞♦ s♦♠❛s ❝♦♥❡①❛s ✐♥❞✉t✐✈❛♠❡♥t❡ ❞❡ f1 ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ f ′ : T 2 → S2 ❝✉❥♦
❝♦♥t♦r♥♦ ❡stá ♥❛ ❋✐❣✉r❛ ✹✳✷❜✱ ♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : T 2 → S2 ❝♦♠
❣r❛✉ d ≥ 1 ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ ❖ ❝♦♥t♦r♥♦ ❞❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ♣♦ss✉✐
2d+ 2 ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✳

❋✐❣✉r❛ ✹✳✽✿ ❈♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ fd,d+2 :Md+2 → S2.

❋✐❣✉r❛ ✹✳✾✿ ❈♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ fd,d+1 :Md+1 → S2✳

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❛ ✹✳✶✵✿ ❈♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❞❡ ❣r❛✉ ③❡r♦ ❞♦ t♦r♦ ♥❛ ❡s❢❡r❛✳

▲❡♠❛ ✹✳✶✳✽✳ P❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ d ≥ 1✱ ❡①✐st❡ fd,g : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦
❡stá✈❡❧ ❞❡ ❣r❛✉ d ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ s❛t✐s❢❛③❡♥❞♦ l = 2d+2 ✭✈❡r ❋✐❣✉r❛ ✹✳✹✮✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ ♦ ♣❛r (d, g) t❛❧ q✉❡ g ≥ 1 ❡ d ≥ 0✳ ❙✉♣♦♥❤❛ d 6= 0 ❡
❝♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ fd,d ❝♦♥str✉í❞❛ ❝♦♠♦ ♥♦ ▲❡♠❛ ✹✳✶✳✺✳ ❆❞✐❝✐♦♥❛♥❞♦ ✉♠
♣❛r ❞❡ ❛❧ç❛s ❛ fd,d✱ ✐♥❞✉t✐✈❛♠❡♥t❡✱ ♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ fd,g :Mg → S2

❞❡ ❣r❛✉ d ❝♦♠ m(fd,g) = d ❡ l = d + g + 2 ✭✈❡r ❋✐❣✉r❛ ✹✳✹✮✱ ♣❛r❛ ❝❛❞❛ ♣❛r (d, g)
❝♦♠ 1 ≤ d ≤ g ❡ d ≡ g (♠♦❞ 2)✱ ❝♦♠♦ ✐❧✉str❛ ❛ ❋✐❣✉r❛ ✹✳✽ ♣❛r❛ ♦ ❝❛s♦ ❞❡
g = d + 2✳ ❖ ❝♦♥t♦r♥♦ γ(fd,g) é ✐rr❡❞✉tí✈❡❧ ❡ ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱
d+ g+1 ♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦s ❡ ♥❡♥❤✉♠❛ ❝ús♣✐❞❡s✳ ❆ss✐♠✱ C+D = d+ g+2✳
◆♦t❡ q✉❡ ❛♦ ❧❛❞♦ ❡sq✉❡r❞♦ ❞❛ ❋✐❣✉r❛ ✹✳✽✱ ✉♠❛ ❛❧ç❛ é ❛❞✐❝✐♦♥❛❞❛ ✈❡rt✐❝❛❧♠❡♥t❡❀
♥♦ ❧❛❞♦ ❞✐r❡✐t♦✱ ✉♠❛ ❛❧ç❛ é ❛❞✐❝✐♦♥❛❞❛ ❤♦r✐③♦♥t❛❧♠❡♥t❡✳

▲❡♠❛ ✹✳✶✳✾✳ P❛r❛ ❝❛❞❛ ♣❛r (d, g) s❛t✐s❢❛③❡♥❞♦ 1 ≤ d ≤ g ❡ d ≡ g (♠♦❞ 2)✱ ❡①✐st❡
✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ fd,g+1 :Mg+1 → S2 ❞❡ ❣r❛✉ d✳



✹✼

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡♠♦s ❛ ❛♣❧✐❝❛çã♦ fd,g ❝♦♥str✉í❞❛ ♥♦ ▲❡♠❛ ✹✳✶✳✽✳
❆❞✐❝✐♦♥❛♥❞♦ ✉♠❛ ❛❧ç❛ à ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ fd,g ❤♦r✐③♦♥t❛❧♠❡♥t❡✱ ♦❜t❡♠♦s ♣❛r❛
❝❛❞❛ ♣❛r (d, g) s❛t✐s❢❛③❡♥❞♦ 1 ≤ d ≤ g ❡ d ≡ g (♠♦❞ 2)✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
fd,g+1 : Mg+1 → S2 ❞❡ ❣r❛✉ d ❝♦♠ m(fd,g+1) = d ✭❋✐❣✉r❛ ✹✳✾✮✳ ❖ ❝♦♥t♦r♥♦
γ(fd,g+1) é ✐rr❡❞✉tí✈❡❧ ❡ ♣♦ss✉✐ ❞✉❛s ❝ús♣✐❞❡s✱ ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦ ❡ d+g+1
♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦s✱ ♦✉ s❡❥❛✱ C +D = d+ g + 4✳ P♦rt❛♥t♦✱ ♣❛r❛ ❝❛❞❛ (d, g′)
s❛t✐s❢❛③❡♥❞♦ 1 ≤ d ≤ g′ ❡ d 6≡ g′ (♠♦❞ 2) ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ fd,g′ :M ′

g → S2 ❝♦♠
m(fd,g′) = d✳ ❖ ❝♦♥t♦r♥♦ γ(fd,g′) é ✐rr❡❞✉tí✈❡❧ ❡ ♣♦ss✉✐ ❞✉❛s ❝ús♣✐❞❡s✱ ✉♠ ♣♦♥t♦
❞✉♣❧♦ ♥❡❣❛t✐✈♦ ❡ d+g′ ♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦s✱ ♦✉ s❡❥❛✱ (C+D) = (2, d+g′+1)✳

Pr♦♣♦s✐çã♦ ✹✳✶✳✶✵✳ P❛r❛ q✉❛✐sq✉❡r ✐♥t❡✐r♦ g ≥ 1 ❡ d ≥ 0✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦
❡stá✈❡❧ f : Mg → S2 ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ t❛❧ q✉❡ ♦ ♣❛r (C,D) é ❛❧❣✉♠ ❞♦s
✐t❡♥s s❡❣✉✐♥t❡s✿

(C,D) =

{
(1)(0, d+ g + 2) s❡ d ≤ g ❡ d ≡ g (♠♦❞ 2)✱

(2)(2, d+ g + 1) s❡ d ≤ g ❡ d 6≡ g (♠♦❞ 2)✱

❉❡♠♦♥str❛çã♦✿ P❡❧♦s ▲❡♠❛s ✹✳✶✳✽ ❡ ✹✳✶✳✾✱ ❜❛st❛ ♣r♦✈❛r ♦ ❝❛s♦ q✉❛♥❞♦ d = 0✳
❊♠ ❬✸✼❪✱ P✐❣♥♦♥✐ ❝♦♥str✉✐✉✱ ♣❛r❛ ❝❛❞❛ g ≥ 1✱ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ pg :Mg → R

2

❝♦♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ✭✈❡r ❚❡♦r❡♠❛ ❄❄✮ ❡♥tã♦✱ ❞❡✜♥✐♥❞♦ f0,g : Mg → S2 ♣♦r
f0,g = j ◦ pg, ♦♥❞❡ j ❞❡♥♦t❛ ❛ ✐♥❝❧✉sã♦ j : R2 →֒ R

2 ∪ {∞} = S2✱ t❡♠♦s q✉❡ ❛
❛♣❧✐❝❛çã♦ f0,g é ❡stá✈❡❧ ❞❡ ❣r❛✉ ③❡r♦ ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ ❡ m(f0,g) = 0✳ ❙❡ g
é í♠♣❛r✱ ❡♥tã♦ γ(f0,g) ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ g ♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦s
❡ ❞✉❛s ❝ús♣✐❞❡s✳ ❆ss✐♠✱ C + D = g + 3✳ ❙❡ g é ♣❛r✱ ❡♥tã♦ γ(f0,g) ♣♦ss✉✐ ✉♠
♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ g + 1 ♣♦♥t♦s ❞✉♣❧♦s ♣♦s✐t✐✈♦s ❡ ♥❡♥❤✉♠❛ ❝ús♣✐❞❡✳ ❆ss✐♠✱
C +D = g + 2✳

❊①❡♠♣❧♦ ✹✳✶✳✶✶✳ ❆ ❋✐❣✉r❛ ✹✳✶✶ ✐❧✉str❛ ♦s ❝♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡✐s ❞❛ ❛♣❧✐❝❛çã♦
pg : Mg → R

2✭✈❡r❬✸✼❪✮✱ q✉❡ t❛♠❜é♠ ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ ❛♣❧✐❝❛çõ❡s ❞❡ ❣r❛✉ ③❡r♦
♥❛ ❡s❢❡r❛✳

❋✐❣✉r❛ ✹✳✶✶✿ ❈♦♥t♦r♥♦s ♠✐♥✐♠❛✐s ♥♦ ♣❧❛♥♦

❊①❡♠♣❧♦ ✹✳✶✳✶✷✳ P❛r❛ ♦ ♣❛r (d, g) = (1, 2)✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
f1,2 : M2 → S2 ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ t❛❧ q✉❡ ♦ ♣❛r (C,D) é (2, 4) ♦✉ (6, 0)✳
❆❞✐❝✐♦♥❛♥❞♦ ✉♠❛ ❛❧ç❛ ❤♦r✐③♦♥t❛❧♠❡♥t❡ à ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : T 2 → S2 ❝✉❥♦
❝♦♥t♦r♥♦ ❡stá ♥❛ ❋✐❣✉r❛ ✶✳✼✱ ♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f1,2 : M2 → S2 ❞❡
❣r❛✉ ✉♠ ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ ❖ ❝♦♥t♦r♥♦ ❞❡st❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ♣♦ss✉✐
s❡✐s ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✱ ♦✉ s❡❥❛✱ (C,D) = (6, 0). P♦r ♦✉tr♦ ❧❛❞♦✱
♣❡❧❛ Pr♦♣♦s✐çã♦ ✹✳✶✳✶✵✱ ♣❛r❛ ♦ ♣❛r (d, g) = (1, 2)✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
f1,2 :M2 → S2 ❞❡ ❣r❛✉ ✉♠✱ ❝✉❥♦ ❝♦♥t♦r♥♦ s❛t✐s❢❛③ (C,D) = (2, 4)



✹✽

❚❡♦r❡♠❛ ✹✳✶✳✶✸✳ P❛r❛ ❝❛❞❛ g ≥ 1 ❡ ❝❛❞❛ d ≥ 0✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧
f : Mg → S2 ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ t❛❧ q✉❡ ♦ ♣❛r (C,D) é ❛❧❣✉♠ ❞♦s ✐t❡♥s
s❡❣✉✐♥t❡s✿

(C,D) =





(1)(2(d− 1), 4) ou (2d+ 2, 0) s❡ d 6= 0 ❡ g = 1✱

(2)(2, 4) ou (6, 0) s❡ (d, g) = (1, 2) ✱

(3)(2(d− g), 2g + 2) s❡ d ≥ g > 1✱

(4)(0, d+ g + 2) s❡ d ≤ g ❡ d ≡ g (♠♦❞ 2) ❡①❝❡t♦ (d, g) = (1, 1)✱

(5)(2, d+ g + 1) s❡ d ≤ g ❡ d 6≡ g (♠♦❞ 2) ❡①❝❡t♦ (d, g) = (1, 2)✱

❉❡♠♦♥str❛çã♦✿ P❡❧❛s Pr♦♣♦s✐çõ❡s ✹✳✶✳✻✱ ✹✳✶✳✼✱ ✹✳✶✳✶✵ ❡ ❊①❡♠♣❧♦ ✹✳✶✳✶✷ s❡❣✉❡ ♦
r❡s✉❧t❛❞♦✳

✭❛✮ ✭❜✮ ✭❝✮

❋✐❣✉r❛ ✹✳✶✷✿ ❈♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s ❞❡ ❣r❛✉ ③❡r♦ ❞♦ ❜✐t♦r♦
♥❛ ❡s❢❡r❛✳

❊①❡♠♣❧♦ ✹✳✶✳✶✹✳ ❆ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❝✉❥♦ ❝♦♥t♦r♥♦ ❡stá ♥❛ ❋✐❣✉r❛ ✹✳✶✷❝
é t❛♠❜é♠ ♦❜t✐❞❛ ♣♦r ❛❞✐❝✐♦♥❛r ✉♠❛ ❛❧ç❛ à ❛♣❧✐❝❛çã♦ f ′ : T 2 → S2 ✭✈❡r
❋✐❣✉r❛ ✹✳✶✵❛✮✳

❊①❡♠♣❧♦ ✹✳✶✳✶✺✳ ❆ ❛♣❧✐❝❛çã♦ f1 : S2 → S2✱ ♦❜t✐❞❛ ♣❡❧❛ ❛♣❧✐❝❛çã♦ ✐❞❡♥t✐❞❛❞❡✱
♣❛ss❛♥❞♦ ♣❡❧❛ tr❛♥s✐çã♦ ❞♦ t✐♣♦ ❧á❜✐♦s✱ ♣♦ss✉✐ ❣r❛✉ ✶ ❡ é t❛❧ q✉❡ ♦ s❡✉ ❝♦♥❥✉♥t♦
s✐♥❣✉❧❛r é ❝♦♥❡①♦✱ s❡♠ ♣♦♥t♦s ❞✉♣❧♦s ❡ ❝♦♠ ❞✉❛s ❝ús♣✐❞❡s ✭✈❡r ❋✐❣✉r❛ ✷✳✹✮
❋❛③❡♥❞♦ ❛ s♦♠❛ ❝♦♥❡①❛ ❞❛ ❛♣❧✐❝❛çã♦ f1 ❝♦♠ ❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ❣r❛✉ ③❡r♦
f0,1 : T 2 → S2✱ ♦❜t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ (f1 +H f0,1) : T

