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Abstract

In this work we deal with the class of ciitl singular quasilinear elliptic problemsitN of the form
—div(Ix| 78| Vu|P2Vu) = a|x| Pu92u + BIx| 9" Kju "2u  xeRN, (P)

where 1< p < N,a < N/p,a <b <a+1,« andg are positive parameterg,= q(a, b) = Np/[N — p(a+ 1—b)] andd € R.
Moreover, 1<r < p* = Np/(N —p)andO<k e Lﬁ(/éig)r)(RN).

Multiplicity results are established by combining a version of the concentration—compactness lemma due to Lions with the
Krasnoselski genus and the symmetric mountain-pass theorem due to Rabinowitz.
(© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction and main results

In this work we deal with the class of citil singular quasilinear elliptic problemsiiN of the form
—div(]x|2P|Vu[P~2Vu) = a|x| P9 u|9%u + BIx| Y klu"%u  xeRN, (P)
where 1< p< N,a < N/p,a <b < a+1,« andg are positive parameters,—= q(a, b) = Np/[N — p(a+1—Db)]
andd € R. Moreover, 1<t < p* = Np/(N — p)and O< k € L?(/éﬂ_b;)(RN), where

dmNy — J,, . ®N 119 — [Ix1-by9 — —bay,a
Lb(R)_{u.R —>R.|u|Lg(RN)_||x| ulg /RN|X| [ul dx<oo}.

The study of this type of equation is motivated by its various applications, for instance, in fluid mechanics, in
Newtonian fluids, in flow through porous media, and in glaciology. Sge [
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We look for solutions of problen{P) in the Sobolev spacéDal"p(]RN) defined as the completion of the space
C5°(RN) endowed with the norm

1/p
lull = [/ |x|ap|Vu|pdx} .
RN

After the pioneering paper by BZis and Nirenberd?], who studied the casp =2,k = 1,anda=b=d =0,
many authors studied this kind of problem in a bounded domain &Nnmainly when the operator involved is
the Laplacian or the-Laplacian with convex nonlinearities. For instance, $&][and rderences therein. For the
singular problem in bounded domains, we refer the reades, 8 &nd relded papers in their references.

Ambrosetti et al. in 10] treated some problems inwihg concave and convex nonlinearities in a bounded domain
for the casep = 2,a = b = d = 0. For unbounded domains we citel[12)].

Problem(P) involving the p-Laplacian operator with singular nonlineariti@gs= d = 0) in bounded domains was
studied, e.g., by Huang i), and Ghoussoub and Yuan i8]]

Recently, Chen and Li inf] extended some results ir8] and also in 13| for problem(P)witha = d = 0 in
RN. Their proof is constructed by combining some arguments use@,@ &nd [13] together with a version of the
concentration—compactness principle due to Lions proved by Smetd]inThis compactness result, for the singular
operato with p = 2, was generalized by Wang and Willend§], and, for the cas@ # 2, by Assun&o et al. in L]
See also Tan and YandT]. We recall that the techniques used & ih the casea = 0 donot hold immediately when
a#0.

By using tis principle, we extend some results 8] treating a problem involving singularities not only in the
norlinearities but also in the operator.

A well known result by Caffarelli et al.1g] guarantees that the Euler—Lagrange functidnalD%’p(RN) - R
given by

1
I (u) = —/ x|~ P vu|Pdx — g/ x| ~9u|%dx — é/ x| ~9"k|ul"dx 1)
P JrN q JrN I JRrN

is well defined. Actually] € Cl(Dé’p(RN), R) and a weak solution of problem(P) is precisely a dtical point of
the functionall, that is,|’(u) = 0 where

(I’(u),v):/ |x|_pa|Vu|p_2Vqudx—af |x|_bq|u|q_2uvdx—ﬂ/ x| =9 k|u" 2uv dx.
RN RN RN

Let the Lagrange’s multiplier be given by

. fRN |X|7ap|vu|pdx
S(a, b) = inf ok
UED;:(;RM [fan 1xI7Pajujadx] ™
u

Using the Caffarelli, Kohn and Nirenberg’s inequality we can guarante€laab) is a positiveconstant.
Our main results are the following.

Theoreml. Let p<r < p*,1 < p=(q (thatis,b=a+ 1) and a < (N — p)/p be gven. Suppose that the
Lebegue measure of the spt € RN | k > 0} is positive. Then for evel§y < « < S(a, a+ 1) and for everyg > 0,
problem(P) has infinitely many solutions whose corresponding energies are unbounded.