2 → S2 ❞❡ ❣r❛✉ ✶
❝✉❥♦ ❝♦♥t♦r♥♦ ❡stá ♥❛ ❋✐❣✉r❛ ✹✳✷❞✳

❊①❡♠♣❧♦ ✹✳✶✳✶✻✳ ❈♦♥s✐❞❡r❡♠♦s ♦ ❝❛s♦ ♦♥❞❡ t❡♠♦s ✉♠❛ ❛♣❧✐❝❛çã♦ f :Mg →M1✳
❆ ❋✐❣✉r❛ ✹✳✶✸ ✐❧✉str❛ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s q✉❡ ❥✉♥t♦ ❝♦♠ s❡✉s ❝♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡✐s
s❛t✐s❢❛③❡♠✿

✭❛✮ d = 0 ❡ g = 0 t❛❧ q✉❡ (C,D) = (0, 0)✱

✭❜✮ d = 0 ❡ g = 1 t❛❧ q✉❡ (C,D) = (2, 2)✱

✭❝✮ d 6= 0 ❡ g = 1 t❛❧ q✉❡ (C,D) = (2, 0)✱

✭❞✮ g ≥ 2 é ♣❛r ❡ ♣❛r❛ q✉❛❧q✉❡r d t❛❧ q✉❡ (C,D) = (0, g − 2)✱

✭❡✮ g ≥ 3 é í♠♣❛r ❡ ♣❛r❛ q✉❛❧q✉❡r d t❛❧ q✉❡ (C,D) = (2, g − 3)✳



✹✾

✭❛✮ ✭❜✮ ✭❝✮

✭❞✮ ✭❡✮

❋✐❣✉r❛ ✹✳✶✸✿ ❈♦♥t♦r♥♦s ❛♣❛r❡♥t❡s ❞❡ ❛♣❧✐❝❛çõ❡s M →M1✳

✹✳✷ ❈♦♥t♦r♥♦s ♠✐♥✐♠❛✐s

◆❡st❛ s❡çã♦✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦s ❝❛s♦s ❡♠ q✉❡ ♦s ❝♦♥t♦r♥♦s ✐rr❡❞✉tí✈❡✐s tê♠ ♦
♠❡♥♦r ♥ú♠❡r♦ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s ❡ ❝ús♣✐❞❡s✳

❉❡✜♥✐çã♦ ✹✳✷✳✶✳ ❙❡❥❛ f0 : M → N ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❡ f : M → N ✉♠❛
❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❛ q✉❛❧ é ❤♦♠♦tó♣✐❝❛ ❛ f0 ❡ ❝✉❥♦ ❝♦♥❥✉♥t♦ s✐♥❣✉❧❛r ❝♦♥s✐st❡ ❞❡
✉♠❛ ❝♦♠♣♦♥❡♥t❡✳ ❖ ❝♦♥t♦r♥♦ γ(f) é ❝❤❛♠❛❞♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f0✱ s❡
C(f) +D(f) ❞❡ γ(f) é ♦ ♠❡♥♦r ❞❡ t♦❞♦s ♦s ❝♦♥t♦r♥♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s q✉❡
sã♦ ❤♦♠♦tó♣✐❝❛s ❛ f0 ❡ ❝✉❥♦s ❝♦♥t♦r♥♦s sã♦ ✐rr❡❞✉tí✈❡✐s✳

✹✳✷✳✶ ❈♦♥t♦r♥♦s ♠✐♥✐♠❛✐s ❞❡ ❛♣❧✐❝❛çõ❡s ♥❛ ❡s❢❡r❛

❚❡♦r❡♠❛ ✹✳✷✳✷✳ ❙❡❥❛ f : S2 → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❝♦♠ deg(f) ≥ 2✳ ❆
❛♣❧✐❝❛çã♦ ❡stá✈❡❧ h : S2 → S2✱ q✉❡ r❡❛❧✐③❛ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f ✱ ❞❡✈❡ ♣♦ss✉✐r
♥♦ ♠í♥✐♠♦ 2deg(f) ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✱ ♦✉ s❡❥❛ C(h) + D(h) ≥
2deg(f)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ h ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ❤♦♠♦tó♣✐❝❛ ❛ f ✱ q✉❡ r❡❛❧✐③❛ ♦
❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f ✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✶✳✸✳✼✱ ❞✉❛s ❛♣❧✐❝❛çõ❡s ❤♦♠♦tó♣✐❝❛s t❡♠
♦ ♠❡s♠♦ ❣r❛✉✱ ♦✉ s❡❥❛✱ deg(h) = deg(f) ≥ 2✱ ❡♥tã♦ ♣❡❧♦ ❝♦r♦❧ár✐♦ ✶✳✸✳✽ ♦ ❝♦♥❥✉♥t♦
s✐♥❣✉❧❛r Σh 6= ∅. P♦r ♦✉tr♦ ❧❛❞♦✱ ❝♦♠♦ ❛ ❝❛r❛❝t❡ríst✐❝❛ ❞❡ ❊✉❧❡r χ(S2) = 2✱ s❡❣✉❡
♣❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✼ q✉❡

|
∑

qk:cusp

sign(qk)− 2deg(f) |≤ 0,

♦♥❞❡ sign(qk) é ♦ s✐♥❛❧ ❞❛ ❝ús♣✐❞❡ qk✳ ❖✉ s❡❥❛✱

∑

qk:cusp

sign(qk) = 2deg(f).



✺✵

P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❣❡r❛ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f ❞❡✈❡ t❡r ♦ ♠❡♥♦r ✈❛❧♦r
♣❛r❛ ❛ s♦♠❛ ❞♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❡ ❞❡ ♣♦♥t♦s ❞✉♣❧♦s✱ ♦✉ s❡❥❛✱ C(f) +D(f) ≥
2deg(f)✳

◆❡st❛ ♣❛rt❡ s❡ ❛ss✉♠❡ g ≥ 1 ❡ d > 0✳

❚❡♦r❡♠❛ ✹✳✷✳✸✳ ❙❡❥❛♠ d ≤ g✱ d ≡ g (♠♦❞ 2) ❡ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦
s✉❛✈❡ ❞❡ ❣r❛✉ d ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ ❖ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f ♣♦ss✉✐ ♥♦
♠í♥✐♠♦ d+ g + 2 ❝ús♣✐❞❡s ❡ ♣♦♥t♦s ❞✉♣❧♦s✱ ♦✉ s❡❥❛✱ C +D ≥ d+ g + 2✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✾ ♣❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f :Mg → S2

❞❡ ❣r❛✉ d ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✱

d+ g ≤ g +m(f) = (D+ −D−) +
C

2
. ✭✹✳✶✮

❙❡ γ(f) ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✵ t❡♠♦s q✉❡✱ γ(f) t❡♠ ✉♠
♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ ♦✉ s❡❥❛ D− ≥ 1✳ ❊♥tã♦✱ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✹✳✶✱ t❡♠♦s
D+ ≥ d+ g + 1− C

2
. ❈♦♠♦ D− ≥ 0, D = D+ +D− ≥ d+ g + 2− C

2
. ❙♦♠❛♥❞♦ ♦

♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s C ❛ ❛♠❜♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ t❡♠♦s

C +D ≥ C + d+ g + 2−
C

2
= d+ g + 2 +

C

2
≥ d+ g + 2.

❖✉ s❡❥❛✱
C +D ≥ d+ g + 2.

P♦rt❛♥t♦✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ❞❡✈❡ t❡r C + D ≥ d + g + 2✳ P♦r
♦✉tr♦ ❧❛❞♦✱ s❡ γ(f) ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❞✉♣❧♦s✱ ♣❡❧❛ ❊q✉❛çã♦ ✹✳✶✱

C ≥ 2(g + d).

❙❡ d ≥ 1✱ ❡♥tã♦ 2(d+ g) ≥ d+ g + 2✳ ❆ss✐♠✱ ♣❛r❛ ♦ ❝♦♥t♦r♥♦ γ(f) t❡♠♦s✱

C +D ≥ d+ g + 2.

P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❣❡r❛ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f ❞❡✈❡ t❡r ♦ ♠❡♥♦r ✈❛❧♦r
♣❛r❛ ❛ s♦♠❛ ❞♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❡ ❞❡ ♣♦♥t♦s ❞✉♣❧♦✳ ❖✉ s❡❥❛✱ C+D ≥ d+g+2✳
❊♥tã♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✺✱ ✈❡♠♦s q✉❡ ♦ ❝♦♥t♦r♥♦ γ(fd,g) é ♠✐♥✐♠❛❧ ❞❡ f ✱ ♣♦✐s ♦
❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ é ❝♦♥❡①♦ ❡ ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ d+g+2 ❝ús♣✐❞❡s ❡ ♣♦♥t♦s ❞✉♣❧♦s✳
P♦rt❛♥t♦✱ ♦ ❝♦♥t♦r♥♦ γ(fg,d) é ♠✐♥✐♠❛❧ ♣❛r❛ ❝❛❞❛ (d, g) s❛t✐s❢❛③❡♥❞♦ 1 ≤ d ≤ g ❡
d ≡ g (♠♦❞ 2)✳

▲❡♠❛ ✹✳✷✳✹✳ ❙❡❥❛ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ❣r❛✉ d ❝♦♠ ❝♦♥t♦r♥♦
✐rr❡❞✉tí✈❡❧✳ ❙❡ ♦ ♥ú♠❡r♦ g − d é í♠♣❛r✱ ❡♥tã♦ ♦ ❝♦♥t♦r♥♦ γ(f) t❡♠ ♣❡❧♦ ♠❡♥♦s
❞✉❛s ❝ús♣✐❞❡s✱ ♦✉ s❡❥❛✱ C ≥ 2✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✳ ❈♦♠♦ χ(S2) = 2✱
s❡❣✉❡ ❚❡♦r❡♠❛ ✷✳✷✳✷ q✉❡

χ(Mg)− 2χ((Mg)
−) +

∑

qk:cusp

sign(qk) = 2d. ✭✹✳✷✮



✺✶

◆♦t❡ q✉❡ Mg
− é ❤♦♠❡♦♠♦r❢♦ ❛ Mg−λ ❝♦♠ ✉♠ ❜✉r❛❝♦✱ ♣❛r❛ λ = 0, ..., g. ❊♥tã♦✱

χ((Mg)
−) = 2− 2(g − λ)− 1. ❈♦♠♦ χ(Mg) = 2− 2g, ♣❡❧❛ ❊q✉❛çã♦ ✹✳✷✱ t❡♠♦s

2− 2g − 2(2− 2(g − λ)− 1) +
∑

qk:cusp

sign(qk) = 2d. ✭✹✳✸✮

❙✐♠♣❧✐✜❝❛♥❞♦ ❛ ❊q✉❛çã♦ ✹✳✸✱ t❡♠♦s

2g − 4λ+
∑

qk:cusp

sign(qk) = 2d. ✭✹✳✹✮

❙❡ γ(f) ♥ã♦ ♣♦ss✉✐ ❝ús♣✐❞❡s ❡♥tã♦✱ ♣❡❧❛ ❊q✉❛çã♦ ✹✳✹✱ t❡♠♦s g − d = 2λ✳ ■st♦ é
✉♠❛ ❝♦♥tr❛❞✐çã♦✱ ♣♦✐s g − d é✱ ♣❡❧❛ ❤✐♣ót❡s❡✱ ✉♠ ♥ú♠❡r♦ í♠♣❛r✳

◆♦t❡ q✉❡ ♣♦r ✉♠ r❡s✉❧t❛❞♦ ❞❡ ❚❤♦♠ ❬✹✵❪✱ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s ❞❡ γ(f) é ✉♠
♥ú♠❡r♦ ♣❛r✳

❚❡♦r❡♠❛ ✹✳✷✳✺✳ ❙❡❥❛♠ d < g✱ d 6≡ g (♠♦❞ 2) ❡ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦
s✉❛✈❡ ❞❡ ❣r❛✉ d ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ ❖ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f ♣♦ss✉✐ ♥♦
♠í♥✐♠♦ ❞✉❛s ❝ús♣✐❞❡s ❡ d+ g + 1 ♣♦♥t♦s ❞✉♣❧♦s✱ ♦✉ s❡❥❛✱ C +D ≥ d+ g + 3✳

❉❡♠♦♥str❛çã♦✿ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✾ ♣❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f :Mg → S2

❞❡ ❣r❛✉ d ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✱ t❡♠♦s

g +m(f) = (D+ −D−) +
C

2
. ✭✹✳✺✮

❈♦♠♦ d ≤ m(f)✱ s❡❣✉❡ q✉❡

d+ g ≤ g +m(f) = (D+ −D−) +
C

2
. ✭✹✳✻✮

❙❡ γ(f) ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦✱ ♦ ▲❡♠❛ ✸✳✷✳✶✵ ❣❛r❛♥t❡ q✉❡ γ(f) t❡♠ ✉♠ ♣♦♥t♦
❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ ♦✉ s❡❥❛ D− ≥ 1✳ ❆ss✐♠✱ ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✹✳✻ t❡♠♦s q✉❡

D+ +D− ≥ d+ g + 1−
C

2
+ 1.

❖✉ s❡❥❛✱

D ≥ d+ g + 2−
C

2
.

❙♦♠❛♥❞♦ C ♥♦s ❞♦✐s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ t❡♠♦s

C +D ≥ C + d+ g + 2−
C

2
= d+ g + 2 +

C

2
. ✭✹✳✼✮

P❡❧❛ ❝♦♥❞✐çã♦ d 6≡ g (♠♦❞ 2)✱ t❡♠♦s q✉❡ g − d é í♠♣❛r✳ ▲♦❣♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✷✳✹ ♦
❝♦♥t♦r♥♦ ❞❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s ❞✉❛s ❝ús♣✐❞❡s✱ ✐st♦ é✱ C ≥ 2. ❆ss✐♠✱
♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✹✳✼

C +D ≥ d+ g + 2 +
C

2
≥ d+ g + 2 + 1 = d+ g + 3.
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P♦rt❛♥t♦✱ ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❣❡r❛ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f ❞❡✈❡ t❡r C+D ≥ d+g+3✳
P❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✶✸✱ ✈❡♠♦s q✉❡ ♦ ❝♦♥t♦r♥♦ γ(fd,g) é ♠✐♥✐♠❛❧ ❞❡ f ✱ ♣♦✐s ♦ ❝♦♥t♦r♥♦
❛♣❛r❡♥t❡ é ✐rr❡❞✉tí✈❡❧ ❡ C +D = d+ g + 3✳

▲❡♠❛ ✹✳✷✳✻✳ ❙❡❥❛ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ❣r❛✉ d ❝♦♠ ❝♦♥t♦r♥♦
✐rr❡❞✉tí✈❡❧✳ ❊♥tã♦✱ ♦ ❝♦♥t♦r♥♦ γ(f) ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s 2(d− g) ❝ús♣✐❞❡s✱ ♦✉ s❡❥❛✱
C ≥ 2(d− g)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f :Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❝✉❥❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛ é
❝♦♥❡①❛✳ P❡❧♦ ❈♦r♦❧ár✐♦ ✷✳✷✳✼✱ t❡♠♦s

|
∑

qk:cusp

sign(qk)− 2d |≤ 2− χ(Mg), ✭✹✳✽✮

♦♥❞❡ ♦ s✐♥❛❧ ❞❛ ❝ús♣✐❞❡ qk s❛t✐s❢❛③ sign(qk) = ±1✳ ◆❛ ❚❛❜❡❧❛ ✶✳✺ ✈❡♠♦s q✉❡
χ(Mg) = 2− 2g✱ ❧♦❣♦

|
∑

qk:cusp

sign(qk)− 2d |≤ 2− 2 + 2g,

❆ss✐♠✱
−2g ≤

∑

qk:cusp

sign(qk)− 2d ≤ 2g. ✭✹✳✾✮

❙❡❣✉❡ ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡ ✹✳✾ q✉❡

2(d− g) ≤
∑

qk:cusp

sign(qk) ≤ 2(d+ g). ✭✹✳✶✵✮

P♦rt❛♥t♦✱ ♦ ♠❡♥♦r ✈❛❧♦r ♣❛r❛ ❛ s♦♠❛ ❞♦s s✐♥❛✐s ❞❛s ❝ús♣✐❞❡s é (2d− g)✱ ♦✉ s❡❥❛✱
♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ♣♦ss✉✐ ♥♦ ♠í♥✐♠♦ (2d− g) ❝ús♣✐❞❡s✳

❚❡♦r❡♠❛ ✹✳✷✳✼✳ ❙❡❥❛♠ d ≥ g ❡ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ❣r❛✉ d
❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ ❖ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐ 2(d− g)
❝ús♣✐❞❡s ❡ 2g + 2 ♣♦♥t♦s ❞✉♣❧♦s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ❣r❛✉ d ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ Mg✱
t❛❧ q✉❡ ♦ ♣❛r (d, g) s❛t✐s❢❛③ d ≥ 0✱ g ≥ 1✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✾ s❡ f t❡♠ ❣r❛✉ d
❡ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✱ ❡♥tã♦

d+ g ≤ g +m(f) = (D+ −D−) +
C

2
. ✭✹✳✶✶✮

❙❡ γ(f) ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✵ t❡♠♦s q✉❡✱ γ(f) ♣♦ss✉✐ ✉♠
♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ ♦✉ s❡❥❛ D− > 0✳ ❉❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✹✳✶✶ t❡♠♦s q✉❡

D+ ≥ d+ g + 1−
C

2
. ✭✹✳✶✷✮

P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✷✳✻✱ t❡♠♦s C ≥ 2(d − g) ❡ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✹✳✶✷✱
t❡♠♦s

D+ ≥ d+ g + 1−
2(d− g)

2
≥ 2g + 1.
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❈♦♠♦ D− > 0✱ ❡♥tã♦
D = D+ +D− ≥ 2g + 2.

❆ss✐♠✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ♣❛r❛ ❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐ ♣❡❧♦ ♠❡♥♦s 2(d−g) ❝ús♣✐❞❡s
❡ ♣❡❧♦ ♠❡♥♦s 2g + 2 ♣♦♥t♦s ❞✉♣❧♦s✳ P♦rt❛♥t♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✶✸✱ ♦ ❝♦♥t♦r♥♦
γ(fd,g) é ♠✐♥✐♠❛❧ ♣❛r❛ ❝❛❞❛ (d, g) s❛t✐s❢❛③❡♥❞♦ d ≥ g ≥ 1✱ ♣♦✐s γ(fd,g) ♣♦ss✉✐
2(d− g) ❝ús♣✐❞❡s ❡ 2g + 2 ♣♦♥t♦s ❞✉♣❧♦s✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✽✳ ❙❡❥❛ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ❣r❛✉ ③❡r♦ ❝♦♠
❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ ❙❡ ♦ ♠❡♥♦r ♥ú♠❡r♦ ❞❡ ♣ré✲✐♠❛❣❡♥s ❞❡ ✈❛❧♦r❡s r❡❣✉❧❛r❡s
m(f) 6= 0✱ ❡♥tã♦ ♦ ♥ú♠❡r♦ C +D ♣❛r❛ ♦ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ γ(f) ❞❡ f é ♠❛✐♦r
q✉❡ ♣❛r❛ ♦ ❝♦♥t♦r♥♦ γ(f0,g)✭✈❡r Pr♦♣♦s✐çã♦ ✹✳✶✳✶✵✮✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ f :Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ❣r❛✉ ③❡r♦✳ ❙✉♣♦♥❤❛
q✉❡ m(f) ≥ 0✳ P❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✾✱ ♦❜t❡♠♦s ❛ s❡❣✉✐♥t❡ ❞❡s✐❣✉❛❧❞❛❞❡ ♣❛r❛
❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ❣r❛✉ ③❡r♦ f : Mg → S2✱ ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ ❝♦♠
m(f) 6= 0✱

g + 1 ≤ g +m(f) = (D+ −D−) +
C

2
. ✭✹✳✶✸✮

Pr✐♠❡✐r♦ ✈❛♠♦s s✉♣♦r q✉❡ g é ✉♠ ♥ú♠❡r♦ í♠♣❛r✳ ❙❡ γ(f) ♣♦ss✉✐ ✉♠ ♣♦♥t♦
❞✉♣❧♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✵ t❡♠♦s q✉❡ γ(f) ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ ♦✉
s❡❥❛✱ D− ≥ 1✳ P❡❧❛ ❊q✉❛çã♦ ✹✳✶✸✱ t❡♠♦s

D = D+ +D− ≥ g + 3−
C

2
.

❙♦♠❛♥❞♦ ♦ ♥ú♠❡r♦ ❞❡ ❝ús♣✐❞❡s C✱ ❛ ❛♠❜♦s ❧❛❞♦s ❞❛ ❞❡s✐❣✉❛❧❞❛❞❡✱ t❡♠♦s

C +D ≥ g + 3 +
C

2
. ✭✹✳✶✹✮

❈♦♠♦ d = 0 ❡ g é ✉♠ ♥ú♠❡r♦ í♠♣❛r✱ ♣❡❧♦ ▲❡♠❛ ✹✳✷✳✹ ❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐ ♣❡❧♦
♠❡♥♦s ❞✉❛s ❝ús♣✐❞❡s✱ ♦✉ s❡❥❛✱ C

2
≥ 1. ❆ss✐♠✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✹✳✶✹✱ t❡♠♦s

C +D ≥ g + 3 +
C

2
≥ g + 4 ≥ g + 3.

❙❡ f ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❞✉♣❧♦s✱ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✹✳✶✸✱

C ≥ 2g + 2.

❈♦♠♦ g é í♠♣❛r✱ ♣♦❞❡♠♦s ❡s❝r❡✈❡r g = 2n+ 1✱ ♣❛r❛ ❛❧❣✉♠ n ∈ N. ❊♥tã♦

2g + 2 = 2(2n+ 1) + 2 = 4n+ 4 ≤ (2n+ 1) + 3 = g + 3.

▲♦❣♦✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ✱ q✉❛♥❞♦ g é í♠♣❛r✱ s❛t✐s❢❛③ C+D ≥ g+3✳
❆ss✉♠❛ q✉❡ g é ✉♠ ♥ú♠❡r♦ ♣❛r✳ ❙❡ γ(f) ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦✱ ♣❡❧♦ ▲❡♠❛ ✸✳✷✳✶✵
t❡♠♦s q✉❡ γ(f) ♣♦ss✉✐ ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ ♦✉ s❡❥❛✱ D− > 0✳ ❙✉❜st✐t✉✐♥❞♦
♥❛ ❊q✉❛çã♦ ✹✳✶✸✱ t❡♠♦s

D+ ≥ g + 2−
C

2
.
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❈♦♠♦ D− > 0✱

D = D+ +D− ≥ g + 2−
C

2
. ✭✹✳✶✺✮

❙♦♠❛♥❞♦ C ❛ ❛♠❜♦s ❧❛❞♦s ❞❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✹✳✶✺✱ t❡♠♦s

C +D ≥ g + 2 +
C

2
≥ g + 2.

❙❡ f ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❞✉♣❧♦s✱ ♥♦✈❛♠❡♥t❡ ♣❡❧❛ ❉❡s✐❣✉❛❧❞❛❞❡ ✹✳✶✸✱

C ≥ 2g + 2.

❈♦♠♦ 2g+2 ≥ g+2, ❧♦❣♦ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦
f s❛t✐s❢❛③ C +D ≥ g + 2✳

❚❡♦r❡♠❛ ✹✳✷✳✾✳ ❙❡❥❛♠ d = 0✱ g ≥ 1 ❡ f :Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ❣r❛✉
③❡r♦ ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ ❆ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f0,g : S2 → S2✱ q✉❡ r❡❛❧✐③❛ ♦
❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f s❛t✐s❢❛③ C +D ≥ g + 3 ♦✉ C +D ≥ g + 2✱ s❡ g é í♠♣❛r
♦✉ ♣❛r✱ r❡s♣❡t✐✈❛♠❡♥t❡✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ d = 0✱ g ≥ 1 ❡ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡
❞❡ ❣r❛✉ d✳ P❡❧♦ ✈✐st♦ ♥❛ ❞❡♠♦♥str❛çã♦ ❞❛ Pr♦♣♦s✐çã♦ ✹✳✷✳✽✱ s❡ ♦ ❣ê♥❡r♦ g é
í♠♣❛r ♦✉ ♣❛r✱ ♦ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ ❞❛ ❛♣❧✐❝❛çã♦ f s❛t✐s❢❛③ C + D ≥ g + 3 ♦✉
C+D ≥ g+2✱ r❡s♣❡t✐✈❛♠❡♥t❡✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✶✸✱ ❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦
❡stá✈❡❧ f0,g : Mg → S2 ❞❡ ❣r❛✉ ③❡r♦ ❝✉❥♦ ❝♦♥t♦r♥♦ s❛t✐s❢❛③ (C,D) = (2, g + 1) s❡
g é ✐♠♣❛r ❡ (C,D) = (0, g + 2) s❡ g é ♣❛r✳ P♦rt❛♥t♦✱ ❡♠ ❛♠❜♦s ♦s ❝❛s♦s✱ γ(f0,g)
é ✉♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ✳

❆ s❡❣✉✐r✱ ❛♣r❡s❡♥t❛r❡♠♦s ♦ r❡s✉❧t❛❞♦ ❣❡r❛❧ ❞❡ ♠✐♥✐♠❛❧✐❞❛❞❡ ♣❛r❛ ❛♣❧✐❝❛çõ❡s
♥❛ ❡s❢❡r❛✳

❚❡♦r❡♠❛ ✹✳✷✳✶✵✳ ❙❡❥❛ d ≥ 0✱ g ≥ 0 ❡ f : Mg → S2 ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ❣r❛✉
d ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ ❖ ♣❛r (C,D) ♣❛r❛ ✉♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f é ✉♠
❞❡st❡s ✐t❡♥s ❛ s❡❣✉✐r✿

(C,D) =





(1) (2d, 0) s❡ d 6= 2 ❡ g = 0✱

(2) (2(d− 1), 4) ou (2d+ 2, 0) s❡ d 6= 0 ❡ g = 1✱

(3) (2, 4) ou (6, 0) s❡ (d, g) = (1, 2) ✱

(4) (2(d− g), 2g + 2) s❡ d ≥ g > 1✱

(5) (0, d+ g + 2) s❡ d ≤ g ❡ d ≡ g (♠♦❞ 2) ❡①❝❡t♦ (d, g) = (1, 1)✱

(6) (2, d+ g + 1) s❡ d ≤ g ❡ d 6≡ g (♠♦❞ 2) ❡①❝❡t♦ (d, g) = (1, 2)✳

❉❡♠♦♥str❛çã♦✿ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ f : Mg → S2 ❞❡ ❣r❛✉ d✳ ❱❛♠♦s
❞✐✈✐❞✐r ❛ ♣r♦✈❛ ♥♦s s❡✐s ❝❛s♦s ❞✐❢❡r❡♥t❡s✳

(1) ❙✉♣♦♥❤❛ f : S2 → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ❣r❛✉ d ≥ 2✱ ❡♥tã♦ ♣❡❧♦
❚❡♦r❡♠❛ ✹✳✷✳✷ ❛ ❛♣❧✐❝❛çã♦ q✉❡ ❣❡r❛ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f ❞❡✈❡ t❡r C +D ≥
2deg(f)✳ ❊♥tã♦✱ ♣❡❧♦ ▲❡♠❛ ✹✳✶✳✹✱ ✈❡♠♦s q✉❡ ♦ ❝♦♥t♦r♥♦ γ(fd,0) é ♠✐♥✐♠❛❧ ❞❡
f ✱ ♣♦✐s ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ é ❝♦♥❡①♦ ❡ ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ 2deg(f) ❝ús♣✐❞❡s ❡
♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✳
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(2) ❙✉♣♦♥❤❛ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ❣r❛✉ d✱ ♦♥❞❡ (d, g) s❛t✐s❢❛③
d 6= 0 ❡ g = 1✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✼✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐
2(d− 1) ❝ús♣✐❞❡s ❡ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s✱ ♦✉ s❡❥❛✱ (C,D) = (2(d− 1), 4)✳ ▲♦❣♦✱ ♦
❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f :Mg → S2✱ ♦♥❞❡ ♦ ♣❛r (d, g) s❛t✐s❢❛③ d 6= 0
❡ g = 1✱ s❛t✐s❢❛③ (C,D) = (2(d − 1), 4)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✶✸✱
❡①✐st❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ fd,g : Mg → S2✱ ♦♥❞❡ ♦ ♣❛r (d, g) s❛t✐s❢❛③ d 6= 0 ❡
g = 1✱ ❝✉❥♦ ❝♦♥t♦r♥♦ é ✐rr❡❞✉tí✈❡❧ ❝♦♠ 2d + 2 ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✱
♦✉ s❡❥❛✱ (C,D) = (2d + 2, 0)✳ P♦rt❛♥t♦✱ ❡st❡ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧ é ♦ ❝♦♥t♦r♥♦
♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ✳