Theorem 2. Letl <r < p,1 < p< N,qganda< (N — p)/p be gven. Suppose that the Lebesgue measure of the
set{x ¢ RN | k > 0} is positive. Then

1. For everya > 0, there eists B > 0 such hatif 0 < B8 < B, thenproblem(P) has a sequence of solutions
(Up) C DrP@®RNY with | (up) < 0andlimp_ e | (Up) = O.

2. For every 8 > 0, there eists A > Osuch hatif 0 < @ < A, thenproblem(P) has a sequence of solutions
(Un) C Dy P@®N) with | (Un) < 0andlimy_o | (Un) = O.
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2. Auxiliary lemmas

The proofs of our results follow closely the approach usedjr(gee also in 8,13]). To find the critical points
of the functionall , we have 1o establish conditions under which it verifies the Palais—Smale critgf®8)c, that is,
conditions under which a sequen@g) C Dal(p(]RN) suchthat | (up) — candl’(up) — 0in (Dall’p(]RN))* has a
convergent subsequence. This is done thanks to the concentration—compactness principle below, in whose stateme
we denote by M (RN) the pace of positive, bounded measure®RM.

Lemma3. LetN> p,0<a< (N—-p)/p,a<b=<a+1,andq be given. Letu,) C Di’p(RN) be a sequence
such that the followig convergences hold:

1. un — u wedly in DI PRN).

2. [IX|73V(up — u)|P — u weakly inM ([RN).
3. 11X| 7 P(up — u)|9 — v weakly inM(RN).
4. up — U a.e.inRN.

We alsadefine the measures of concentration at infinity

Voo = lim limsup IX| P9 up[%dx,

%0 n—oo Jix|=R

oo = lim limsup |X|~@P|vu|Pdx.
R0 n—oo Jix=R

Then there exists an at most derarable set of indexes J, such that

v=IxI""Nul?+ > v(xh > 0, )
jed
1 =< X|I7PIVUIP + ) S, by [v(ix; H1P/e, 3)
jed
xHIPY < [S(@ b () ). (4)
v < [S@, b)] oo )

Proof. The proof is similar to that of Lemma 4.1 idg]; just consider adequately chosen functitne C(RN),
swch that they are concentratatieach singularity. See alsbg, Lemma 3] and 14, Lemma2]. O

In what follows we study some properties of compactness of the functiorddfined in(1). We begin by
mentioning the boundedness of the Palais—Smale sequences, whose proof is standard.

Next we treat the existence obnvergent subsequencesmé'p(RN), which isthe main step the proof of our
resuts.

Lemma4. Supposethat <r < panda<b <a+ 1 Let(up) C Dé’p(RN) be a Palais—Smale sequence for the
functional | at the level & R. Then ve have:

1. For everya > 0, there exist B> Osuch hat, if 0 < 8 < B, thenthe sguuencgup) C Dé’p(RN) has a convergent
subsequence iz P(RN).

2. Foreveryg > 0, there eists A> Osuchhat, if 0 < @ < A, thernthe sguuencgup) C Dé‘p(RN) has a convergent
subsequence iP5 P(RN).

Proof. We know that the sequende,) C D;’p(RN) is bounded. Hence, passing to a subsequence, still denoted in
the same way, we can suppose that the four conditiom®ofma 3hold. Letx; e RN be a singular point for the
measureg. andv; then, using an argument similar to that of Chen and&li fve can prove thab({xj}) = 0 and
Voo = 0.

The following claim implies the lemma.

Claim 1. The squence(uy) C D%‘p(]RN) converges strongly to & Dé’p(RN).
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Indeed, applying19, Lemme 2.1] (see als®]) for p > 2, we obtain

/ CIx|~@P|Vup — Vu|Pdx < / IX|~2P(|VUn|P~2Vu, — |VU|P~2VU, Vup — VU)e dX
RN RN
= (I'(up) = '(W),up —U) + & f ) X1 729[un |9 ™2un — Jul92u] (un — u) dx
R

+ﬁ/ X9 KL |unl"2un — Jul""2u] (un — ) dx. (6)
RN
Sincel’(up) tends to zerord by the weak continuity of the functionBl : D%‘p(RN) — R given by

F(u) s/ Ix|~9k|u|" dx,
RN

it follows that the first and third terms i6) tend to zero. SeeB[13] for detals.
For the seond tem in (6), using Hlde’s inequdity we have

@-1/q 1/q
/ |x|—bQ[|un|q—2un—|u|q-2u](un—u>dxs[/ |x|—bq|un|qu] [/ |x|—bq|un—u|qu]
RN RN RN

@-1/q 1/q
+ U |x|—bq|u|qu] U x| 29U — u|qu] .
RN RN

Using the BEzis-Lieb Lemma andemma 3 whenv; = 0 andv, = 0 we have
lim x| ~P9jup — u|%dx = 0. 7)
n—oo JpN

Therefore, this term also tends to zero. This concludes the pra@iih 1for the casep > 2. Thecase k p < 2
issimilar. O

3. Cael<r<p

Letl<r < panda, 8 > 0 be given. By Hlde’s and Caffarelli, Kohn and Nirenberg’s inequalities, we have
1
L) = EIIUIIID —aCy|lul|* = BColu]".