(3) ❙✉♣♦♥❤❛ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ❣r❛✉ d✱ ♦♥❞❡ (d, g) s❛t✐s❢❛③
d = 1 ❡ g = 2✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✺✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐
❞✉❛s ❝ús♣✐❞❡s ❡ q✉❛tr♦ ♣♦♥t♦s ❞✉♣❧♦s✱ ♦✉ s❡❥❛✱ (C,D) = (2, 4)✳ ▲♦❣♦✱ ♦ ❝♦♥t♦r♥♦
♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f : Mg → S2✱ ♦♥❞❡ ♦ ♣❛r (d, g) é t❛❧ q✉❡ d = 1 ❡
g = 2✱ s❛t✐s❢❛③ (C,D) = (2, 4)✳ P♦r ♦✉tr♦ ❧❛❞♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✶✸✱ ❡①✐st❡ ✉♠❛
❛♣❧✐❝❛çã♦ ❡stá✈❡❧ fd,g : Mg → S2✱ ♦♥❞❡ ♦ ♣❛r (d, g) s❛t✐s❢❛③ d = 0 ❡ g = 1 ❡
❝✉❥♦ ❝♦♥t♦r♥♦ é ✐rr❡❞✉tí✈❡❧ ❡ ♣♦ss✉✐ s❡✐s ❝ús♣✐❞❡s ❡ ♥❡♥❤✉♠ ♣♦♥t♦ ❞✉♣❧♦✱ ♦✉ s❡❥❛✱
(C,D) = (6, 0)✳ ▲♦❣♦✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f :Mg → S2✱ ♦♥❞❡ ♦
♣❛r (d, g) é t❛❧ q✉❡ d = 1 ❡ g = 2✱ s❛t✐s❢❛③ (C,D) = (6, 0)✳ P♦rt❛♥t♦✱ ♦s ❝♦♥t♦r♥♦s
❞❡st❛s ❞✉❛s ❛♣❧✐❝❛çõ❡s sã♦ ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s ❞❛ ❛♣❧✐❝❛çã♦ f ✳

(4) ❙✉♣♦♥❤❛ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ❣r❛✉ d✱ ♦♥❞❡ (d, g) s❛t✐s❢❛③
d 6= 0 ❡ g = 1✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✼✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐
2(d − g) ❝ús♣✐❞❡s ❡ (2g + 2)✱ ♦✉ s❡❥❛✱ (C,D) = (2(d − g), 2g + 2)✳ P♦rt❛♥t♦✱ ♦
❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f :Mg → S2✱ ♦♥❞❡ ♦ ♣❛r (d, g) s❛t✐s❢❛③ d 6= 0
❡ g = 1✱ s❛t✐s❢❛③ (C,D) = (2(d− g), 2g + 2)✳

(5) ❙✉♣♦♥❤❛ q✉❡ d = 0✳ ❆ss✐♠✱ ♣❡❧❛ ❝♦♥❞✐çã♦ d ≡ g (♠♦❞ 2) t❡♠♦s q✉❡ g é ✉♠
♥ú♠❡r♦ ♣❛r✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✾ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐
g + 2 ♣♦♥t♦s ❞✉♣❧♦s ❡ ♥❡♥❤✉♠❛ ❝ús♣✐❞❡✱ ♦✉ s❡❥❛✱ (C,D) = (0, g + 2)✳ ❆❣♦r❛✱
s✉♣♦♥❤❛ q✉❡ d 6= 0✳ ❆ss✐♠✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✸✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦
f ♣♦ss✉✐ d+g+2 ♣♦♥t♦s ❞✉♣❧♦s ❡ ♥❡♥❤✉♠❛ ❝ús♣✐❞❡✱ ♦✉ s❡❥❛✱ (C,D) = (0, d+g+2)✳
P♦rt❛♥t♦✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f : Mg → S2✱ ♦♥❞❡ ♦ ♣❛r
(d, g) s❛t✐s❢❛③ d ≤ g ❡ d ≡ g (♠♦❞ 2) ❡①❝❡t♦ ♣❛r❛ (d, g) = (1, 1)✱ s❛t✐s❢❛③
(C,D) = (0, d+ g + 2)✳

(6) ❙✉♣♦♥❤❛ q✉❡ d = 0✳ P❡❧❛ ❝♦♥❞✐çã♦ d 6≡ g (♠♦❞ 2) t❡♠♦s q✉❡ g é ✉♠ ♥ú♠❡r♦
í♠♣❛r✳ ▲♦❣♦✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✾✱ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐ ❞✉❛s
❝ús♣✐❞❡s ❡ g + 3 ♣♦♥t♦s ❞✉♣❧♦s✱ ♦✉ s❡❥❛✱ (C,D) = (2, g + 1)✳ ❆❣♦r❛✱ s✉♣♦♥❤❛
q✉❡ d 6= 0✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✺ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛ ❛♣❧✐❝❛çã♦ f ♣♦ss✉✐ ❞✉❛s
❝ús♣✐❞❡ ❡ d + g + 2 ♣♦♥t♦s ❞✉♣❧♦s✱ ♦✉ s❡❥❛✱ (C,D) = (2, d + g + 1)✳ P♦rt❛♥t♦✱ ♦
❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ f :Mg → S2✱ ♦♥❞❡ ♦ ♣❛r (d, g) s❛t✐s❢❛③ d ≤ g
❡ d 6≡ g (♠♦❞ 2)✱ ❡①❝❡t♦ (d, g) = (1, 2)✱ s❛t✐s❢❛③ (C,D) = (2, d+ g + 1)✳

❈♦r♦❧ár✐♦ ✹✳✷✳✶✶✳ ❖ ♥ú♠❡r♦ C + D ♣❛r❛ ✉♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f é ❛❧❣✉♠



✺✻

❞♦s ✐t❡♥s ❛❜❛✐①♦✿

C +D =





2d s❡ d ≥ 2 ❡ g = 0

2d+ 2 s❡ d ≥ g✱

d+ g + 2 s❡ d ≤ g ❡ d ≡ g (♠♦❞ 2)✱

d+ g + 3 s❡ d < g ❡ d ≡ g (♠♦❞ 2)✳

❉❡♠♦♥str❛çã♦✿ ❚♦♠❛♥❞♦ (C,D) ❝♦♠♦ ♥♦ ❚❡♦r❡♠❛ ✹✳✷✳✶✵✱ ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r
♦ ♥ú♠❡r♦ C +D ♣❛r❛ ✉♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧✳

❆♣r❡s❡♥t❛r❡♠♦s ✉♠ r❡s✉❧t❛❞♦ ❞❡ ✉♥✐❝✐❞❛❞❡ ❞♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧✳

Pr♦♣♦s✐çã♦ ✹✳✷✳✶✷✳ ❙❡❥❛♠ d ≤ g✱ d ≡ g (♠♦❞ 2) ❡ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦
s✉❛✈❡ ❞❡ ❣r❛✉ d ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ ❆ ❢♦r♠❛ ❞❡ ✉♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❛
❛♣❧✐❝❛çã♦ f é ú♥✐❝❛ ❛ ♠❡♥♦s q✉❡ s❡❥❛ (g, d) = (1, 1)✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ d ≤ g✱ d ≡ g (♠♦❞ 2) ❡ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦
s✉❛✈❡ ❞❡ ❣r❛✉ d ❝♦♠ ❝♦♥t♦r♥♦ ✐rr❡❞✉tí✈❡❧✳ P❡❧♦ ❚❡♦r❡♠❛ ✹✳✷✳✶✵✱ ♦ ♣❛r (C,D) ♣❛r❛
✉♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f s❛t✐s❢❛③ (C,D) = (0, d + g + 2)✱ t❡♥❞♦ ❡st❡ ✉♠ ú♥✐❝♦
♣♦♥t♦ ❞✉♣❧♦ ♥❡❣❛t✐✈♦✱ ❞❡♥♦t❛❞♦ ♣♦r p0✱ ❡ d + g + 1 ♣♦♥t♦s ♣♦s✐t✐✈♦✳ ▲♦❣♦✱ ♣❡❧❛
Pr♦♣♦s✐çã♦ ✸✳✷✳✶✶✱ ♦ ❝♦♥t♦r♥♦ ❝♦♥té♠ ❞♦✐s ❧❛ç♦s ✐♥✐❝✐❛♥❞♦ ❡ t❡r♠✐♥❛♥❞♦ ❡♠ p0
❡ ♣❡❧❛ Pr♦♣♦s✐çã♦ ✸✳✷✳✶✺✱ ♦s ❧❛ç♦s ❡♠ ❝❛❞❛ ♣♦♥t♦ ♣♦s✐t✐✈♦ é ú♥✐❝♦✳ P♦rt❛♥t♦✱ ❛
❢♦r♠❛ ❞♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ❢ é ú♥✐❝❛✱ ❡①❝❡t♦ ♣❛r❛ ✭❣✱❞✮❂✭✶✱✶✮✱ ♣♦✐s ♥❡st❡ ❝❛s♦
t❡♠ ❞✉❛s ❢♦r♠❛s ❞❡ ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s✱ ♣❡❧♦ ❚❡♦r❡♠❛ ✹✳✶✳✶✸✳

❊①❡♠♣❧♦ ✹✳✷✳✶✸✳ ❆ ❋✐❣✉r❛ ✹✳✶✹ ✐❧✉str❛ ♣♦ssí✈❡✐s ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s ❞❡
❛♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ♦r✐❡♥t❛❞❛s ♥❛ ❡s❢❡r❛ ✭✈❡r ❬✷✻❪✮✳

. . .

. . .
. . .

. . .
. . .

. . .
. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

❋✐❣✉r❛ ✹✳✶✹✿ ❈♦♥t♦r♥♦s ♠✐♥✐♠❛✐s ♥❛ ❡s❢❡r❛

✹✳✷✳✷ ❯♠ ♣♦✉❝♦ ♠❛✐s s♦❜r❡ ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s

❆ s❡❣✉✐r ❛♣r❡s❡♥t❛r❡♠♦s ❛❧❣✉♥s r❡s✉❧t❛❞♦s r❡❢❡r❡♥t❡s ❛♦s ❝♦♥t♦r♥♦s ♠✐♥✐♠❛✐s
❞❡ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ s✉♣❡r❢í❝✐❡s✱ ❛s ♣r♦✈❛s ❞❡st❡s r❡s✉❧t❛❞♦s sã♦ ♦♠✐t✐❞❛s✳

P✐❣♥♦♥✐ ❬✸✼❪✿ ❛♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥♦ ♣❧❛♥♦

❊♠ 1991✱ P✐❣♥♦♥✐ ✐♥tr♦❞✉③ ❛ ♥♦çã♦ ❞❡ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦
s✉❛✈❡ ❡♥tr❡ s✉♣❡r❢í❝✐❡s ❡ ❡st✉❞♦✉ ❡st❡ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡
❢❡❝❤❛❞❛ ♥♦ ♣❧❛♥♦✳ ❖ r❡s✉❧t❛❞♦ ❞❡st❡ ❡st✉❞♦ é✿



✺✼

❙❡❥❛ f :M → R
2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡✳ ❊♥tã♦✱ ♦ ♥ú♠❡r♦ C +D ❞❡ ✉♠ ❝♦♥t♦r♥♦

♠✐♥✐♠❛❧ ❞❡ f é ✉♠ ❞♦s ✐t❡♠s ❛❜❛✐①♦✿

c+ n =





g + 2 s❡ ▼ é ♦r✐❡♥tá✈❡❧ ❡ ❣ é ♣❛r✱

g + 3 s❡ ▼ é ♦r✐❡♥tá✈❡❧ ❡ ❣ é ✐♠♣❛r✱

(g + 4)/2 s❡ ▼ ♥ã♦ é ♦r✐❡♥tá✈❡❧ ❡ ❣ é ♣❛r ❡ ❣✴✷ é ♣❛r✱

(g + 6)/2 s❡ s❡ ▼ ♥ã♦ é ♦r✐❡♥tá✈❡❧ ❡ ❣ é ♣❛r ❡ ❣✴✷ é ✐♠♣❛r✱

(g + 7)/2 s❡ s❡ ▼ ♥ã♦ é ♦r✐❡♥tá✈❡❧ ❡ ❣ é ✐♠♣❛r✳

❉❡♠♦t♦ ❬✻❪✿ ❛♣❧✐❝❛çõ❡s ❞❛ ❡s❢❡r❛ ♥❛ ❡s❢❡r❛✳

❊♠ 2005✱ ❉❡♠♦t♦ ❡st✉❞♦✉ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❛
❡s❢❡r❛ ♥❛ ❡s❢❡r❛ ❡ ♦❜t❡✈❡ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦✳ ❙❡❥❛ f : S2 → S2 ✉♠❛ ❛♣❧✐❝❛çã♦
s✉❛✈❡ ❝♦♠ ❣r❛✉ d ≥ 2✳ ❯♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ f ♣♦ss✉✐ ❡①❛t❛♠❡♥t❡ 2d ❝ús♣✐❞❡s
❡ ♥ã♦ ♣♦ss✉✐ ♣♦♥t♦s ❞✉♣❧♦s✳

❆ts✉s❤✐ ❑❛♠❡♥♦s♦♥♦ ✫ ❚❛❦❛❤✐r♦ ❨❛♠❛♠♦t♦ ❬✶✼❪✿ ❛♣❧✐❝❛çõ❡s ❞❡
s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ♥❛ ❡s❢❡r❛✳

❊♠ 2009✱ ♦s ❛✉t♦r❡s ❡st✉❞❛r❛♠ ♦ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ♣❛r❛ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡
✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ♥❛ ❡s❢❡r❛✳ ◆❡st❛ ❞✐ss❡rt❛çã♦ ❛♣r❡s❡♥t❛♠♦s ♦s r❡s✉❧t❛❞♦s
❞❡ ❬✻✱ ✶✼❪ ♦♥❞❡ ♠♦str❛♠ ❡st❡ r❡s✉❧t❛❞♦s ♣❛r❛ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ ♦r✐❡♥t❛❞❛
✭❚❡♦r❡♠❛ ✹✳✷✳✶✵✮✳ ❖ r❡s✉❧t❛❞♦ ♣❛r❛ ✉♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡
✉♠❛ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛ ❡ ♥ã♦ ♦r✐❡♥t❛❞❛ Fg → S2 é ♦ s❡❣✉✐♥t❡✿

❙❡❥❛ h : Fg → S2(g ≥ 1) ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ♥ã♦ ♦r✐❡♥t❛❞❛ ♥❛
❡s❢❡r❛ ❞❡ ❣r❛✉ ♠ó❞✉❧♦ ❞♦✐s d2✳ ❖ ♥ú♠❡r♦ C +D ♣❛r❛ ✉♠ ❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ h
é ✉♠ ❞♦s ✐t❡♥s✿

(C,D) =





(3, 0) s❡ (d2, g) = (1, 1)✱

(4, 0) ♦✉ (0, 4) s❡ (d2, g) = (1, 2)✱

(1, (g + 5)/2) s❡ d2 = 1 ❡ g é ✐♠♣❛r ❡①❡t♦ (d2, g) = (1, 1)✱

(0, (g + 6)/2) s❡ d2 = 1 ❡ g é ♣❛r ❡①❡t♦ (d2, g) = (1, 2)✱

(3, (g + 1)/2) s❡ d2 = 0 ❡ g é ✐♠♣❛r✱

(0, (g + 4)/2) s❡ d2 = 1✱ g é ♣❛r✱ ❡ g/2 é ✐♠♣❛r✱

(2, (g + 2)/2) s❡ d2 = 1✱ g é ♣❛r✱ ❡ g/2 é ✐♠♣❛r✳

❋✉❦✉❞❛ ✫ ❚❛❦❛❤✐r♦ ❨❛♠❛♠♦t♦ ❬✽❪✿ ❈♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ❛♣❧✐❝❛çõ❡s
❡stá✈❡✐s ♥❛ ❡s❢❡r❛

❊♠ 2011✱ ♦s ❛✉t♦r❡s ❡st✉❞❛♠ ❛♣❧✐❝❛çõ❡s ❞❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s
♥❛ ❡s❢❡r❛ ❡ ♣❛r❛ ❝❛❞❛ ✐♥t❡✐r♦ µ ≥ 1✱ ❡♠ ✉♠❛ ❞❛❞❛ ❝❧❛ss❡ ❞❡ ❤♦♠♦t♦♣✐❛ ❝♦♠
µ ❝♦♠♣♦♥❡♥t❡s ❞❛ ❝✉r✈❛ ❞❡ ❞♦❜r❛✱ ❡♥❝♦♥tr❛♠ ♦ ♠❡♥♦r ♥ú♠❡r♦ C + D✳ ❙❡❥❛
f0 : M → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ ❞❡ ✉♠❛ s✉♣❡r❢í❝✐❡ ❢❡❝❤❛❞❛ ❡ f : M → S2

✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧✱ ❛ q✉❛❧ é ❤♦♠♦tó♣✐❝❛ ❛ f0 ❡ ❝✉❥♦ ❝♦♥t♦r♥♦ ❝♦♥s✐st❡ ❞❡ µ
❝♦♠♣♦♥❡♥t❡s✳ ❊♥tã♦✱ ❝❤❛♠❛♠♦s γ(f) ✉♠ ❝♦♥t♦r♥♦ µ−♠✐♥✐♠❛❧ ❞❡ f0 s❡ ♦
♥ú♠❡r♦ C + D ♣❛r❛ γ(f) é ♦ ♠❡♥♦r ❡♥tr❡ ♦s ❝♦♥t♦r♥♦s ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s
❛s q✉❛✐s sã♦ ❤♦♠♦tó♣✐❝❛s ❛ f0 ❡ ❝✉❥♦ ❝♦♥t♦r♥♦ ❝♦♥s✐st❡ ❞❡ µ ❝♦♠♣♦♥❡♥t❡s✳ ❖
r❡s✉❧t❛❞♦ q✉❡ ❛♣r❡s❡♥t❛ ♦ ♥ú♠❡r♦ (C,D) ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ µ−♠✐♥✐♠❛❧ é ♦
s❡❣✉✐♥t❡✿ ❙❡❥❛ f : Mg → S2 ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❞❡ ❣r❛✉ d ❝✉❥♦ ❝♦♥t♦r♥♦
❝♦♥s✐st❡ ❞❡ µ ❝♦♠♣♦♥❡♥t❡s✳ ❊♥tã♦✱ ♦ ❝♦♥t♦r♥♦ γ(f) é µ−♠✐♥✐♠❛❧ s❡✱ ❡ s♦♠❡♥t❡



✺✽

s❡ ♦ ♣❛r (C,D) ♣❛r❛ γ(f) é ✉♠ ❞♦s ✐t❡♥s ❡♠❜❛✐①♦✿
g = 0 :

(C,D) =





(2(|d| − µ+ 1), 0) s❡ 1 ≤ µ ≤ |d|+ 1,

(2, 0) s❡ µ ≥ |d|+ 2, µ ≡ d (♠♦❞ 2) ✱

(0, 0) s❡ µ ≥ |d|+ 2, µ 6≡ d (♠♦❞ 2))✱

g = 1 :

(C,D) =





(2(|d| − µ), 4) ♦✉ (2(|d| − µ) + 4, 0) s❡ 1 ≤ µ ≤ |d|✱

(2, 2) s❡ (d, µ) = (0, 1) ✱

(2, 0) s❡ µ ≥ |d|+ 1, µ 6≡ d (♠♦❞ 2)) ❡①❡t♦ (d, µ) = (0, 1),

(0, 0) s❡ µ ≥ |d|+ 1, µ ≡ d (♠♦❞ 2) ✱

g = 2 :

(C,D) =





(2(|d| − µ− 1), 6) s❡ 1 ≤ µ ≤ |d| − 1,

(2, 4) ♦✉ (6, 0) s❡ µ = |d|,

(0, 4) s❡ µ = |d|+ 1✱

(2, 2) s❡ (d, µ) = (0, 2),

(2, 0) s❡ µ ≥ |d|+ 2, µ ≡ d (♠♦❞ 2)) ❡①❝❡t♦ (d, µ) = (0, 2),

(0, 0) s❡ µ ≥ |d|+ 2, µ 6≡ d (♠♦❞ 2)),

g ≥ 3 :

(C,D) =





(2(|d| − g − µ+ 1), 2 + 2g) s❡ 1 ≤ µ ≤ |d| − g + 1,

(2, |d|+ g − µ+ 2) s❡ |d| − g + 2 ≤ µ < |d|+ g − 1 ❡ d+ g ≡ µ(♠♦❞ 2)),

(0, |d|+ g − µ+ 3) s❡ |d| − g + 2 ≤ µ ≤ |d|+ g − 1 ❡ d+ g 6≡ µ(♠♦❞ 2)),

(2, 2) s❡ (d, µ) = (0, g)✱

(2, 0) s❡ µ ≥ |d|+ g, µ ≡ d+ g(♠♦❞ 2)) ❡①❡t♦ (d, µ) = (0, g)✱

(0, 0) s❡ µ ≥ |d|+ g, µ 6≡ d+ g(♠♦❞ 2)).

❚❛❦❛❤✐r♦ ❨❛♠❛♠♦t♦ ❬✹✻❪✿ ❛♣❧✐❝❛çõ❡s ❡♥tr❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡
♦r✐❡♥t❛❞❛s✳

❊♠ 2017✱ ❨❛♠❛♠♦t♦ ❡st✉❞♦✉ ♦ ❝♦♥t♦r♥♦ ❛♣❛r❡♥t❡ ❞❡ ❛♣❧✐❝❛çõ❡s ❡stá✈❡✐s
❡♥tr❡ s✉♣❡r❢í❝✐❡s ❢❡❝❤❛❞❛s ❡ ♦r✐❡♥t❛❞❛s✱ ❝✉❥♦ ❝♦♥t♦r♥♦ s✐♥❣✉❧❛r ❝♦♥s✐st❡ ❞❡ ✉♠❛
❝♦♠♣♦♥❡♥t❡✳ ❙❡ ♠♦str❛ ♦ s❡❣✉✐♥t❡ r❡s✉❧t❛❞♦ q✉❡ ✐♥❞✐❝❛ ♦ ♣❛r (C,D) ♣❛r❛ ✉♠
❝♦♥t♦r♥♦ ♠✐♥✐♠❛❧ ❞❡ ✉♠❛ ❛♣❧✐❝❛çã♦ s✉❛✈❡ Mg →Mh✳

❙❡❥❛♠ g✱ h ✐♥t❡✐r♦s ♥ã♦ ♥❡❣❛t✐✈♦s ❝♦♠ h ≥ 1✱ d ✉♠ ✐♥t❡✐r♦ ♥ã♦ ♥❡❣❛t✐✈♦
s❛t✐s❢❛③❡♥❞♦ d ≤ r(g, h) ❡ f : Mg → Mh ✉♠❛ ❛♣❧✐❝❛çã♦ ❡stá✈❡❧ ❝✉❥♦ ❝♦♥❥✉♥t♦
s✐♥❣✉❧❛r ❝♦♥s✐st❡ ❞❡ ✉♠❛ ❝♦♠♣♦♥❡♥t❡✳ ❊♥tã♦✱ ♦ ❝♦♥t♦r♥♦ γ(f) é ♠✐♥✐♠❛❧ ❞❡ ❣r❛✉
d s❡✱ ❡ s♦♠❡♥t❡ s❡✱ ♦ ♣❛r❛ (C(f), D(f)) é ✉♠ ❞♦s ✐t❡♥s ❛❜❛✐①♦❀
h = 1

(C,D) =





(a) (0, 0) s❡ d = 0 ❡ g = 0✱

(b) (2, 2) s❡ d = 0 ❡ g = 1✱

(c) (2, 0) s❡ d 6= 0 ❡ g = 1✱

(d) (0, g − 2) s❡ g ≥ 2 é ♣❛r ❡ ♣❛r❛ q✉❛❧q✉❡r d✱

(e) (2, g − 3) s❡ g ≥ 3 é ✐♠♣❛r ❡ ♣❛r❛ q✉❛❧q✉❡r d✱



✺✾

h ≥ 2

(C,D) =





(f) (2, 2) s❡ d = 0 ❡ g é ✐♠♣❛r s❛t✐s❢❛③❡♥❞♦ 1 ≤ g ≤ 2h− 1✱

(g) (2, 0) s❡ d = 0 ❡ g é ✐♠♣❛r s❛t✐s❢❛③❡♥❞♦ g ≥ 2h+ 1 ♦✉✱

s❡ d ≥ 1 ❡ g > d(h− 1)✱ g 6≡ d(h− 1)(♠♦❞ 2)

(h) (0, 0) ❖✉tr♦s ❝❛s♦s✱

♦♥❞❡ ♣❛r❛ ✐♥t❡✐r♦s g ≥ 0 ❡ h ≥ 1✱ s❡ ❞❡✜♥❡

r(g, h) =





0 s❡ g = 0✱h ≥ 1✱

∞ s❡ g ≥ 1✱ h = 1✱[
g−1

h−1

]
♦✉tr♦s ❝❛s♦s✱

♦♥❞❡
[
g−1
h−1

]
é ♦ ♠á①✐♠♦ ✐♥t❡✐r♦ ♦ q✉❛❧ ♥ã♦ ❡①❝❡❞❡ g−1

h−1
✳



❆♣ê♥❞✐❝❡ ❆

❋ór♠✉❧❛s P❧✉❝❦❡r

◆❡st❡ ❛♣ê♥❞✐❝❡✱ ❛♣r❡s❡♥t❛♠♦s r❡s✉❧t❛❞♦s ♦♥❞❡ s❡ r❡❧❛❝✐♦♥❛ ♦ ♥ú♠❡r♦ ❞❡
r♦t❛çã♦ t❛♥❣❡♥t❡ ❞✉♣❧♦ ✭❉❡✜♥✐çã♦ ✶✳✻✳✶✶✮ ❡ ❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❡ ♣♦♥t♦s ❞✉♣❧♦s
❞❡ ✉♠❛ ❝✉r✈❛ ♣❧❛♥❛✳

P❛r❛ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡ s✉❛✈❡ ♣❧❛♥❛ f : S1 → R
2 ❛s ♠❛✐s ❡✈✐❞❡♥t❡s