Folowing Garcia and Peral irg] (see also8,13]), we define the function
1
—t
p
Hence, giverg > 0, there existsA > 0 gnall enough such that, for every 8 o < A, there existO0< Top < Ty
verifying the following inequalities:

1. Q(t) <O0for0O<t < To.
2.Qt) >0forTog <t < T1.
3. Q) < Ofort > Ty.

Similarly, givena > 0, there exist8 > 0 gnall enough such that, for every9 g < B, there exist O< Top < T1

verifying inequalities 1, 2, and 3 above. Cleai®(Tp) = Q(T1) = 0 in both cases.
Lett : RT™ — [0, 1] be a nonincreasing, differentiable function of cl&ss, such hatz(t) = 1 for everyt < Ty

andz(t) = 0 for everyt > Ty. We definey (u) = 7(Jjul|) and consider the truncated functional Di’p(RN) - R
given by

f(u) = 1/ x| 2P| Vu|Pdx — gxp(u)/ x| ~P9ju|%dx — é/ Ix|~9"K|ul"dx. (8)
P JrN q RN r Jrn

Q(t) = =tP — aCyt9 — BCot".

Note thati e Cl(D%'p(RN)LR) and is bounded from below. Moreover, |ifi]| > To, thenl(u) > 0; hence, if
I (u) <0, then|ju|] < Toandl (u) = I (u).
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Now we will construct a miimax type sequence of appropriate negative critical values for the truncated
functionall .

We begin by establishing the notatidfic = {u € D P@®N) | [(u) = candi’(u) = 0} andi® = {u € DEP®RN) |
I'(u) <c}forc < O.

Remark 3.1. If « andg verify the conditions ofL,emma 4 then it follows that every Palais—Smale sequence has a
convergent subsequence. Hetgels compact angr (K¢) is well defined, where denotes Krasnoselski's genus. For
the definition and properties of the genus, we refer the readedicChapter 7].

As in [8,6,13], using [20, Chater 9 and Appendix A], and for every € N, thereexigsem < 0 such hat

1. y(i*m) > m.

2.Ccm = infacr, SUReA I(u), wherel'm = {A € ¥ | y(A) > mjandX = {A C D%’p(RN) \ {0} |
A'is closed and symmetric with respect to the orjgin

3. Cm < Cmy1and—oo < Cy < em < O for everym € N.
4. cm is a critical value for the truncated functiodadnd limy_ o0 ¢ = O.

Using the abve poperties we conclude the proof theorem2 O
4, Casep <r < p*
We have thedllowing compactness lemma.

Lemmab. Let0 < o < S(a,a+ 1) and p<r < p* be given. Lefuy) C D%’p(]RN) be a Palais—SmaléP S)¢
sejuence. Then for evefy > 0 and for every o= R the sguence(un) C D%’p(RN) has a convergent subsequence.

Proof. Since he sequencéau,) C Dé’p(RN) is bounded, we can suppose thgt— u weakly in Dé’p(RN). Using
Lemma 3and the weak continuity of the functionial we obtainu. ({xj}) < av({X;}) orv({xj}) = 0, wherex; e RN
is a gngular point for the measurgsandv.

By Lemma 3if v({xj}) > 0, then

av({Xjh) = n({Xj}) = S(@, a+ Hv({x;}
which implies thatr > S(a, a + 1), a ontradiction. Therefore;({xj}) = 0. Sinilarly, v, = 0.
Repeating thargument made in the proof bbmma 4 more &adly the Claim 1, we haveu, — uin Dé’p(RN)
and this concludes the proof of the lemma.C
Proof of Theorem 1. The functionall verifies the Palais—Smale conditioR S)c by Lemma 5 It is sandard to prove
the following statements.
1. There exist constants> 0 ands > 0 such hat infznsg, | > 8.

2. LetXm C Dé’p(RN) be am-dimensional subspace. Then there eRst R(Xpy) suchthatl (v) < 0 for each
v € Xm \ BR(Xm).

Using asymmetric version of the mountain-pass theor&f [Theorem 9.12], we conclude the proof. O
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