❝❛r❛❝t❡ríst✐❝❛s t♦♣♦❧ó❣✐❝❛s sã♦ ❛s ❝ús♣✐❞❡s ❡ ♦s ♣♦♥t♦s ❞✉♣❧♦s✳ ❊①✐st❡♠ ❞✐✈❡rs❛s
❡q✉❛çõ❡s q✉❡ ❞❡s❝r❡✈❡♠ ♦ ♥ú♠❡r♦ ❡ ♥❛t✉r❡③❛ ❞❡st❡s✳ ❊st❛s sã♦ ❝❤❛♠❛❞❛s P❧✉❝❦❡r
❡q✉❛t✐♦♥s✱ ❛♣ós ❛s ❞❛❞❛s ♥♦ ú❧t✐♠♦ ❝❡♥t❡♥ár✐♦ ♣♦r P❧✉❝❦❡r ♣❛r❛ ❝✉r✈❛s ❛❧❣é❜r✐❝❛s
♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ ❝♦♠♣❧❡①♦ ❞❡ ❞✐♠❡♥sã♦ 2✳ ❆♥t❡s ❞❡ ✐♥✐❝✐❛r ❡♠ ❞❡t❛❧❤❡ ❝♦♠ ❡st❡
t✐♣♦s ❞❡ ❡q✉❛çõ❡s✱ ✈❛♠♦s ❛♣r❡s❡♥t❛r ❛❧❣✉♠❛s ❝♦♥str✉çõ❡s ❡ ❞❡✜♥✐çõ❡s ❡♥❝♦♥tr❛❞❛s
❡♠ ◗✉✐♥❡ ❬✸✽❪✳ ❆ s❡❣✉✐r ✈❡r❡♠♦s ❢♦r♠❛s ❞❡ ✈❡r ❛s r❡t❛s ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦
❜✐❞✐♠❡♥s✐♦♥❛❧✳

✶✮ ❯♠❛ r❡t❛ ❡♠ RP2 ♣♦❞❡ s❡r ✈✐st❛ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡t❛s q✉❡ ♣❛ss❛♠
♣❡❧❛ ♦r✐❣❡♠ ❡♠ R

3 ❝♦♥t✐❞❛s ♥✉♠ ♠❡s♠♦ ♣❧❛♥♦✳

✷✮ ❯♠❛ ❢♦r♠❛ ❛❧t❡r♥❛t✐✈❛ ♣❛r❛ ♣❡♥s❛r ❡♠ RP2 é ❝♦♠♦ ❛ ❡s❢❡r❛ S2 ❡♠ R
3 ❝♦♠

s❡✉s ♣♦♥t♦s ❛♥t✐♣♦❞❛✐s ✐❞❡♥t✐✜❝❛❞♦s✳ ❆ss✐♠ ✉♠❛ r❡t❛ ❡♠ RP2 é ❡♥tã♦ ✉♠
❣r❛♥❞❡ ❝ír❝✉❧♦ ♥❛ ❡s❢❡r❛✳

✸✮ ❖ ❝♦♥❥✉♥t♦ R
2 ♣♦❞❡ s❡r ✈✐st♦ ❝♦♠♦ s✉❜❝♦♥❥✉♥t♦ ❞❡ RP2 ❛♦ ✐❞❡♥t✐✜❝❛s ♦

♣♦♥t♦ (x1, x2) ❡♠ R
2 ❝♦♠ ♦ ♣♦♥t♦ (x1, x2, 1) ❡♠ RP2✳ ❖s ♣♦♥t♦s ❡♠ RP2

q✉❡ ♥ã♦ ❡stã♦ ❡♠ R
2 sã♦ ❡♥tã♦ ❞❛ ❢♦r♠❛ (x1, x2, 0)✳ ❊st❡s ♣♦♥t♦s ❡stã♦

♥✉♠❛ r❡t❛ ❝❤❛♠❛❞❛ ❛ r❡t❛ ♥♦ ✐♥✜♥✐t♦ ❡ é ❞❡♥♦t❛❞❛ ♣♦r l∞✳ ❆ss✐♠ ♣♦❞❡♠♦s
♣❡♥s❛r ❡♠ RP2 ❝♦♠♦ s❡♥❞♦ R

2 ❥✉♥t♦ ❝♦♠ ❛ r❡t❛ ♥♦ ✐♥✜♥✐t♦✳

❉❡✜♥✐çã♦ ❆✳✵✳✶✳ ❯♠❛ r❡t❛ ❡♠ RP2 ❞❡t❡r♠✐♥❛ ✉♠ ♣❧❛♥♦ ❡♠ R
3❀ ♦ ✈❡t♦r ♥♦r♠❛❧

❛ ❡st❡ ♣❧❛♥♦ ❞❡t❡r♠✐♥❛ ✉♠ ♣♦♥t♦ ❡♠ ♦✉tr❛ ❝ó♣✐❛ ❞♦ ❡s♣❛ç♦ ♣r♦❥❡t✐✈♦ ❞❡♥♦t❛❞♦
♣♦r RP2∗✳ ■st♦ ♥♦s ❞á ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ✉♠ ❛ ✉♠ ❡♥tr❡ ❛s r❡t❛s ❡♠ RP2 ❡ ♦s
♣♦♥t♦s ❡♠ RP2∗ ❝❤❛♠❛❞❛ ❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞✉❛❧✳

❊st❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ♣♦❞❡ s❡r ❞❡s❝r✐t❛ ❞❡ ♦✉tr❛ ❢♦r♠❛✿ ❯♠❛ r❡t❛ ❡♠ RP2

r❡♣r❡s❡♥t❛❞❛ ♣♦r a1x1 + a2x2 + a3x3 = 0 ❡♠ R
3✱ ❝♦rr❡s♣♦♥❞❡ ❛♦ ♣♦♥t♦ a =

(a1, a2, a3) ❡♠ RP2∗✳ ❉✐③❡♠♦s q✉❡ a · x = 0 ✭♣r♦❞✉t♦ ✐♥t❡r♥♦✮ é ❛ ❡q✉❛çã♦ ❞❛

✻✵



✻✶

r❡t❛ ❡♠ RP2 ❝♦rr❡s♣♦♥❞❡♥t❡ ❛♦ ♣♦♥t♦ a ❡♠ RP2∗✳ ❆❧❣✉♠❛s ✈❡③❡s a é ❝❤❛♠❛❞♦
❞❡ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s ♣❛r❛ ❛ r❡t❛ a · x = 0✳

❊①❡♠♣❧♦ ❆✳✵✳✷✳ ❖ ♣♦♥t♦ e3 = (0, 0, 1) ❡♠ RP2∗ é ✉♠ ❝♦♥❥✉♥t♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s
♣❛r❛ l∞ ❡♠ RP2✳

❆❧❣✉♠❛s ✈❡③❡s é ❝♦♥✈❡♥✐❡♥t❡ ♣❡♥s❛r ♥✉♠❛ ❞✐r❡çã♦ ♥❛s r❡t❛s ❡♠ RP2✳ ■♥❞✐❝❛r
✉♠❛ ❞✐r❡çã♦ ♥❛s r❡t❛s é ♦ ♠❡s♠♦ ❝♦♠♦ ❡s♣❡❝✐✜❝❛r ✉♠ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦ ♥♦
❝♦rr❡s♣♦♥❞❡♥t❡ ♣❧❛♥♦ ❡♠ R

3 ♦✉ ❞❛♥❞♦ ♦ ✈❡t♦r ♥♦r♠❛❧ ♥♦ ♣❧❛♥♦ ♦r✐❡♥t❛❞♦✳ ✭❊st❛
é ❛ r❡❣r❛ ♣❛❞rã♦ ❞❛ ♠ã♦ ❞✐r❡✐t❛✮✳

❉❡✜♥✐çã♦ ❆✳✵✳✸✳ ❉✐③❡♠♦s q✉❡ a ∈ R
3 ❞❡t❡r♠✐♥❛ ❛ ❞✐r❡çã♦ ❞❛ r❡t❛ s❡ ❡st❡ ❡stá

♥❛ ❞✐r❡çã♦ ❞♦ s❡✉ ✈❡t♦r ♥♦r♠❛❧✳

❱❡❥❛ q✉❡ a ❡ −a sã♦ ♦s ♠❡s♠♦s ♣♦♥t♦s ❡♠ RP2∗✱ ♠❛s ❞❡t❡r♠✐♥❛♠ ❞✐❢❡r❡♥t❡s
❞✐r❡çõ❡s ♥❛ r❡t❛ a · x = 0✳ ◗✉❛♥❞♦ a ✐♥❞✐q✉❡ ✉♠❛ ❞✐r❡çã♦ ❡♥tã♦ a é ❝❤❛♠❛❞♦ ❞❡
✉♠ ♣♦♥t♦ ♦r✐❡♥t❛❞♦ ❡♠ RP2∗✳ ❊①✐st❡ t❛♠❜é♠ ✉♠❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞✉❛❧ ❡♥tr❡
♣♦♥t♦s ❞❡ RP2 ❡ r❡t❛s ❡♠ RP2∗✳

❉❡✜♥✐çã♦ ❆✳✵✳✹✳ ❆ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞✉❛❧ s❡ ❞❡✜♥❡ ❝♦♠♦ s❡❣✉❡✿ ❯♠❛ r❡t❛
❡♠ RP2∗ é ✈✐st❛ ❝♦♠♦ ✉♠ ❝♦♥❥✉♥t♦ ❞❡ r❡t❛s ❡♠ RP2✳ ❖ ❝♦♥❥✉♥t♦ ❞❡ r❡t❛s a·x = 0
❡♠ RP2 t❛❧ q✉❡ a · b = 0 é ❥✉st❛♠❡♥t❡ ♦ ❝♦♥❥✉♥t♦ ❞❡ r❡t❛s ❛tr❛✈❡ss❛♥❞♦ ♦ ♣♦♥t♦ b✳
P♦rt❛♥t♦ ♣♦❞❡♠♦s t❡r ✉♠ ❝♦♥❥✉♥t♦ ♦r✐❡♥t❛❞♦ ❞❡ r❡t❛s✱ ❡stá s❡♥❞♦ ❛ ♠❡s♠❛ ❝♦♠♦
✉♠ ♣♦♥t♦ ♦r✐❡♥t❛❞♦ ❡♠ RP2✳

❆s ♦♣❡r❛çõ❡s ❢✉♥❞❛♠❡♥t❛✐s sã♦

✶✮ ❊♥❝♦♥tr❛r ❛ r❡t❛ q✉❡ ❥✉♥t❛ ❞♦✐s ♣♦♥t♦s ❞✐st✐♥t♦s✱

✷✮ ❊♥❝♦♥tr❛r ♦ ♣♦♥t♦ ❞❡ ✐♥t❡rs❡çã♦ ❞❡ ❞✉❛s r❡t❛s ❞✐st✐♥t❛s✳

Pr♦♣♦s✐çã♦ ❆✳✵✳✺✳ ❆s ♦♣❡r❛çõ❡s ❢✉♥❞❛♠❡♥t❛✐s sã♦ ❡q✉✐✈❛❧❡♥t❡s✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛♠ a ❡ b ♣♦♥t♦s ❞✐❢❡r❡♥t❡s ❡♠ RP2✱ ♦ ♣♦♥t♦ ❞✉❛❧ à r❡t❛ q✉❡
♣❛ss❛ ♣♦r a ❡ b é ❞❡♥♦t❛❞♦ ♣♦r a ∧ b✳ ❙❡ a ❡ b sã♦ ✈✐st♦s ❝♦♠♦ ✈❡t♦r❡s ❞❡ R

3✱
❡st❡ é ❡①❛t❛♠❡♥t❡ ♦ ♣r♦❞✉t♦ ✈❡t♦r✐❛❧✳ P♦rt❛♥t♦✱ s❡ a ❡ b sã♦ ♣♦♥t♦s ❞✐❢❡r❡♥t❡s ❡♠
RP2∗✱ a ∧ b ❞❡♥♦t❛ ♦ ♣♦♥t♦ ❞❛ ✐♥t❡rs❡çã♦ ❞❛s r❡t❛s a · x = 0 ❡ b · x = 0✳

❈✉r✈❛s ❢❡❝❤❛❞❛s ❡♠ RP2

❙❡❥❛ S1 ♦ ❝ír❝✉❧♦ ✉♥✐tár✐♦ ❡♠ R
2✳ ❯♠❛ ❛♣❧✐❝❛çã♦ ❞✐❢❡r❡♥❝✐á✈❡❧ f : S1 → RP2 é

❝❤❛♠❛❞❛ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛✳ P❛r❛ ❞❡s❡♥❤❛r ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛✱ ♣❡♥s❡ ❡st❛ ❝♦♠♦
s❡♥❞♦ ✉♠❛ ❝✉r✈❛ ❡♠ R

3 q✉❡ ♣♦❞❡ ❛tr❛✈❡ss❛r l∞ ❡♠ ✉♠ ♥ú♠❡r♦ ❞❡ ❧✉❣❛r❡s✳

❊①❡♠♣❧♦ ❆✳✵✳✻✳ ❆ ❋✐❣✉r❛ ❆✳✶ ✐❧✉str❛ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡♠ RP 2✳ ❆s r❡t❛s
♣♦♥t✐❧❤❛❞❛s sã♦ r❡t❛s t❛♥❣❡♥t❡s à ❝✉r✈❛ ♥♦s ♣♦♥t♦s ❡♠ l∞✮✳



✻✷

❋✐❣✉r❛ ❆✳✶✿ ❈✉r✈❛ ❢❡❝❤❛❞❛ ♥♦ ♣❧❛♥♦ ♣r♦❥❡t✐✈♦ RP 2

P❛r❛ ✈✐s✉❛❧✐③❛r ♦ ❝r✉③❛♠❡♥t♦ ❞❛ ❝✉r✈❛✱ ♣♦❞❡♠♦s ❛❧t❡r❛r ❛s ❝♦♦r❞❡♥❛❞❛s
✭♣r♦❥❡t♦✮ ♣❛r❛ q✉❡ l∞ ✈á ♣❛r❛ ✉♠❛ r❡t❛ ✜♥✐t❛✳

❊st❛♠♦s ✐♥t❡r❡ss❛❞♦s ♥♦ s❡❣✉✐♥t❡✿

✶✮ ❈ús♣✐❞❡s ❞❡ f ✱ ✐st♦ é✱ ♣♦♥t♦s f(p) t❛❧ q✉❡ ♦ ❞✐❢❡r❡♥❝✐❛❧ ❞❡ f ❡♠ p é ③❡r♦
♠❛s ❛ ❞❡r✐✈❛❞❛s ❞❡ s❡❣✉♥❞❛ ♦r❞❡♠ ♥ã♦ sã♦ t♦❞❛s ③❡r♦✳

✷✮ P♦♥t♦s ❞✉♣❧♦s✱ ✐st♦ é ♣♦♥t♦ s f(p) t❛❧ q✉❡ f(p) = f(q) ❝♦♠ p 6= q ❡ f(p)
t❡♠ ❡①❛t❛♠❡♥t❡ ❞✉❛s ♣r❡✐♠❛❣❡♥s✳

❊♠ ❣❡r❛❧ ❛ss✉♠✐♠♦s q✉❡ ❛s ú♥✐❝❛s s✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ f sã♦ ❝ús♣✐❞❡s ❡ ♦s ú♥✐❝♦s
♣♦♥t♦s ♠ú❧t✐♣❧♦s sã♦ ♣♦♥t♦s ❞✉♣❧♦s✳ ❚❛♠❜é♠ ❛ss✉♠✐♠♦s q✉❡ ❛s ❝ús♣✐❞❡s sã♦
❞✐st✐♥t❛s ❛♦s ♣♦♥t♦s ❞✉♣❧♦s ❡ q✉❡ ❛s r❡t❛s t❛♥❣❡♥t❡s ♥♦s ♣♦♥t♦s ❞✉♣❧♦s sã♦
❞✐❢❡r❡♥t❡s✳ ❚♦❞❛ ❝✉r✈❛ ❞✐❢❡r❡♥❝✐á✈❡❧ ❡stá ✧♣ró①✐♠❛✧❛ ✉♠❛ s❛t✐s❢❛③❡♥❞♦ ❡st❛s
❝♦♥❞✐çõ❡s✳

❉❡✜♥✐çã♦ ❆✳✵✳✼ ✭❈✉r✈❛ ❞✉❛❧✮✳ ❉❛❞❛ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ f ✱ ❞❡✜♥❛ ❛ ❝✉r✈❛

❞✉❛❧ ❞❡ f ❝♦♠♦ ❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ f̂ ❞❛❞❛ ♣♦r f̂(p) = b✱ ♦♥❞❡ b · x = 0 é ❛ r❡t❛
t❛♥❣❡♥t❡ ❡♠ f(p)✳ P♦r r❡t❛ t❛♥❣❡♥t❡ ❡♠ f(p) ❡♥t❡♥❞❡♠♦s ♣❡❧❛ ♣♦s✐çã♦ ❧✐♠✐t❡ ❞❛
r❡t❛ s❡❝❛♥t❡ (f(p) ∧ f(q)) · x = 0 q✉❛♥❞♦ q s❡ ❛♣r♦①✐♠❛ ❞❡ p✳

❖❜s❡r✈❛çã♦ ❆✳✵✳✽✳ ■♥❝❧✉s♦ ♥✉♠❛ ❝ús♣✐❞❡ ✉♠❛ r❡t❛ t❛♥❣❡♥t❡ ❡stá ❞❡✜♥✐❞❛✳ ✭❱❡r
❋✐❣✉r❛ ❆✳✶✮

■♥t✐♠❛♠❡♥t❡ r❡❧❛❝✐♦♥❛❞♦ ❛ ❝✉r✈❛ ❞✉❛❧ é ❛ ❛♣❧✐❝❛çã♦ s❡❝❛♥t❡✳ ❚♦❞❛s ❛s P❧✉❝❦❡r
❡q✉❛t✐♦♥s ♥❛ s❡❣✉✐♥t❡ s❡çã♦✱ sã♦ ♣r♦✈❛❞❛s ♦❜s❡r✈❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ s❡❝❛♥t❡✳

❙❡❥❛ D̂ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s (p, q) t❛❧ q✉❡ f(p) = f(q) ❡ p 6= q✳ ❙❡❥❛ △ ❛
❞✐❛❣♦♥❛❧❀ ✐st♦ é✱ ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s (p, q) t❛❧ q✉❡ p = q✳



✻✸

❉❡✜♥✐çã♦ ❆✳✵✳✾✳ ❆ ❛♣❧✐❝❛çã♦ s❡❝❛♥t❡ s ❞❡ S1×S1
r(△∪D̂) ❛ RP2∗ é ❞❡✜♥✐❞❛

♣♦r s(p, q) = f(p) ∧ f(q)

❖❜s❡r✈❛çã♦ ❆✳✵✳✶✵✳ P♦❞❡♠♦s ✈❡r ❛ ❛♣❧✐❝❛çã♦ s❡❝❛♥t❡ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡
I × I r (△∪ D̂)✱ ♦♥❞❡ D̂ ❡ △ sã♦ ❞❡✜♥✐❞♦s ❝♦♠ p ❡ q ❡♠ I✱ ♦♥❞❡ I é ♦ ✐♥t❡r✈❛❧♦
✉♥✐tár✐♦ [0, 1]✳ ❯s❛♥❞♦ ❛ ❛♣❧✐❝❛çã♦ t → (cost(2πt), sin(2πt)) ❞❡ R ❛ S1✱ s❡ ♣♦❞❡
♣❡♥s❛r ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❝♦♠♦ ✉♠❛ ❛♣❧✐❝❛çã♦ f : I → RP 2

❙❡❥❛♠ T ⊂ I × I ♦ tr✐â♥❣✉❧♦ ❢♦r♠❛❞♦ ♣❡❧♦ ❝♦♥❥✉♥t♦ ❞❡ ♣❛r❡s (p, q) t❛❧ q✉❡
p ≤ q ❡ K ♦ ❝♦♥❥✉♥t♦ ❞❡ ♣♦♥t♦s (p, p) ❡♠ △ t❛❧ q✉❡ f(p) é ✉♠❛ ❝ús♣✐❞❡

❆ ❛♣❧✐❝❛çã♦ s❡❝❛♥t❡ s ♣♦❞❡ s❡r ❡st❡♥❞✐❞❛ ❝♦♥t✐♥✉❛♠❡♥t❡ ❛ T \(K∪D̂)✱ ❞❡✜♥✐❞♦
s(p, p) = f̂(p) ♣❛r❛ (p, p) q✉❡ ♥ã♦ ❡stá ❡♠ K✳ ❆ss✐♠ ❛ r❡str✐çã♦ ❞❛ ❛♣❧✐❝❛çã♦
s❡❝❛♥t❡ ❛ △ é ❡ss❡♥❝✐❛❧♠❡♥t❡ ❛ ❝✉r✈❛ ❞✉❛❧✳

❙❡ a é ✉♠ ♣♦♥t♦ ♦r✐❡♥t❛❞♦ ❡♠ RP2 ❡ f é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡♠ RP2✱ ❝♦♥s✐❞❡r❡
❛ ❛♣❧✐❝❛çã♦ f ∧a ❞❡ S1 ♥❛ r❡t❛ ♦r✐❡♥t❛❞❛ a ·x = 0 ❡♠ RP2∗✳ ❊st❛ r❡t❛ ♦r✐❡♥t❛❞❛ é
t♦♣♦❧♦❣✐❝❛♠❡♥t❡ ♦ ♠❡s♠♦ q✉❡ ✉♠❛ ❝ó♣✐❛ ♦r✐❡♥t❛❞❛ ❞❡ S1✳ ❆ss✐♠ ♣♦❞❡♠♦s ❢❛❧❛r
s♦❜r❡ ♦ ❣r❛✉ ❞❛ ❛♣❧✐❝❛çã♦ f ∧ a ❞❡ S1 ❡♠ S1✱ q✉❡ s❡ ❞❡♥♦t❛ n(f, a) ♦✉ n(a)✳

❉❡✜♥✐çã♦ ❆✳✵✳✶✶✳ ❙❡❥❛♠ f ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡♠ RP 2✱ ✉♠ ♣♦♥t♦ ♦r✐❡♥t❛❞♦
a ❡♠ RP 2 ❡ p ✉♠ ♣♦♥t♦ ♥♦ ❞♦♠✐♥✐♦ S1 ❞❡ f t❛❧ q✉❡ f(p) = a✱ ❞❡✜♥✐♠♦s f ∧ a
s❡♥❞♦ ❛ r❡t❛ t❛♥❣❡♥t❡✳

❙❡ f é ✉♠❛ ❝✉r✈❛ ❡♠ R
2✱ ❡♥tã♦ n(f, a) t❡♠ ✉♠❛ ✐♥t❡r♣r❡t❛çã♦ ❢❛♠✐❧✐❛r✳ ❙❡

a ♥ã♦ ❡stá ♥❛ ❝✉r✈❛✱ n(f, a) é ❞✉❛s ✈❡③❡s ♦ ✇✐♥❞✐♥❣ ♥✉♠❜❡r ❞❡ f ❛♦ r❡❞♦r ❞❡
a✳ ❙❡ a ❡stá ♥❛ ❝✉r✈❛✱ n(f, a) é ❞✉❛s ✈❡③❡s ❛ ♠❡❞✐❞❛ ❞♦ ✇✐♥❞✐♥❣ ♥✉♠❜❡r ❛♦
r❡❞♦r ❞❛ ❝♦♠♣♦♥❡♥t❡ ❛❞❥❛❝❡♥t❡ ❞♦ ❝♦♠♣❧❡♠❡♥t♦ ❞❛ ❝✉r✈❛✳ P♦rt❛♥t♦ s❡ b é ✉♠
♣♦♥t♦ ♦r✐❡♥t❛❞♦ ❡♠ RP2∗✱ ❡ f é ✉♠❛ ❝✉r✈❛ ❡♠ R

2 s❡♠ ❝ús♣✐❞❡s✱ n(f̂ , e3) t❡♠
✉♠❛ ✐♥t❡r❡s❛♥t❡ ✐♥t❡r♣r❡t❛çã♦✳ ❈♦♥s✐❞❡r❡ ❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss g : S1 → S1 q✉❡
❡♥✈✐❛ ❛ p ❛♦ ✈❡t♦r t❛♥❣❡♥t❡ ✉♥✐tár✐♦ f ❡♠ p✳ ❖ ❣r❛✉ ❞❛ ❛♣❧✐❝❛çã♦ ❞❡ ●❛✉ss é
❛❧❣✉♠❛s ✈❡③❡s ❝❤❛♠❛❞❛ t❛♥❣❡♥t t✉r♥✐♥❣ ♥✉♠❜❡r✱ ♦✉ r♦t❛t✐♦♥ ✐♥❞❡①✳ ❆❝♦♥t❡❝❡ q✉❡
n(f, e3) é ❞✉❛s ✈❡③❡s ♦ t❛♥❣❡♥t t✉r♥✐♥❣ ♥✉♠❜❡r✳ P❛r❛ ✈❡r ✐st♦✱ ♥♦t❡ q✉❡ f̂ ∧ p é ❛
✐♥t❡rs❡çã♦ ❞❡ l∞ ❡ ❛ r❡t❛ q✉❡ ♣❛ss❛ ♣❡❧❛ ♦r✐❣❡♠ ❡ é ♣❛r❛❧❡❧❛ à r❡t❛ t❛♥❣❡♥t❡ ❡♠ p✳
❆ss✐♠ ✧✇✐♥❞✐♥❣ ♥✉♠❜❡r✧❡ ✧◆ú♠❡r♦ ❞❡ r♦t❛çã♦ t❛♥❣❡♥t❡✧sã♦ ♦s ♠❡s♠♦s ❞❡✈✐❞♦
❛ ❝♦rr❡s♣♦♥❞ê♥❝✐❛ ❞✉❛❧✳ ❊st❛r✐❛♠♦s ♠❛✐s ❝♦rr❡t♦s✱ ❞❡ ❢❛t♦✱ s❡ ❢❛❧❛r♠♦s t❛♥❣❡♥t
t✉r♥✐♥❣ ❛♦ r❡❞♦r ❞❡ ✉♠❛ r❡t❛ ♦r✐❡♥t❛❞❛✳ ❖ ✉s✉❛❧ t❛♥❣❡♥t t✉r♥✐♥❣ ♥✉♠❜❡r é ❡♥tã♦
❥✉st❛♠❡♥t❡ ♦ t❛♥❣❡♥t t✉r♥✐♥❣ ♥✉♠❜❡r ❛ l∞ ♦r✐❡♥t❛❞♦ ♣♦r e3

P✉❧❧❝❦❡r ❡q✉❛t✐♦♥s

❆ ♠❛✐s s✐♠♣❧❡s ❞❛s ❡q✉❛çõ❡s ♣✉❧❧❝❦❡r ❛ ❞✐s❝✉t✐r é ❛ ❯♠❧❛✉❢s❛t③✳ ❊st❡ t❡♦r❡♠❛
r❡♠♦♥t❛ ❛ ❘✐❡♠❛♥♥✱ ♠❛✐s s✉❛ ♣r♦✈❛ ♠♦❞❡r♥❛ é ❞❡✈✐❞❛ ❛ ❍♦♣❢ ❬✶✻❪✳

❚❡♦r❡♠❛ ❆✳✵✳✶✷✳ ❙❡ ❢ é ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡♠ R
2 s❡♠ ❝ús♣✐❞❡s ♦✉ ♣♦♥t♦s

❞✉♣❧♦s✱ ❡♥tã♦ n(f, e3) = ±2✱ ✐st♦ é✱ ♦ ✐♥❞✐❝❡ ❞❡ r♦t❛çã♦ é ±1✳

❉❡♠♦♥str❛çã♦✿ ❘❡♣❛r❛♠❡tr✐③❛♥❞♦ ❡ ♠✉❞❛♥❞♦ ❞❡ ❝♦♦r❞❡♥❛❞❛s✱ ♣♦❞❡♠♦s
❛ss✉♠✐r q✉❡ f(0) = e3 ❡ q✉❡ ❛ ✐♠❛❣❡♠ ❞❡ f ❡♠ R

2 ❡stá ❡♠ ✉♠ ❞♦✐s s❡♠✐♣❧❛♥♦s
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❞❡t❡r♠✐♥❛❞♦s ♣❡❧❛ r❡t❛ t❛♥❣❡♥t❡ ❛ f ❡♠ e3✳ ❖❜s❡r✈❡♠♦s ❛ ❛♣❧✐❝❛çã♦ s ∧ e3 q✉❡
❡♥✈✐❛ ♦ ♣❛r (p, q) à ✐♥t❡rs❡çã♦ ❞❛ s❡❝❛♥t❡ ❝♦♠ ❛ r❡t❛ ♥♦ ✐♥✜♥✐t♦✳ P❛r❛ 0 ≤ t ≤ 1✱
s❡❥❛ γ1 ❛ ❝✉r✈❛ ❞❛❞❛ ♣♦r (0, t)✱ γ2 ❛ ❝✉r✈❛ ❞❛❞❛ ♣♦r (1, t)✱ ❡ △ ❛ ❝✉r✈❛ ❞❛❞❛ ♣♦r
(t, t)✳ P♦❞❡♠♦s ❡s❝r❡✈❡r ∂T = △−γ1−γ2 ✱ ♦♥❞❡ ∂T ❞❡♥♦t❛ ♦ ❜♦r❞♦ ❞♦ tr✐❛♥❣✉❧♦
❛tr❛✈❡ss❛❞♦ ♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦✳ ❏á q✉❡ D̂ ❡ K sã♦ ✈❛③✐♦s✱ s s❡ ❡st❡♥❞❡ ❛ t♦❞♦
T ✳ ❆❣♦r❛ s ∧ e3 |∂T s❡♥❞♦ ✉♠❛ ❛♣❧✐❝❛çã♦ ❞❡ S1 ❛ l∞(= S1) t❡♠ ✉♠ ❣r❛✉ ❜❡♠
❞❡✜♥✐❞♦✳ ❈♦♠♦ s s❡ ❡st❡♥❞❡ ❛ T ✱ s❡✉ ❣r❛✉ é ③❡r♦✳ ❆❣♦r❛

deg(s ∧ e3 |γ1) = deg(s ∧ e3 |γ2) = deg(s ∧ e3) = n(e3)

deg(s ∧ e3 |△) = deg(f̂ ∧ e3) = n̂(e3),

♦♥❞❡ n̂(e3) = n(f̂ , e3). P♦rt❛♥t♦

deg(s ∧ e3 |∂T ) = deg(s ∧ e3 |△−γ1−γ2)

= deg(s ∧ e3 |△)− deg(s ∧ e3 |γ1)− deg(s ∧ e3 |γ2)

= n(e3)− n̂(e3)− n̂(e3) = n(e3)− 2n̂(e3) = 0

❋✐❣✉r❛ ❆✳✷✿ P♦♥t♦s ❉✉♣❧♦s

❆ ❯♠❧❛✉❢s❛t③ ♣♦❞❡ s❡r ❣❡♥❡r❛❧✐③❛❞❛ ♣❡r♠✐t✐♥❞♦ ❛ ♣r❡s❡♥ç❛ ❞❡ ❝ús♣✐❞❡s ❡
♣♦♥t♦s ❞✉♣❧♦s✳ ❙❡❥❛♠ (p, q) ∈ D ❡ γ ♦ ❜♦r❞♦ ❛tr❛✈❡ss❛❞♦ ♥♦ s❡♥t✐❞♦ ❛♥t✐✲❤♦rár✐♦
❞❡ ✉♠ ♣❡q✉❡♥♦ q✉❛❞r❛❞♦ ❝❡♥tr❛❞♦ ❡♠ (p, q)✳

P♦❞❡♠♦s ♠♦str❛r q✉❡ deg(s ∧ e3 |γ) = ±2✳ ❱❡❥❛♠♦s ❡st♦✱ tr❛❝❡ ❛ ♣r♦❣r❡ssã♦
❞❡ s ∧ e3 ❡♠ l∞ ❝♦♠♦ (p, q) ❛tr❛✈❡ss❛ ♦ ❜♦r❞♦ ❞♦ q✉❛❞r❛❞♦✳ ✭✈❡r ❋✐❣✉r❛ ❆✳✷✮
❉❡ ❢❛t♦✱ s❡ v1 ❡ v2 sã♦ ✈❡t♦r❡s t❛♥❣❡♥t❡s à ❝✉r✈❛ ❡♠ p ❡ q✱ r❡s♣❡t✐✈❛♠❡♥t❡✱ ❡♥tã♦
deg(s ∧ e3 |γ) = −2ǫ✱ ♦♥❞❡ ǫ = ±1 ❞❛ ❛ ♦r✐❡♥t❛çã♦ ❞♦ ♣❛r (v1, v2)✳ ❆❣♦r❛
❡s❝r❡✈❛♠♦s δp,q = deg(s∧ e3 |γ) ♦♥❞❡ (p, q) ∈ D ❡ γ ❝♦♠♦ ❞❡s❝r✐t♦ ❛tr❛✐s✳ ❊s❝r❡✈❛
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δ =
∑
δp,q ♦♥❞❡ ❛ s♦♠❛ é s♦❜r❡ t♦❞♦s ♦s (p, q) ∈ D✱ ♥♦t❡♠♦s q✉❡ δ ❞❡♣❡♥❞❡ ❞❛

♣❛r❛♠❡tr✐③❛çã♦✱ ✐st♦ é✱ ❡st❡ ❞❡♣❡♥❞❡ ♥❛ ❡s❝♦❧❤❛ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ f(0)✳ ❈♦♠ ❡st❛
♣r❡♣❛r❛çã♦✱ ♥ós ❛❣♦r❛ t❡♠♦s ❛ s❡❣✉✐♥t❡ ❣❡♥❡r❛❧✐③❛çã♦ ❞♦ ❯♠❧❛✉s❢s❛t③✳

❚❡♦r❡♠❛ ❆✳✵✳✶✸✳ ❙❡❥❛ f ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡♠ R
2 s❡♠ ❝ús♣✐❞❡s✳ ❙✉♣♦♥❤❛

q✉❡ ♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ a ♥ã♦ é ✉♠ ♣♦♥t♦ ❞✉♣❧♦✳ ❊♥tã♦ δ = n̂(e3) − 2n(a), ♦♥❞❡ ❛
♦r✐❡♥t❛çã♦ ❞❡ a é ❡s❝♦❧❤✐❞❛ t❛❧ q✉❡ e3 · a > 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ B ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ q✉❛❞r❛❞♦s ❡♠ T ✱ ❝❛❞❛ ✉♠ ❝♦♥t❡♥❞♦
✉♠ ♣♦♥t♦ ❞❡ D ❡♠ s❡✉ ✐♥t❡r✐♦r✳ ❈♦♠♦ ❛♥t❡s✱ ✈❡❥❛♠♦s ❛ ❛♣❧✐❝❛çã♦ s ∧ e3 ❡♠ T ✳

δ = deg((s ∧ e3) |∂B) = deg((s ∧ e3) |∂T ).

❆ss✐♠✱
deg((s ∧ e3) |γ1) = deg((s ∧ f) ∧ e3) = deg(f ∧ a),

♦♥❞❡ ❛ ❡q✉❛çã♦ ❞❡♣❡♥❞❡ ❞♦ ❢❛t♦ q✉❡ e3 · a > 0✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛

deg((s ∧ e3) | γ2) = deg((f ∧ a)).

❏á q✉❡
deg((s ∧ e3) |△) = n̂(e3),

t❡♠♦s

δ = deg(s ∧ e3 |∂T ) = deg(s ∧ e3 |△−γ1−γ2)

= deg(s ∧ e3 |△)− deg(s ∧ e3 |γ1)− deg(s ∧ e3 |γ2)

= n(e3)− n̂(e3)− n̂(e3) = n(e3)− 2n̂(e3).

❆❣♦r❛ s❡ ❛♣r❡s❡♥t❛ ♦ r❡s✉❧t❛❞♦ ❛♥t❡r✐♦r ♣❛r❛ ❝ús♣✐❞❡s✳ ❙✉♣♦♥❤❛ q✉❡ f(p)
é ✉♠❛ ❝ús♣✐❞❡✳ ❙❡❥❛ γǫ ❛ ✐♥t❡rs❡çã♦ ❞❡ T ❝♦♠ ♦ ❜♦r❞♦✱ ♦r✐❡♥t❛❞♦ ♥♦ s❡♥t✐❞♦
❛♥t✐✲❤♦rár✐♦✱ ❞❡ ✉♠ ♣❡q✉❡♥♦ q✉❛❞r❛❞♦ ❝❡♥tr❛❞♦ ♥♦ ♣♦♥t♦ (p, p) ❡ ❧❛❞♦s ǫ ✭✈❡r
❋✐❣✉r❛ ❆✳✸✮✳ ❊♠❜♦r❛ s ∧ e3 |γǫ ♥ã♦ s❡❥❛ ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡♠ S1✱ ❡st❛ ❝❤❡❣❛r✐❛
❛ s❡r ❢❡❝❤❛❞❛ q✉❛♥❞♦ ǫ → 0✳ ❙❡ ❞❡✜♥❡ ♦ ❣r❛✉ ❞❡st❛ ❝✉r✈❛ ❧✐♠✐t❡ ❝♦♠♦ s❡♥❞♦ kp✳
❖ ✐♥t❡✐r♦ kp s❡rá ±1✱ ❞❡♣❡♥❞❡♥❞♦ ❞❛ ❝ús♣✐❞❡✳ ✭✈❡r ❋✐❣✉r❛ ❆✳✸✮ ❖ ♥ú♠❡r♦ kp ♥ã♦
❞❡♣❡♥❞❡ ❞♦ ♣♦♥t♦ ✐♥✐❝✐❛❧✳ P♦♥❞♦ k =

∑
kp✱ ♦♥❞❡ ❛ s♦♠❛ ♣❡r❝♦rr❡ s♦❜r❡ t♦❞♦ p

t❛❧ q✉❡ f(p) é ✉♠❛ ❝ús♣✐❞❡✳
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❋✐❣✉r❛ ❆✳✸✿ ❈ús♣✐❞❡s

❚❡♦r❡♠❛ ❆✳✵✳✶✹✳ ❙❡❥❛ f ✉♠❛ ❝✉r✈❛ ❢❡❝❤❛❞❛ ❡♠ R
2 s❡♠ ❝ús♣✐❞❡s✳ ❙✉♣♦♥❤❛ q✉❡

♦ ♣♦♥t♦ ✐♥✐❝✐❛❧ a ♥ã♦ é ✉♠ ♣♦♥t♦ ❞✉♣❧♦ ♦✉ ❝ús♣✐❞❡✳ ❊♥tã♦✱ δ+k = n̂(e3)−2n(a),
♦♥❞❡ ❛ ♦r✐❡♥t❛çã♦ ❞❡ a é ❡s❝♦❧❤✐❞❛ t❛❧ q✉❡ e3 · a > 0✳

❉❡♠♦♥str❛çã♦✿ ❙❡❥❛ B ❛ ✉♥✐ã♦ ❞✐s❥✉♥t❛ ❞❡ q✉❛❞r❛❞♦s ❡♠ T ✱ ❝❛❞❛ ✉♠ ❝♦♥t❡♥❞♦
✉♠ ♣♦♥t♦ ❞❡ D̂ ❡♠ s❡✉ ✐♥t❡r✐♦r✳ ❈♦♠♦ ❛♥t❡s✱ ✈❡❥❛♠♦s ❛ ❛♣❧✐❝❛çã♦ s ∧ e3 ❡♠ T ✳

δ + k = deg((s ∧ e3) |∂B ∪γǫ) = deg((s ∧ e3) |∂T ).

❆ss✐♠✱
deg((s ∧ e3) |γ1) = deg((s ∧ f) ∧ e3) = deg(f ∧ a),

♦♥❞❡ ❛ ❡q✉❛çã♦ ❞❡♣❡♥❞❡ ❞♦ ❢❛t♦ q✉❡ e3 · a > 0✳ ❉❛ ♠❡s♠❛ ❢♦r♠❛

deg((s ∧ e3) | γ2) = deg((f ∧ a)).

❏á q✉❡
deg((s ∧ e3) |△) = n̂(e3),

t❡♠♦s

δ + k = deg(s ∧ e3 |∂T ) = deg(s ∧ e3 |△−γ1−γ2)

= deg(s ∧ e3 |△)− deg(s ∧ e3 |γ1)− deg(s ∧ e3 |γ2)

= n(e3)− n̂(e3)− n̂(e3) = n(e3)− 2n̂(e3).



❘❡❢❡rê♥❝✐❛s ❇✐❜❧✐♦❣rá✜❝❛s

❬✶❪ ❖✳ ❆r❧✐❡ P❡tt❡rs✱ ❍✳ ▲❡✈✐♥❡ ❡ ❏✳ ❲❛♠❜s❣❛♥ss✱ ❙✐♥❣✉❧❛r✐t② ❚❤❡♦r② ❛♥❞
●r❛✈✐t❛t✐♦♥❛❧ ▲❡♥s✐♥❣✳■■■✳ ❚✐t❧❡✳ ■❱✳ ❙❡r✐❡s✱ ✶✾✻✶✳

❬✷❪ ❱✳ ■✳ ❆r♥♦❧❞✱ ❚♦♣♦❧♦❣✐❝❛❧ ■♥✈❛r✐❛♥ts ♦❢ t❤❡ P❧❛♥❡ ❈✉r✈❡s ❛♥❞ ❈❛✉st✐❝✱
❯♥✐✈❡rs✐t② ▲❡❝t✉r❡ ❙❡r✐❡s ✺✱ ❆▼❙ Pr♦✈✐❞❡♥❝✐✱ ✶✾✾✹✳

❬✸❪ ❏✳ ❇r❡t❛s✱ ❙✐♥❣✉❧❛r✐❞❛❞❡s ❞❡ ❆♣❧✐❝❛çõ❡s ❊stá✈❡✐s ❞❡ ❙✉♣❡r❢í❝✐❡s ❋❡❝❤❛❞❛s
❡ ♦r✐❡♥t❛❞❛s ❡♠ S2✱ ❉✐ss❡rt❛çã♦ ✭▼❡str❛❞♦ ❡♠ ▼❛t❡♠át✐❝❛✮✱ ❈❡♥tr♦ ❞❡
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